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ABSTRACT. These are notes from the special lecture given by Professor F. 
Hirzebruch during the Algebraic Geometry Conference Hirzebruch 70. The 
lecture surveyed the Krichever-Hohn elliptic genus ([K], [Ho]) and reported 
about the work of Totaro [T] who characterized the genus by its invariance 
under flops (interchanging certain small resolutions). It was shown that this in-
variance leads to a differential-functional equation for the characteristic power 
series of the genus and that this differential equation (related to the Lame 
equation) characterizes the genus. 

1. Complex cobordism 

1.1. Let X be a compact complex manifold of (complex) dimension nand 
let Ci E H2i (X, Z) denote the Chern classes of the complex tangent bundle of X. 
Then the numbers CAl CA2 ••• CAr [X] (this denotes CAl CA2 ••• CAr evaluated on the 
fundamental cycle of X), where Al + ... + Ar = n, are called the Chern numbers of 
the manifold X. In particular, 

(1.1.1) Cn[X] = e(X), 

where e(X) is the topological Euler characteristic of X. By definition, the Chern 
classes depend only on the complex tangent bundle. Therefore, they are defined for 
an almost complex manifold X. This is a compact smooth real manifold of dimen-
sion 2n together with an n-dimensional complex vector bundle whose underlying 
real bundle is the real tangent bundle T X of X. Then X has a natural orientation 
and (1.1.1) is still true. A stable almost complex structure on X is given by a 
complex vector bundle over X whose underlying real bundle is T X plus a trivial 
bundle. Such a manifold is orientable, but does not have a natural orientation. 
We always choose an orientation and then speak of a stable almost complex man-
ifold. Chern classes and Chern numbers are well defined. In general, the equation 
(1.1.1) is not true anymore. In view of the results of Milnor [M] and Novikov [N] 

1991 Mathematics Subject Classification. Primary 57-02, 57R77; Secondary 57R20, 14C40, 
58GI0. 

Key words and phrases. Elliptic genus, complex cobordism. 

© 1999 American Mathematical Society 

9 

http://dx.doi.org/10.1090/conm/241/03625

Licensed to Max-Planck Institut fur Mathematik.  Prepared on Tue Apr  2 10:26:24 EDT 2013 for download from IP 192.68.254.145.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



10 F. HIRZEBRUCH 

we can introduce the complex cobordism ring n~ generated by all stable almost 
complex manifolds (disjoint union and cartesian product as ring operations) where 
two manifolds determine the same element in n~ if and only if their Chern numbers 
coincide. The "negative" of a manifold is simply given by changing the orientation. 
The ring n~ is a polynomial ring over Z. However, for n~ 0Ql a base sequence Xl, 
X 2 , ... , where dime Xi = i is easier to describe. For example, ClP'l, ClP'2, ClP'3, ... is 
a base sequence. 

Write the total Chern class of the manifold X in the form 

c(X) = 1 + Cl + C2 + ... + Cn = (1 + xd(l + x2) ... (1 + xn), 

where the Xi are formal symbols (roots) treated as elements of the second cohomol-
ogy group of some extension of the cohomology ring of X. Then every symmetric 
expression in the Xi can be written in terms of the Ci. 

The sequence of varieties Xl, X 2 , ... of stable almost complex manifolds is a 
base sequence for the cobordism ring n~ 0 Ql if and only if sn[Xn] =/:. 0, where 
Sn = xl + ... +x~. 
1.2. Examples of stable almost complex manifolds. 

(1) Let 9 E H 2(ClP'n,Z) be a cohomological generator corresponding to the 
complex hyperplane ClP'n-l c ClP'n. Then 

c(ClP'n) = (1 + gtH . 

Let a, b be positive integers such that a + b = n + 1. 
Let TlP'n be the complex tangent bundle of ClP'n (= lP'n) and OlP'n the trivial 

complex line bundle. By OlP'n (1) we denote as usual the complex line bundle with 
first Chern class g. We have an isomorphism TlP'n EElOlP'n ~ (n+1)OlP'n(1) as complex 
vector bundles. We introduce another complex structure on the complex vector 
bundle (n + l)OlP'n(l) (of fibre dimension n + 1) by conjugation on the first a 
components (i.e., we take aOlP'n(l) EEl bOlP'n(l)). In this way we define a stable 
almost complex structure on ClP'n which will be denoted by ClP'a,b. Clearly, 

c(ClP'a,b) = (1- g)a(l + g)b. 

The first Chern class vanishes if and only if a = b. To define Chern numbers we use 
the standard orientation given by gn[ClP'a,b] = 1. In particular, c(ClP'2,2) = 1- 2g2, 
so we get a 3-dimensional projective space with a stable almost complex structure 
with all Chern numbers equal to O. Let us write Jii>3 = ClP'2,2. 

(2) Let us also introduce a stable almost complex structure on the smooth 
4-dimensional quadric by inducing a stable almost complex structure from ClP'2,4. 
The obtained manifold will be denoted by Q4. Clearly, 

C(Q4) = (1 _ g)2(1 + g)4(1 + 2g)-1 = 1 _ g2 _ 2g3 + 3g4, 

so the first Chern class of Q4 is O. In fact, this is an almost complex structure. The 
equation (1.1.1) checks because g4[Q4] = 2 and e(Q4) = 6. 

For these examples see [Ho]. 

1.3. Let R be a ring containing Ql. A ring homomorphism n~ 0 Ql --+ R is 
by definition called a genus. This definition appeared already in [H]. Any genus 
depends only on Chern numbers, since two manifolds represent the same class in 
n~ if and only if all their Chern numbers coincide. 
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COMPLEX COBORDISM 11 

All genera can be constructed from a power series in the following way. 
Let Q(x) = aO+alx+a2x2+ ... be a formal power series in x with coefficients in 

n. Then the product Q(XdQ(X2) ... Q(Xn )' where Xi are the formal roots of c(X), 
can be expressed in terms of Ci and we can evaluate the part lying in H2n(x, Z) on 
the fundamental cycle of X. In this way one gets a well defined genus KQ: Or ®Q --+ 
n associated to the power series Q. 

Every genus can be given by precisely one normalized power series (ao = 1). 
The genus KQ is given by the normalized power series Q(aox)/ao if ao =I O. The 
genus KQ/ao is given by the normalized power series Q(x)/ao. If ao = 0, then the 
genus is al'cn[X]. The genus cn[X] belongs to the power series 1 + x, but also to 
the power series x. 

1.4. Riemann-Roch-Hirzebruch theorem. 

For a holomorphic vector bundle W over a compact complex manifold X of 
complex dimension n the holomorphic Euler number 

n 

x(X, W) = 2)-1)i dime Hi(X,O(W)) 
i=O 

is defined, where O(W) is the sheaf of local holomorphic sections of W. Then 

(RRH) 

where the Xi are the formal roots of the total Chern class of X. Moreover, ch(W) 
is the Chern character of W: 

ch(W) = eY1 + ... + eYm , 

where the fibre dimension of W is m and the Yi are the formal roots of the total 
Chern class of W. The formula (RRH) was proved in [H] if X is projective algebraic 
and follows from the Atiyah-Singer index theorem [AS] if X is a complex manifold. 

If W is associated to the tangent bundle of X by a representation of GL(n, q, 
then the Chern classes of W can be expressed by those of the tangent bundle of 
X (Borel-Hirzebruch). Then X(X, W) can be defined if X is an element of O¥n' 
because only the Chern numbers enter in the right hand side of (RRH). It is known 
that X(X, W) is an integer. 

If T is the tangent bundle of X and T* its dual, then this remark applies to 
any polynomial in the exterior or symmetric powers of T and T*. Exterior and 
symmetric powers are denoted by ft and SP respectively. 

1.5. The xy-genus and the Krichever-Hohn elliptic genus. 

Set xP = X(X, AP T*) and Xy = Ep XPyp • For a Kahler manifold the space 
Hq(X, O(AP T*)) is isomorphic to the space of harmonic forms of type (p, q) whose 
dimension is denoted by hP,q and 

xY = I:(-l)qhp,qyP 

p,q 

which for y = 0 is the arithmetic genus (Todd genus), for y = -1 the Euler number 
and for y = 1 the signature by the Hodge signature theorem. We can study more 
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12 F. HIRZEBRUCH 

generally 
n 

Xy(X, Kr) = L xP(X, Kr)yP 
p=O 

with xP (X, Kr) = X( X, ft T* ®Kr), where K = An T* is the canonical line bundle. 
Then, for every r, the polynomial Xy(X, Kr) is the genus belonging to the power 
series 

(1.5.1) 

(we may regard r as an indeterminate). 
For y = -1 the genus equals cn[X] for all r. 
For y = 0 it is X(X, Kr) which is (for a complex manifold) the r-th plurigenus 

if the higher cohomology groups vanish (r E Z, r 2: 2). 

Consider the following "extension" of the power series in (1.5.1) 

x . e-rx n°O 1 + yqne- X n°O 1 + y-1qnex 

1 - qne- X 1 - qneX 

n=O n=l 
(1.5.2) 

Set Az W = L:APW, zP and 8 z W = L:8PW· zp. Then the genus corresponding 
to this power series can be described by the following formula: 

00 00 00 

'P(X) = X(X, K r n Ayqn T* n Ay-lqn Tn 8qn (T* + T)). 
n=O n=l n=l 

In the language of physicists (Witten) this is the equivariant xy-genus of the loop 
space of X (for r = 0 and with q E 8 1 ). Right now q is an indeterminant and 'P(X) 
is a power series in q which for q = 0 equals Xy(X, Kr). The power series for 'P(X) 
given above is not normalized. We have 

We put y = -e-V • Then ao goes over into 

(1.5.3) 

We have i(v) = c v / 2 • :'~~)' where 8(v) is the classical Jacobi theta function 
(see [ZJ, (6)) We now put q = e21riT with T in the upper half plane. We denote 
the normalized genus 'P(X)/a'Q by 'Pell(X) (for dime X = n). Its normalized power 
series equals 

Q () -rx i(x+v) 
ell X = xe i(x)i(v)' 

Then 

(1.5.4) 

where 
F ( ) _ 8'(O)8(x + v) 

T X,V - 8(x)8(v) 

is the function studied in section 3 in [Z]. 
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COMPLEX COBORDISM 13 

It will be convenient for us to quote from [Z] when elliptic and modular prop-
erties of Fr(u, v) are needed. The coefficient a1 in Qell(X) equals «(v) -1]12~i - r 
where «(v) is the Weierstrass (-function for the lattice L = 21Ti(Zr + Z) and 
«(v + 21Ti) = «(v) + 1]1. If we choose r in such a way that a1 is zero, then 

(1.5.5) F ( ) _ -«(v)x. a(x + v) 
r X,V - e a(x)a(v) 

where a(v) is the Weierstrass a-function for the lattice L. This is a function used 
in [K]. For a manifold with vanishing first Chern class the genus is independent of 
r. 

2. Elliptic genera - properties 

2.1. Elliptic genera - the real case. 

Let n~o be the cobordism ring of real oriented manifolds. Then n~o ~ Q = 
Q[CJP>2, CJP>4, CJP>6, ... ] and similarly as above one introduces a definition of a genus 
<P: n~o ~ Q ---t 'R. In this case one says that <P is an elliptic genus if its "logarithm" 
g(u) = 2:~=o 'P~~~;)u2n+1 is given by an elliptic integral of the first kind, Le., 

g'(u) = R(u)-~, 

where R( u) = 1 - 26u2 + w 4 (6, € E 'R). The theory of elliptic genera was developed 
by Ochanine, Landweber, Stong, Witten and others (see [0], [L], [LS], [HBJ]). 
Elliptic genera in the real case can be characterized as those genera which vanish 
on CJP>2m+1-bundles over closed oriented spin manifolds (see [0]). Actually CJP>3_ 
bundles are enough for the characterization as follows from 2.2. The power series 
(1.5.2) and (1.5.4) are even functions for r = 0 and v = 1Ti (Le., y = 1, the 
signature case). Then the genus <Pell depends only on the Pontrjagin numbers and 
gives exactly the elliptic genus in the real case. We come back to this later. 

2.2. Elliptic genera - the complex case. 

The elliptic genus <Pell satisfies the following multiplicativity property ([K], [Ho] , 
[HBJ]). 

THEOREM 2.2.1. Let M ----? B be a fibre bundle with a compact stable almost 
complex manifold F as a fibre and a compact connected Lie group as structure group 
(preserving the stable almost complex structure). Also B is assumed to be stable 
almost complex. Then M inherits naturally a stable almost complex structure. If 
C1 (F) = 0, then 

<Pell(M) = <Pell(F)· <Pell(B). 

For any genus the multiplicativity for all bundles M ---t B as in the above 
theorem with given fibre F is equivalent to the constancy of the equivariant genus 
(see 4.2) for any circle action on F. Such rigidity or multiplicativity theorems 
are sophisticated and have a long history (compare [L], [HBJ]). The first proofs 
in the case of the elliptic genus in the real case (2.1) were given by Taubes and 
Bott-Taubes [BT]. Here one assumes that the fibre has a spin structure. In the 
above theorem the xy-genus is multiplicative without assumption C1 (F) = O. This 
is essentially due to Lusztig and Kosniowski (compare [AH], p. 25). The rigidity 
theorems were motivated by Witten through physics. The proof of Theorem 2.2.1 
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14 F. HIRZEBRUCH 

(see [Ha]) uses the rigidity of the level N genera if F has a first Chern class divisible 
by N (see [HBJ)). This goes along the lines of [BT]. Krichever [K] has a different 
proof. 

We choose a base sequence for the complex cobordism ring n~ @ Q beginning 
with Cpl, a K3-surface, the sphere 8 6 , and the quadric Q4. Hahn [Ha] shows 
that we can continue this base sequence by the total spaces of fibrations in the 
sense of the above theorem with fibres F = Cpn,n (see 1.2). Then Cl (F) = 0 
and c(F) = (1 - g2)n, all Chern numbers of F vanish. Hence 'Pell(F) = 0 and 
'Pell = 0 for all total spaces of the fibrations. Thus Hahn has a base sequence Xi 
with 'Pell(Xi) = 0 for i ;::: 5. Also Totaro [T] constructs such a base sequence, but 
shows that one can use for i ;::: 5 fibrations with Jii>3 = Cp2,2 as a fibre. 

We have the following table 

Xy(x,Kr) 'Pell 

pI -2r + 1- y A 

K3-surface 2 - 20y + 2y2 B 

86 _y+y2 C 

Q4 _y + 4y2 _ y3 D 

Dividing Xy by (1 + y)n gives the normalized xy-genus. For all the remaining 
elements in the chosen base sequence Xy(X, Kr) and 'Pell(X) are zero. Thus 'Pell 
depends on at most 4 parameters A, B, C and D. In fact, in the definition of 'Pell 
we have the parameters r, q, v. But one can pass from A, B, C, D to AA, A2 B, 
A3C, A4D and from a lattice 2rri(Z + rZ) to a multiple. 

We can define 'Pell by its values A, B, C, D on Cpl, a K3-surface, 8 6 , Q4, 
respectively. Then 'Pell is a surjection onto a polynomial ring 

'Pell: n~ @Q -t Q[A, B, C, D]. 

This genus is universal: For every genus 'IjJ: n~ @ Q -t R satisfying the multiplica-
tivity in Theorem 2.2.1, there exists a uniquely defined ring homomorphism 

a:Q[A,B,C,D]-tR 

with 'IjJ = a'Pell. For more details see the table in 5.2. 

3. Invariance of elliptic genera under flops 

3.1. The Atiyah flop 

Let us consider the 3-dimensional quadric Q given by the equation 

in homogeneous coordinates [4>1, ... , 4>5] of ]p>4. Let us take two meromorphic func-
tions It: Q -t C and h: Q -t C given by 

It = 4>1/4>3 = 4>4/¢2 
and 
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COMPLEX COBORDISM 15 

We can extend them to rational maps from Q to pI and take the graphs of these 
maps. Let us denote them by Xl and X 2 , respectively. In this way we get two 
small resolutions 11"1: Xl - Q and 11"2: X2 - Q of the singularity of Q at the vertex 
V = [0,0,0,0,1]. 

Let Z be obtained from Q by blowing up V in the ordinary way into a smooth 
2-dimensional quadric E. The 3-fold Z is a pI-bundle over E = pI X pl. The 
projection is given by (!I,!2). The bundle Z has structural group C* with two 
sections, namely E and the smooth 2-dimensional quadric at 00 given by ¢l ¢2 -
¢3¢4 = ¢5 = o. We have a commutative diagram: 

Z -X2 

1 
Xl~ Q 

In this situation we say that Xl and X2 are related by the Atiyah flop. 

Now let us define classical flops. This can be done for algebraic manifolds. Let 
X be an n-fold which is singular at a smooth (n - 3)-fold M. Assume that at each 
point of M the variety X is locally Zariski isomorphic to Q x M. Then similarly 
as above X has two small resolutions of the singularities at M (fibrewise). Let us 
call them Xl and X2 • Then we say that Xl and X2 are related by a classical flop. 
Totaro gave the following characterization of genera invariant under classical flops: 

3.2. THEOREM [T]. The following conditions are equivalent: 
(1) a genus <p is elliptic, i.e., it is a specialization of <Pell, 
(2) <P is invariant under classical flops. 

Sketch of the proof. (1)=}(2) Totaro showed that if Xl and X2 are related by 
the classical flop then X2 - Xl = fii>3-bundle over M in the complex cobordism ring. 
Therefore, <p(Xd - <p(X2 ) = <p(fii>3). <p(M) = O. For (2)=}(1) it is easy to construct a 
classical flop between some varieties Xl and X2 such that their difference in n? ® Q 
is equal to a fii>3-bundle Xn - pn-3, where n 2: 5 and Xn comes from the chosen 
base sequence. Therefore <p(Xn) = <p(Xd - <p(X2 ) = 0 and the quotient map 

n? ®Q - n? ®Q/I = Q[Xl ,X2,X3,X4], 

where I is the ideal generated by differences Xl - X2 , is the Krichever-Hohn elliptic 
genus, Q.E.D. 

4. Fundamental differential equation for elliptic genera 

Every power series Q(x) = 1 + alX + a2x2 + ... = xF(x) can be written in 
the form l-~-x P(eX - 1), where P(y) = 1 + bly + b2y2 + ... is some other power 
series. Hence every genus for compact complex manifolds X can be written as a 
linear combination of expressions X(X, Wj ), where Wj are bundles associated to 
the tangent bundle by representations. 

4.1. Let X be a compact n-dimensional complex manifold and let Sl act on X 
by holomorphic maps. If we have a genus <p belonging to a power series Q, then 
for>. E 8 1 the equivariant genus <p(X, >.) is defined by the equivariant holomorphic 
Euler numbers X(X, W j , >.) defined as alternating sum of the traces of the action in 
the cohomology groups Hi(X, O(Wj)). In fact, the holomorphic Lefschetz theorem 

Licensed to Max-Planck Institut fur Mathematik.  Prepared on Tue Apr  2 10:26:24 EDT 2013 for download from IP 192.68.254.145.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



16 F. HIRZEBRUCH 

(4.2) shows that cp(X, A) does not depend on how we write the genus in terms of 
holomorphic Euler numbers of associated bundles. 

4.2. The fixed point locus X S1 is a disjoint union of smooth connected sub-
manifolds of X (possibly of different dimensions). To each connected component Y 
of X S1 one can associate the rotation numbers (r1, ... , rn) such that for each point 
x E Y the group 51 acts on the tangent space TxX by the diagonal matrix with 
entries (AT1, ... ,ATn ). Each subset {ri:ri = k} c {rt, ... ,rn} leads to the eigenspace 
bundle Ek C TXly on Y (clearly Eo = TY). To each number ri one can associate 
the formal root Xi of the total Chern class of the corresponding eigenspace bundle 
over Y. Therefore for each component Y of the fixed point locus one can define the 
function: 

n 

(4.2.1) cp(X, A)y = II Xj' II F(xj + 2rrirjz)[YJ, 
{j:Tj=O} j=l 

where A = e21T'iz, Z E JR. 
Then the holomorphic Lefschetz theorem (the Atiyah-Bott-Singer fixed point 

theorem: [AS, p. 566)) says that 

(4.2.2) cp(X, A) = L cp(X, A)Y, 
Y 

where the summation takes place over all connected components Y of the fixed 
point locus XSI. 

We put 2rriz = x. Then the expression in (4.2.1) is a Laurent series in x with 
finite principal part. However, the equivariant genus (4.2.2) is a power series in 
x. Formula (4.2.2) can be used as definition of the equivariant genus, also in the 
stable almost complex case. For equivariant genera see [KJ, section 2. Let x be the 
first Chern class of the universal 5 1-bundle with X as fibre. Then cp(X, A) gives 
the integration over the fibre of the total genus of the bundle along the fibres. 

If Y is an isolated fixed point, then 

If Y has codimension 1 with normal rotation number 1, then cp(X, A)Y is a linear 
combination of F(x), F'(x), ... , F(n-1)(x). 

Proof: 
cp(X, A)Y = Q(xd.·· Q(xn-dF(xn + x)[Y] 

( ) ",n-1 F(i)(x) j 
But F Xn + x = wj=O -j-' -xn' 

4.3. Introduce the following 5 1-action on the quadric Q (see 3.1): 

(4.3.1) 

This action is compatible with the Atiyah flop. We have (ft, h) -t (ft, Ah). We 
can naturally lift it to Xl, X 2 and Z. 

Let us consider the fixed point locus for this action on Q. There are two 
connected components: the plane II ~ 1P'2 given by <1>1 = <1>3 = 0 and the line given 
by <1>2 = <1>4 = <1>5 = 0 in the 00 hyperplane. The maps rr1 and rr2 are isomorphisms 
off the vertex V and hence the only interesting components of the fixed point locus 
on Xl and X2 lie over the plane II. 
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COMPLEX COBORDISM 17 

Namely, for the calculation of ep(Xl' A) - ep(X2' A) for some genus ep the fixed 
component in the 00 hyperplane cancels out. In Xl the preimage 1l"l l(II) is II 
blown up at V because II In is indeterminate at V. This component of the. fixed 
point locus will be denoted by E l • In X 2 we have 

1l"2 l (II) = II' U 1l"2l(V) 

where II' is a plane intersecting the exceptional line 1l"2l(V) in the point 12 = 0. 
The plane II' is fixed. We have an isolated fixed point P on 1l"2l(V) given by 
12 = 00. In El and II' the rotation numbers are (0,0,1). In P they are (-1,1,1). 
Therefore by 4.2 for an arbitrary power series Q(x) = xF(x) = 1 +alx +a2x2 + ... 
and the corresponding genus ep we have 

FI/(x) 
ep(X2' A) - ep(Xl' A) = F( -x)F(x)F(x) + -2 - + 'YlF'(x) + I'2 F (X), 

where 1'1 = -al and 1'2 = 3a2 - ar, because the principal parts have to cancel out. 

PROPOSITION 4.3.1. If a genus ep determined by a power series Q(x) = xF(x) 
is invariant under flops then F satisfies the following differential (functional) equa-
tion: 

(4.3.2) 
FI/(x) 

F(x)F(x)F( -x) + -2 - + I'lF'(x) + I'2F(x) = o. 
Indeed (4.3.2) is equivalent to ep(Xl' A) = ep(X2' A) and this is equivalent to 

ep(El) = ep(E2) for all bundlesEl , E2 with fibres Xl, X2 associated to an arbitrary 
C*-bundle over an arbitrary base B by the action (4.3.1). 

In (4.3.2) the coefficients ai of Q(x) are recursively determined if aI, a2, a3, a4 
are given. 

Equation (4.3.2) also follows from a simple action on !fD3. 
For (A, /-l) E 8 1 X 8 1 one can study more generally the action 

(<PI, <P2, <P3, <P4, <P5) -+ (A/-l<PI, <P2, A<P3, /-l<P4' <P5). 

The equality 
ep(Xl' A, /-l) = ep(X2' A, /-l) 

is equivalent to the functional equation 

(4.3.3) F(x + y)F(x)F( -x) - F(x + y)F(y)F( -y) = F'(x)F(y) - F'(y)F(x). 

This follows from the fact that the action has a fixed point and a fixed line in both 
Xl and X 2 (and three fixed points at 00 away from V). Compare (4.3.3) with 
formula (1.9) in [K]. Also (4.3.3) characterizes the characteristic power series of the 
universal elliptic genus. 

5. Elliptic genera and elliptic functions 

5.1. From Theorem 2.2.1 and the results of Totaro in Section 3 we know that 

F(x) = e-rx Fr(x,v) 

is the general solution of (4.3.2). We want to check this directly. 
The function Fr(x, v) appeared in [Z] in connection with periods of modular 

forms and it was thoroughly examined there (see Section 3, [Z]). It is symmetric in 
x and v and (as a function of x) it has poles of order 1 exactly at the points of the 
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18 F. HIRZEBRUCH 

lattice L = 2rri(ZT + Z). Moreover, it is easy to see that it is almost elliptic with 
respect to L viewed as depending on the parameter v: 

(5.1.1) 

for m, r E Z. The same almost ellipticity holds for the variable x. It follows by 
comparing zeros and poles that 

(5.1.2) F(x)F( -x) = -pL(x) + pL(v) 

where PL is the Weierstrass p-function with respect to the lattice L. The preced-
ing formula can also be deduced from classical formulas concerning the a-function 
(1.5.5). If we take the function F(x) with a1 = 0, then all coefficients ak are elliptic 
functions in v with respect to L, and (5.1.2) shows that 2a2 = -pL(v). Equa-
tion (4.3.2) is invariant if one multiplies F(x) with eBX • Therefore, we can assume 
/'1 = -a1 = 0 and /'2 = 3a2 = -~pL(v). In view of (5.1.2) the equation (4.3.2) 
becomes 

(5.1.3) F"(x) - 2pL(x)F(x) = pL(v)F(x), 

which is the Lame differential equation ([K], (1.7)), establishing F(x) as eigenfunc-
tion for the differential operator ~ - 2pL(X). 

5.2. It follows from (5.1.1) that the genus 'Pell is an elliptic function for the 
lattice L if the first Chern class of the manifold vanishes. It is also independent of r. 
Therefore we use F(x) = Fr(x, v) = ~ + ~ + .... For a manifold X of dimension n 
with first Chern class 0 the elliptic function 'Pell(X) has a principal part beginning 
with cng(). We have the following table: 

'Pell 

]p1 A 

K3-surface B = 24pL(v) 

86 C = -p~(v) 
Q4 D = pl(v) 

where A is an arbitrary parameter because in (1.5.4) the parameter r is arbitrary. 

In [Z], section 3, we find a formula which gives the modular behaviour of 
Fr(x,v): 

(5.2.1) ( XV ) ~ Fartb --d' --d = (CT + d)e crtd Fr(x, v) 
crtd CT + CT + 

for (~ :) E 8L2 (Z). 

We want to specialize (5.2.1) for the case that the characteristic power series 
of the genus is xFT(x, 2;./). We have 

(
X 2rri) cx 2rri 

Fartb --d' -N = (CT + d)e N FT(x, -N (CT + d)). 
crtd CT + 
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COMPLEX COBORDISM 19 

If C == 0 (N) and d == 1 (N), then by (5.1.1) 

(
X 21l'i) 21l'i 

FaT±b --d' -N = (CT + d)Fr(x, -N ). CT±d CT + 

If we consider the genus for the power series 

we have for C == 0 (N) and d == 1 (N) (Le., (~ ~) E r1(N)) 

and hence for a stable almost complex manifold of dimension n the genus is a mod-
ular form for the group r1(N) (These genera were studied in [HBJD. In particular 
A, B, C, D are such modular forms where 4 = (e~i) -?t. For N = 2, the values 
of A and C are O. We have the genus mentioned in 2.1. 

5.3. If the first Chern class of X vanishes, then we get the modular property 
of 'Pel! for the full group of 8L2(7/.,). The formula (5.2.1) implies 

(5.3.1) 'Pel! aT±b (X, ~d) = (CT + d)n'Pel!,r(X, v). 
'cT±d CT + 

Here dim X = n. The dependence of 'Pel! on T and v is indicated in the notation 
of (5.3.1). We have seen that 'Pel!(X) E Clp, p', pill and therefore (5.3.1) is clear 
anyhow. 

5.4. The Weierstrass p-function satisfies the equations 

(5.4.1) 

and 

(5.4.2) 

The discriminant d = 9~ - 27 9~ can be written in terms of B, C and D as follows 
([HoD 

d = _~B3C2 + ~BC2 D + ~B2 D2 - 27C4 - 8D3 
32 2 16 . 

The xy-genus applied to 8U-manifolds (Cl = 0) has as image ClB,C,Dl/d (see 
[Ho], [TD. Up to dimension 11 the genera 'Pel! and Xy give the same information. 
The normalized xy-genus is the specialization of 'Pel! for q = 0 (and y = _e-V ). 

The values of Xy for B, C, D in the table in 2.2 give a parameterization of d = O. 
Example: For the Euler number 92 = 93 = 0 and for the signature 92 = 4/3, 

93 = -8/27. In both cases d = O. 
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