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My lecture at the Como Conference was a survey on the theory of elliptic
genera as developed by Ochanine, Landweber, Stong and Witten. A good
global reference are the Proceedings of the 1986 Princeton Conference
[1]. In this contribution to the Proceedings of the Como Conference I
shall not reproduce my lecture, but rather sketch a theory of elliptic
genera of level N for compact complex manifolds which I presented in
the last part of my course at the University of Bonn during the Winter-
semester 1987/88. For a natural*number N > 1 the elliptic genus of
level N of a compact complex manifold M of dimension d is a modu-

lar form of weight d for the group FI(N). In the cusps of FI(N) the
genus degenerates either to )(y(l()/(1+y)d where -y 1is an Nth—root of

unity different from 1 or to x(M,K ') where K is the canonical

d
line bundle and 0 < k < N. Here x (M) = E xP(M)yP with
p=0
d
xP(M) = x(M,ﬂp) = z (—l)th'q is the X, genus introduced in [13] and
q=0

x(M,K~ ) is the genus with respect to the characteristic power series

—x ., o (N)ex

1-e %

which equals the holomorphic Euler number of M with coefficients in
the line bundle Lk provided K = LN (see [13]).
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For N = 2 the genus is expressible in Pontrjagin numbers and hence de-
fined for an oriented differentiable manifold M. The only possible

value of -y 1is -1 and the genus degenerates in the two cusps to

xl(u)/zd = sign()/2  (dimg M = 24)

or to

2y A .

x(H.K1
Only recently I realized that Witten in [19] studied also complex mani-
folds. His discussion includes the genus studied here, at least if one
restricts attention to the cusps with specialization x(M,Kk/N).
In this report I shall also try to give an account of the rigidity theo-
rems for complex manifolds with circle actions which for N = 2 are due
to Taubes [18] and Witten with a new exposition by Bott [9]. These rigi-
dity theorems hold if the first Chern class of M 1is divisible by N,

i.e. if a holomorphic line bundle L with LN = K exists.

The results in this paper hold also for manifolds with a stable almost
complex structure and for circle actions which preserve this structure.
For simplicity we have formulated the results for complex manifolds

only.

I would like to thank the students of my course Thomas Berger and Rainer
Jung for writing notes. Many thanks to Nils-Peter Skoruppa who lectured
several times in my course when I was away and with whom I had helpful
discussion on modular forms. After my course I had intensive discussions
with Michael Atiyah on the rigidity theorem in Oxford and also with Don
Zagier at the Max-Planck-Institut.
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1. In the following N is a fixed natural number >1, the "variable"”
x runs through the complex numbers, H 1is the upper half plane, T € H
and q = e2W1T. For a lattice L in C we consider the elliptic func-
tion g(x) with divisor N<O - Nea where a € € 1is an N-division
point (ax € L, Na € L). The function g 1is uniquely determined by L

and a (regarded as element of C/L) if we demand that the power series

of g in the origin begins with xN. The function f(x) = g(x)l/N is
uniquely defined if we request f(x) = x + higher terms. The function f
is elliptic with respect to a sublattice L' of L whose index in L
equals the order of a as element of C€C/L. For © € L the function
f(x+w)/f(x) 1is constant and equals an N-th root of unity. After multi-

plying L with a non-vanishing complex number we can assume that

(1) L = 2ri(Zr + Z) and
0¢a=21ri[‘l-§ar+§] with O < k<N and 0< & <N .

To write down a product development for f(x) in the case that L and

a are as in (1) we introduce the entire function

2) o(x) = (1) TT (1-q"e ) (1-g"e¥)/(1-q")2
n=

which has zeros of order 1 in the points of L. The function ¢(x)

equals the Weierstrass sigma—function for L up to a factor of the form

exp(blx + b2x2). It can be proved easily that

=~

k
(3) £(x) = e 8(x)$(~a)/®(x-a)

Namely, it suffices to check
P(x+2wiT) = -e_xe_2"i1¢(x).

For this replace in (2) the exponential e* by A and then substitute
A by Aq to see that the factor - A—lq_l comes out. In fact, we have

(for ( =e )
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(4) f(x+2r1) = CKF(x)

f(x+2wit)= (-ef(x)

The function f(x) as belonging to L and a (see (1)) degenerates

for q — 0 to a function f_(x).

We have
£.x) = eMX L (1e*) for k>0
(5)
f.(x) = (1-e ¥)(1-e%)/(1-e"*) for k = 0.
For reasons which are apparent, from the introduction we put e = -y

for k = 0 and have in this case

£,(x) = (1-¢ X)(1+y)/(14ye X)  with -y = (© # 1.

The involution x — -x+a interchanges the zeros and poles of f(x).

Therefore,
f(x)f(—x+a),

which is elliptic for L, 1is in fact a constant # O. We write the

constant as c_2. Then c2N depends only on L and the chosen N-divi-

sion point as point of C/L. If the lattice and a are normalized as in
(1), then

(k/N)a: 2

f(x)f(-x+a) = e —a¢(-a)2 =c

and

(6) A = o(-a)Fy . C
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The coefficients of the power series developments of f(x)/x, x/f(x)

and xﬁ—(’%()- determine each other. If one replaces in such a series x
1

by Ax, one obtains the corresponding function for the lattice A L
and the n-division point 7\—1a. Therefore the coefficient of x' in any

of these series as function of the pair L, a with a € C/L is homo-

geneous of degree -r. Also c?'N is such a function of L and a. It

is homogeneous of degree -2N and is related to Dedekind’'s m—function.

If the pair L,a is chosen as in (1), then the coefficients of f(x)/x

are indeed modular forms of weight r for the subgroup consisting of

the matrices [a b

cd] of SL2(Z) which satisfy

BeJf) - [5) mea

Also c2N is a modular form of weight 2N for this group. (It still
has to be shown that these forms are holomorphic in the cusps. See the

next section.)

2. The classification of pairs L,a where L 1is a lattice in C and
a € C/L with Na =0 (but a # 0), up to multiplication by some complex
number A # O, leads to the introduction of the modular group

r o) = {[2 3] €SL,(Z) | c=Omod N, a

1]
o
il
—-
=
—~

If we assume that the N-divison point has order N in C/L, then the

classes of pairs L,a are in one-to-one correspondence with the points

of the modular curve Il‘VFl(N) where [2 :] acts on H by

at+b
ctdd
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This follows from the fact that each pair L,a 1is equivalent to a pair
of type (1) with a =2wi/N (i.e. k=0, & =1) . The coefficients of

ro. p.3 f(x) f'(x) :
X in ) x T (x) are modular forms of weight r for FI(N).

It remains to show that such a coefficient is holomorphic in each cusp
of lH/I‘l(N). Transforming  f(x) (taken for the lattice (1) with

a = 2ri/N) to a cusp gives a function f(x) for some a = 21ri(lN-5r + %)
and the same lattice. The formulas (2) and (3) show immediately that
the q development of each coefficient of f(x) has only non-negative
powers of q, fractional if k > O, but then a suitable root of q is

the local uniformizing variable at the cusp.

The coefficients e. of x f(x) are the Eisenstein series. Their

q-developments (for k =0 and & = 1) for example can be read off from

o« [
(M x £'(x) _ E ane_x _ 2 anex
f (x) ~ 1-qPe ¥ 1-a"e*

n=0 =94 n=1 ¢
(] 0 1

_2 x{q"e X | z x{ qe*

n_-x -1 nx "’

n=0 1fae” - 10 qe

Furthermore, A (see (6)) 1is a modular form of weight 2N. For more
detailed formulae concerning these q-developments in the case N =2
see [20]. For N > 2 and N # 4 the number of cusps of I‘l(N) equals

32 e@e(d.
d|N

where ¢ 1is Euler’s function. Each cusp can be represented by several

division points a as in (1).

3. Let Md be a compact complex manifold. The Chern classes 4 of

Hd are elements of the 2i-dimensional cohomology group Hzi(Hd.Z). Let.

c be the total Chern class of Hd split up formally
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(8) e =) e = (I4x)) (1) .. (L4xy)
i=0

where X{1Xg, ... 0 Xy Can be regarded as 2-dimensional cohomology classes
in some manifold fibred over Hd (see [13], ¥ 13.3). Let Q(x) be a
fixed power series in the indeterminate x starting with 1 whose

coefficients are in some commtative ring containing Z. Then

(9) ‘pQ(Hd) = Q(xl )Q(X2) .. 'Q(xd)[ud]

is the genus of Md with respect to the power series Q where in (9)
the symmetric expression Q(XI)Q(X2)"'Q(xd) is written in terms of the
Chern classes in view of (8) and the 2d-dimensional component of this
expression is evaluated on Hd (compare [13], § 10.2). We define the
elliptic genus wN(Hd) by using the power series

xP
(10) A0 = 75y = SreC

where a = 2ri/N and f(x) is taken for the pair L,a with

L = 2mi(Zt+Z). We put again ( = ezﬂi/N.

Theorem. The elliptic genus ¢N(Md) is a modular form of weight d

for the group Fl(N). If one represents a cusp of FI(N) by

2Wi(§¢ + %) with O (k<N and O < & <N, then the value of wN(Md)

in this cusp equals

k/N

x(Mg.K“T) 1f k>0

and xy(Hd)/(l+y)d if k=0 and -y = C°.

The theorem follows from the remarks in section 2 and from (5) by re-
calling that x(Md.Kk/N) is the genus for the power series
—x ., (M)

1-e
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and xy(l(d)/(1+y)d is the genus for the power series

X

— (14ye X)/(14y) .

1-e

see [13].

A genus can be defined also by a power series Q(x) not beginning with
1 (we assume Q(0) = a, # 0). The definition is done by equation (9)

again. Then aalQ(aox) gives the same genus with a normalized power

series (i.e. the constant term equals 1). We now define $N(Md) using

the power series
(11) Ax) = 5 - a = 2wi/N.

Theorem. The elliptic genus ;N(Hd) is a modular function for Fl(N)
if d =0 mod 2N. We have

oty = oy(M)(0(-a)) ™ = Gem) et .

The result follows from the preceding theorem and the considerations in

section 1 and 2 which show that t1>(—az)-d =c? is a modular form for

FI(N) of weight d.
If d 1is not divisible by 2N, then

:;N(Md)ZN/(d'zn)

is a modular function (here (d,2N) is the greatest common divisor of
d and 2N).One simply applies the theorem to the 2N/(d,2N)-th power of
Md.

The function $N has poles in the cusps represented by (1) with k > 0.

The order of the pole is given by (6). Let us restrict to the case that
N 1is a prime. For N = 2 we have 2 cusps represented by (k,2) = (0.1)
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and (k,2) = (1,0). For N odd, we have 2 - % cusps. There are N—;—
cusps represented by (k,8) = (0.8) and 1 ¢ & ¢ % and N% cusps

represented by (k,2) = (k,0) and 1 <k ¢ N—;l— In the first kind of
cusps the q-development of ;N(H d) begins with the constant term

xy(Hd) with y = —(e. in the latter case it starts with
i ~k(N-k)d/2N
X(Hd' ) °aq ( )

where a is a local uniformizing parameter for this cusp of WFI(N).

(We have EN =q in (6)).

4. For a complex vector bundle W of dimension r the exterior powers

AiW and the symmetric powers S'W are well-defined vector bundles.
Their Chern classes can be calculated from those of W. If CpreneeCh
are the Chern classes of W (where < is in the 2i-dimensional coho-

mology of the base space) and if we write formally
c=1l+c +c,+...+c = (l+x1)(1+x2)...(1+xr)

then the Chern character (in the rational cohomology of the base space)

is given by

1, % *r

ch(W) =e " +e "+...+ e

Over the rationals ¢ and ch determine each other. For the exterior

powers we write with some indeterminate t

and for the symmetric powers
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0
i i
s, =) s'w..
i=0
Then we have for the Chern character
r X
(12) ch(A W) = TT @O+ te?),
r X 1
(13) ch(S ¥) = TT @O -te )y " .
i=1

Formula (12) was often used in [13]. Formula (13) is, of course, a
special case of the general method to calculate the Chern classes

associated to given vector bundles by representations [7].

Following Witten's idea (see [19]) we write the elliptic genus $N(Md),

or rather its gq-development in the standard cusp, in the form

[
~ n
(14) g = ) xR )"
n=0
Here, as before, -y =( = e2Wi/N. Furthermore Rn is a virtual vector

bundle associated to the complex tangent bundle of Md by a virtual re-
presentation of GL(d,C) (with coefficients in Z[{]).

For a vector bundle W the polynomial xy(Md.W) is defined in [13]. We
have, if T 1is the tangent bundle of M,,

d
X, (4. W) = Y (M. APT @ W)yP
p=0

We now can specify the Rn in (14). Let us recall that $N(Md) is the
genus belonging to the power series (11)
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~ 1+yq e 1+y-1qnex
(15) B0 = —X (1eye™) TT 22de . Lty o
l1-e n=1 1-q e 1-q e
Therefore (by (12) and (13))
[ ] (- J %
(16) 2Rq= “TTA_, T-TTs (1+79
n-l yq n=1 y q n=1 q

(with -y = ( = e2'1/N).

We have
Ry=1. R = (1-0T + " HT

Modulo the ideal (1-{) of Z[{]. the elliptic genus wN( ) equals
the Euler-Poincaré number e(Hd).

According to Witten's philosophy (compare also [2] and [3]) if we had a

xy—operator on the loop space Qld of M., we could try to calculate

4
(or define) its equivariant xy—genus for the natural Sl—action on fHd
with q€8' (q=e>7, 1 €R) by the Atiyah-Bott-Singer ([4]. [6])

fixed point theorem (fixed point set Hd (constant loops) in Qﬂd). The

result for the equivariant x -genus ($M,..q) would be that it is the
Xy Xy

genus with respect to the power series

TST 1+zgne_x
x n_-x
n=® l-q e

This does not make sense as a power series in q, but formal manipula-
tions bring xy(%ﬂd.q) to the genus ;N(Hd) belonging to a(x) (see
(15)) provided (—y)d = 1. Observe that (15) is a meromorphic function

in the two variables x and q where (x.q) € C2 and |q] < 1.
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5. The genus ;;N(Md) has in the standard cusp a development whose
coefficients are integral. They are elements of Z[{]. See formula (14).
In the cusps (represented by (1) with O < k < N) this is not so. The

coefficients are of the form

x(ld,Kk/N oW) .

where Wn is a virtual vector bundle associated to the tangent bundle
by a virtual representation of GL(d,C) with coefficients in Z[(].
The Wn can be calculated using (3). These coefficients are in general
of M is divi-

1 d
sible by N they are integral. This divisibility condition is equiva-

not integral. If, however, the first Chern class c¢

lent to the existence of a holomorphic complex line bundle with

LN = K and the coefficients

k
x(Hd.L ® Wn)
become "Riemann-Roch numbers” [13] which are integral.

Theorem. If the first Chern class c¢, of the complex manifold Md is

1
divisible by N, then the coefficients of the q-developments of the

genus :;N(Md) in all cusps (given by (1)) are integral (€ Z[{]): for
the elliptic genus ApN(Md) the coefficients are integral in a cusp with

k > 0, in_the cusps with k = O they become integral after multiplica-

tion with (l—f)d.

6. Let Md be a compact complex manifold together with an action of

the circle Sl on Md by holomorphic maps. We write elements of the
2wiz

circleas A =¢e where z € R/Z. The group S1 acts on the virtual

bundles Rn (see (16)). It also acts on the "cohomology group”

(17) HI(M,.APT 8 R )
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which is in fact a formal direct sum of cohomology groups
Hq(l(d.ApI‘* ® W) with coefficients in Z({). Since s! acts, we get

from (17) (considered equivariantly) a character of Sl. i.e. a finite
Laurent series in A. Taking alternating sums over q 1in (17) gives us

a character

x(M.APT* @ R_.\)

and finally (with -y = e2'i/N),

d
X, (Mg.R A = Y x(M.APT" @ R_A)yP
p=0
and
(18) aMgN) =) x4y R A"
n=0

It may be more convenient to return to our elliptic genus N with
characteristic power series Q(x) (see (10)) and consider it equivari-

antly

(19) ax (Mg ) = G (Mg 0)9(-0)

-) g0,
n=0

where the Sn are virtual bundles (coefficients in Q({)). We can cal-
culate qu(Hd.A) using the Atiyah-Bott-Singer fixed point theorem
(holomorphic Lefschetz theorem [6], p. 566). Before doing this some re-

1
marks concerning the fixed point set ll‘si of the action are necessary.
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1

The set Hﬁ is a smooth submanifold of Hd being a disjoint union of

connected submanifolds of various dimensions. For each fixed point p ,
the circle acts in the tangent space Tp , hence integers m

1oy
are defined such that xesl acts by the diagonal matrix
M M2 "d

(A" AN“,...,AN") . For each r € Z we consider those m, which are

equal to r. This leads to the eigenspace Er of Tp' Of course, Eo

S
is the tangent space in p of the connected component of Hdl to which

p Dbelongs. The numbers My (well defined up to order) depend

S
only on the component of M dl' Over each component we have eigenspace

bundles, also denoted by Er'

The characteristic power series of the elliptic genus oN is given in
(10) in the form Q(x) = x/f(x). For the fixed point theorem we need
1/£(x). We put

d(x-a

(20) F(x) = 1/f(x) = FX)9(-a)

We shall now give a formula for vN(HdJ\) using the holomorphic
Lefschetz theorem writing it down in short hand form which will need

some explanation:

1
(21) og(My.N) = (e Flx +2rim z) .. .F(x +2rinz))[K] ]

where e is the product of those x for which m, = 0. Recall

i i
2'12. Formula (21) has the following meaning. For each component of
the fixed point set, e

0 is the Euler class (highest Chern class) of

its tangent bundle E., the formal roots of the total Chern class of Eo

are the Xy with m = 0. The X with m =T # 0 are the formal

roots of the total Chern class of the eigenspace bundle Er over the

A=e

component. Thus for Eo one uses in the above product xF(x) = Q(x)
and for Er (r # 0) the function F(x+2wirz) which for rz € Zr+Z has
no pole for x =0 (and we use a general z) and hence is a power

series in x. Then one evaluates the expression in (21) on the component
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and adds over all components. Observe that the rotation numbers
(ml,.... d) depend on the component and also the meaning of the Xy
which are the formal roots of the total Chern class restricted to the

component. According to (4) our function F(x) has the property
(22) F(x+2wi) = F(x), F(x+2wit) = (F(x)

where ( = e2'i/N.

It follows immediately that ‘pN(Hd'M can be extended to an elliptic

2wiz
e

function in z (with A = ) for the lattice Z:'Nt+Z. More pre-

cisely:

1
Let v be an index for the connected components (Hg )u of the fixed
1

point set Hi . Then according to (21)

(23) (Mg A) = ) ap(MyA),
v

where an(Hd.)\)U is an elliptic function for the lattice ZNT+Z

1
associated to (lﬁ )v' Indeed,

(24) oMy Na), = oy(H,. 22Ty

m.+.. .+md
=( ‘PN(Hd')‘)U

The exponent m1+...+md depends on v, even the residue class of the

exponent mod N depends on v in general.

Definition: The Sl—action on Hd is called N-balanced if for the com—

1
ponents (Ii )U of the fixed point set the residue class of mo+.. .ty

modulo N does not depend on v. If the action is N-balanced, the com-
mon residue class of m +...+m is called the type of the action and

1 d
denoted by t.
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We have proved

Theorem. For an N-balanced Sl—action of type t on the complex mani-

fold Md' the equivariant elliptic genus wN(HdJ\) with A = e21riz is

an elliptic function for the lattice Z°Nr + Z which satisfies

(25) o (M. 2q) 2ri(z47)y

‘PN(Hd-e

¢ Cop(My.0)

Remark Of course, ¥y can be regarded as a function of 7 and z. In
T it is a modular form of weight d. In fact, *N is a meromorphic
Jacobi form on I‘I(N) of weight d and index O (see [11]).

7. We now shall approach the rigidity theorems which under certain con-
ditions state that the finite Laurent series xy(Md.RnJ\) (see (16) and

(18)) do not depend on A. (Recall -y = e2ﬂ/N

that the elliptic function qu(l(d.x) of the preceeding theorem is a

). This rigidity means

constant (see (19)), i.e. we have to show that it has no poles. The
rigidity results were not included in my course at the University of
Bonn. When Michael Atiyah came to Bonn in February 1988 he explained to
me Bott's approach [9] and that it is rather close to our old paper [5]
and we discussed it in Oxford in March. I did not study Taubes’ paper
[18] in detail, but rather looked in Bott's report [9]. Then I carried
out the proof for the level N case during my visit in Cambridge
(England) in March 1988 as a guest of Robinson college.

Let us consider «pN(Md.)\) as a function of A and q. It is meromor-

phic for A € ¢ and la] < 1. According to (21) it can have poles only

for mz € Zv+Z where m is a rotation number #0 occuring for one of
1

the components of H(sl . Of course, mz € Zr + Z means A" = qn where

n € Z. We have
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[ ]
(26) og(Mg2) = ) e ("
n=0
with cn()\) a finite Laurent series (compare (18),(19)). The meromorphic

function ¢ (M,.A can have poles only on the curves p qn. If
NY'd

(A.q) does not lie on such a curve, then the series (22) converges. If
2wik/r
N = o
n

cisely on the curves A" = q with m=Omod r and n = 0. But still

is a primitive r-th root of unity, then (A,.q) lies pre-

ox(Mg-20) =§ ca(p)a”
n=0

converges for |q| < 1, because this q-development can be calculated

A
from the fixed point set Hdo of )\0. namely

A
on(My.0g) = (egF(x +2wim k/r). .. (F(x g#2wimge/r))[M, "]

where is now the product over those x for which mJ ZE0mod r

e
0 J
and where we interpret the formula in a similar way as in (21). If

lal <R < 1, then there is a neighborhood U of Ay In € such that
no point (A,q) with A €U - {7\0) and |q| ¢ R lies on one of the

curves A = qn. We know that z cn()\)qn converges for A € U and

n=0
lal <R.

It is not immediately clear that our elliptic function «pN(Md,)\) is
holomorphic in )\0 and has there the value wN(Hd.)\o) calculated from
the fixed point set of )\0. But in fact wN(Hd,)\) is holomorphic for
AN€U and |q| <R, and (26) (for this range of A and q) is the
power series development of a holomorphic function in two variables with
respect to one of the variables. In_particular, there is no pole for
A= )\0. We conclude this from the following lemma.
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Lemma. Suppose g(A.q) S a mer ¢ function in the two complex

variables A.q where reucch and quR where DR is the open
disc around the origin of positive radius R. Assume that )\0 €U and
h(A.q) = (x—xo)‘g(x.q) (with 20, m€7Z) is holomorphic in U x Dp.
ped

@) gha) =) c ()"
n=0

in (U - {7\0}) x Dp  where cn()\) is a finite Laurent series, then
g(A.q) is holomorphic in U x DR and (27) holds in U x DR

Proof: The holomorphic function g(A,q) bhas a development in U x DR

of the form

h(ha) = ) d (A"
n=0

where the functions dn()\) are holomorphic in U. Since

e () = (A-2))"d (\) for A#A, and )1\3.. ¢ (\) =c (A)) we see
0

that the dn(7\) are divisible by (A - Ao)m.

Actually, we did not need the above discussion of the fixed point set of

)‘O and the convergence of (26) for A = )\0.

An Sl—action is semi-free (i.e. the fixed point set of any A € Sl.
1
A # 1, equals Hg ) 1if and only if all non-vanishing rotation numbers
1

m equal 1. Therefore, for a semi-free action, Hs

y can have poles

only for A = qn with n € Z.

Theorem. For an N-balanced semi-free Sl—action of type t on the com—

plex manifold Hd' the equivariant elliptic genus «pN(Hd.)\) does not
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depend on A. It equals the elliptic genus wN(Hd). If t#0 mod N,
then ¢N(Hd) = 0. (Compare [14] and [16].)

Proof: By the lemma, there is no pole for A = 1. Because of (25) there

are no poles for A = qn. The vanishing of upN(Hd) follows also from
(25).
8. Let Md be a complex manifold with first Chern class ¢ € H2(l(d.1)

divisible by N. The importance of this condition was already apparent
in section 5. We choose a holomorphic line bundle L with LN = K. Now

suppose we have an Sl—action on Hd. Consider the N-fold covering

Sl

This action can be lifted to L. If p is a fixed point of the given

—>Sl with ur—ﬂ\:uN. Then p acts on Hd and K through A.

Sl—action with rotation numbers mmy, ..My, then pu acts in the

—(m1+. ..Hm 2ri/N

fibre Lp by d). However, if p=(=e , then it

operates trivially on Hd' Therefore the action of { 1in each fibre of

L is by multiplication with f_t, where t 1is a residue class mod N
which does not depend on the base point of the fibre. (Assume that Md
is connected.) It follows that the action is N-balanced of type t (see

the definition in section 6).

The condition ° = 0 mod N implies a stronger property than N-balanced.

Let G“1 C S1 be the group of mth roots of unity. The fixed point set
1
of Gm is a submanifold of Hd which includes Mi and is strictly

larger if and only if there is a rotation number divisible by m. We de-

note the fixed point set of Gm by M". There is the map S1 —)Sl

d
with p— A = uN which we considered before. Hence any pu € S1 with
umN =1 operates trivially on Hz. however it operates on every fibre

Lp (p € Hg) by multiplication with some mN-th root of unity which

only depends on the connected component of Hg which contains p. Since
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1 -(m
Bu acts on Lp (for peli) by u

the rotation numbers of the action in p, it follows that the residue

- .+m1)
where the m J are

class of m o+ mg mod mN depends only on the connected components of

1
H: and not on the components of llj contained in them.
1
Let X be a connected component of H: and (M‘sl )u a component of
1
Hﬁ contained in X with rotation numbers Mmye.e.amy. Over X the
tangent bundle T of Hd splits into vector bundles NEk where
k=0,1,....m-1 and the action of Gm in Ek is by multiplication
with )\k if ANE€ Gm' Of course, E., is the tangent bundle of X. Over

0

1
(Hi )v we have

(28) Ek = z E. (see section 6) .

r=k mod m

We write the rotation numbers in the following form

(29) m = rim+k1 where k1 =0,1,....m1 .
m—1

Since the integer Eki =z k dim AE'.k depends only on X, we see that
k=0

m-zri mod mN depends only on X. Hence, zri mod N depends only on X

1
and not on the components (Hﬁ )U contained in it. We put

(30) Eri = t(m,X) mod N .

Of course, t(l.Hd) is the type t of the action (for connected Hd).
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9. Let Md

that we have an Sl—a.ction and wish to show that the elliptic function

be a compact complex manifold with < = 0 mod N. We assume

tpN(Hd.)\) has no poles. Let X be a connected component of H: (see

section 8). We define

@a1) () = ) oy (Mg ),
v

1
where the summation is over those connected components (Mi )U which

are contained in X (see (23)). This is a shorthand notation. Do not

1
confuse (31) with the elliptic genus of X. Let (Hﬁ )u have the rota-

tion numbers m According to (21) we have

1.....md.

1
(32)  ey(MyA), = (egF(x,*2wim z). . F(xg+2wimz))[(4 ) ] -

Let s be an integer and replace in (32) the variable z by z + '%r

s/m) s/m)U

(in other words, replace A by A°q , then ¢N(Hd.)\q is again

an elliptic function in z for the lattice Z:Nt+Z. It follows from
(22). (29) and (30) that

s/m)

(33) oy(Mg 2™ ™) =

d k 1
gst(m.X).(eo ]_I F(xj+2lrim z + 2ri s—m‘l T)[(nsd )] -

J

If we write down the q-development of the right hand side of (33) (with

fractional powers of q) we see that wN(X.)\qS/m) is of the form
]
s/m n/m
(34) ey A =) X, (X.8,\)d
n=0

where the Sn are virtual equivariant bundles constructed from the

bundles ﬁk over X. For m =1 we come back to (19).
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The elliptic function (34) has no poles for JA] = 1. We use again the

lemma in section 7.

10. We are now able to prove the rigidity theorem.

Theorem. Let Hd be a compact complex manifold with first Chern class

c, € H2(Md.l) divisible by N. Suppose an Sl—action on Md is given.

Then the equivariant elliptic genus wN(l(d,)\) does not depend on

A€ s It equals the elliptic genus gy(My) = voy(M;.1). If the type t

of the action is # O mod N, then «pN(Md) = 0.

Proof. Let m be a natural number > 1 and Ahn = qn. Then A is of

the form A = A s/m

0d where )\3 =1 and s = in. We have

/i /
‘PN(Md-)‘OqS m) = z ‘pn(x-)\oqs m)

X
where the summation is over all the connected components of ME. Since
the elliptic function (34) has no poles for )\O’ the result follows. The
vanishing wN(Md) =0 for t #0 mod N follows again from (25).

11. We want to point out some applications of the rigidity theorem.

If we develop in a cusp (1) with k > O, we get a different version of
the rigidity theorem (compare [19]). In particular, we get that

x(Md.Lk.)\) does not depend on A for k=1,...,N-1, in fact
x(Hd.Lk) = 0, if the action is non-trivial. This is a well-known result

([12].[15]). For N =2 and k =1 it corresponds to the theorem in [5]

A
on the A-genus.

The elliptic genus of level N is strictly multiplicative in fibre
bundles with a manifold lld with cl(ld) =O0mod N as fibre and a com-
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pact connected Lie group G of automorphisms of Hd as structure group
(compare [14] and [16]).

This we wish to apply, for example, to the compact irreducible hermitian
symmetric spaces G/U studied in [7] § 16. There we gave a formula for

the coefficient A(G/U) in

c,(6/U) = A(G/) - g

where g 1is a positive generator of the infinite cyclic group Hz(G/U).

Take a system w of positive complementary roots for G/U (see

107 g
[7]). Here d is the complex dimension of G/U. The roots Wieeoe oWy
are linear forms in Xpoeons X, where ¢ = rank(U) = rank(G), the
X|seee0X, can be identified with a base of Hl(T.Z) where T 1is the

maximal torus of U. Without proof we state the following result which
is equivalent to the strict multiplicativity of the elliptic genus for
G/U-bundles.

Theorem. Let F(x) = f(x)_1 be the elliptic function introduced for

level N (see section 1). Let Winee oWy be positive complementary

roots for the irreducible hermitian symmetric space G/U. Suppose
A(G/U) = 0 mod N. Then

(35) Y FO()IF((%)) - F(a(wy)) = ¢y(G/U).
o€W(G)/W(U)

Here W(G), W(U) are the Weyl groups. (An element o € W(U) permutes

w ..w,. Therefore the sum over the W(U)-cosets is well-defined.)

1'°°°'7d

The formula (35) is an identity in the & variables L SEREREE R The sum

is a constant, i.e. does not depend on these variables anymore.

The rigidity theorem in section 10 also gave a vanishing result. We give

an example: Consider the Grassmannian

W(m,n) = U(m+n)/(U(m) x U(n)) .
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Ve use the notation of [7]. As a system of positive roots of U(m+n), we
take

{—x1+xJ|1$i<jSm+n}.

The complementary roots w. are given by 1<¢i¢m and

m+1<j<m+ n. Their sum equals

m mn
(36) zwr=-n§xi+m§ xj=
i=1 J=m+1
m m+n
—(m+n)§x1+m E x‘j
i=1 j=1
m mn
We put - E X, =8 and E xJ =0;. Then g becomes the positive
i=1 Jj=1
generator of H2(W(m,n),l) whereas o vanishes if regarded as element

of this cohomology group. Therefore,
A(W(m,n)) =m + n.

We also see from (36) that W(m,n) admits an N-balanced circle action
of type m if m+ n = 0 mod N. We obtain

Proposition: The elliptic genus wN(W(m,n)) vanishes if
OmodN and m# O mod N. For the complex projective spaces

¥W(n.1) we have

m+n

P(©)

¢y(P(€)) =0 if n+1=0 mod N.

12. The elliptic function f defined in section 1 satisfies a
differential equation



(37) dEHN . al(gf)N'1+...+ aN_1(§i) tay = iﬁ.+ aszN

with a5y = czN (see section 1)

where the aj are modular forms of weight j for Fl(N).

a = 2ri/N in (1)). The polynomial

N N-1
P(E) =& +af +...+ay F+ay
has the following properties:
1) aN_1=0.
2) If P'(E) =0, but £ # 0, then P(F)2 = dagy -

The property 2) implies that the values at the critical points
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(if

€ with

£ # 0 are all equal up to sign. In this case, the polynomial might be

v v
called almost - Cebysev. Theodore J. Rivlin wrote to me that polynomials

with essentially such properties occur in the literature under the name

Zolotarev-polynomials. Also their relation to elliptic functions

is

known (see for example [10]). I plan to write a separate paper on these

matters. For N = 2 the differential equation is of the form

W2 2 4
(£)% =1 - ayf + a6,

very well known for the elliptic genus of level 2 (see [14]).
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