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Lemma: In a special A-ring:
x has A-dimension <k iff x-k has y-dimension <k.

Proof: This follows from the identities

~r = T T8 IS - - - k’
At(a) = A (x-ktk) = At(x—k). At(k) ol O (z=k) (1+t)
1+t
L. -1 5
Yo(ek) = v () y (017 = L () (1)
1=t
h ca . D k
For, if y (x-k) = 0, for n>k, then ¥ 3 (x=k)(14t)" =
1+t
= [+ ok 1 t k < .
= {y (x=k) + y (X-k)'T;E +oeet y (x-k)(ng)P} (1+t)k = polynomial of depgree
<k and vice versa Qeeoedo
For any A-ring
i t . . ° -0 - - o -l
y, = 0=t = oaattt-)™t = mt @ (CY)(-t)®
t 1=t n
n=0
= pigpti 1(i+1)e00(i+n+1) = gl onHey
1.2 n
z)‘ltn+1(l})
i
So Yn+1 = 2(2)11

Exercise., If dimx(x)< © then dimx(x+1)

If dimY(x)< » then dimY(x—1)

g
01ml(x) + 1

dim (x) + 1
Y( )

If dimA(x+n) = m then dimY(x+n-m)<°° .

dimy(x+n—n+1) = dimy(x+n—m—1) = dimy(x+n-m) + 1,
P

In that case Xy = x+n-n  1is called the reduction of x and dimY(x+n-m) = ’ ;

’
= dimy(xo) is called the reduced y-Adimension of x. :
If dimx(g) = 1, then £ is called a linebundle

X k

Then A (£) = 1+ £t, v (=1) = 1+(g-1)t, v (g) = € .

If A is a special A -ring, then 1 € A 1s a linebundle.

(E.T) The splitting nrinciple for special A-rings. Let A be a special A-ring,

let x € A be of finite A-dimension At(x) = 1+a1t+...+antn. Consider the ring

- 1 n
A = A[O..‘,...,Cln]/(o (a1,oao,an) - a],o--, ag (Otl,...,(ln)-an) °

Hn=s

Then we have an injection A > A and in A[t] 1 + a1t+...+antn = (1+ait).

i=1
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n,

= -

Now Xes A. X is a special A-ring.
A is a special \-ring, so Ay P A X is a, ring homomorphism.
So we have embedded A into a special A-ring A in such a way that x, considered

as an element of I, is a sum of linebundles.

(E.8) Proposition (Adams)
Let A be a special A-ring, p € A of finite y-dimension (i.e y (p) = 0

i > n, some n) then the element

k d L. - o
i e YU el B (S Y (R P
‘ g i1 i
can be written as a linear comhination of mcnomials y (p)ee.y ~(p) with i1+.°o+i%

Proof: We check the result for a linebundle ¢ by induction on d. We put & = x+1,
we use expressions in £-1 instead of x, x is the reduction of £ . A is a special

A=ring so the v* are ringhomomorphisms and At(1) = 1+t, and therefore Wk(1) =1,
(¥" -1)(1) = 0, so we will start from the inductive hypothesis (with ¢ instead of

£=1 in the left hand side),

(v = 3R (g = (e-1)7 p(e)

where » is a polynomial, and where ve observe that

£

y (1) = -1, yg-1)=0 i>1 ,

(¢ - k) e (Fa(e) = () [ p(e)] =

(€"-0® p(c") - %=1 p(g) = (e-1)%() .

d

low q(g) = (Zk-1€r)d p(gk) - kdp(E) has o factor £-1 since q(1) = (1+.ee+1) p(1)-

0
x%(1) = o.

The ini*ial case d=0 yields since At(E) = 1+ ¢t and thercfore wk(g) = *

< | =1

(Fa1)(g) = €5 = (£=1) (" 4o 04E) = (£-1) p(E)
and therefore is true.

This completes the inductive proof.

Next we check the result for a sum of linebundles

p = €1+°°°+Er\ L

If we set gr = 1+xr as above, we have
. ': n
(WL.-kd) 200 (\y]_-1)p = Z (x
r=1
where » is a suitable polynomial, the expression (xr)
r=1
polynomial in the xr”s whoce homogeneous components have degree >d, by what we

d+1
r) p(xr)
a+1

no~s

p(xr) is a symmetric

have just proved. Thercfore when we write it as a lincar combination of monomials
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v (0)ees Yl1(p), ip#eee¥i > d will hold.

That it is sufficient to consider finite sums of linebundles follows from the
splitting »nrinciple ~f (E.T) .

Let x € A be of finite A-dimension, A - i such that in A x is a sum of linc

bundles, A is a special A-ring. So we have the diagram of rings and ringhomomorphi

A
o
A L A
k
Y v
A
A L 2
‘ X ;
The element z ¢ A, considered as an element of A, is a sum of lincbundles, Qo€

(E.9) Definition

The special A-ring A is said to be of reduced y-dimension <d if for every

e h . A 1 G . .
o of finite y-dimension the monomial Y (p),eseyy “(p) = 0 if iiteee¥i > 4,

We then have the following corollary of (E.8)
In a special )-ring A of reduced y=-dimension < d

(v - kM E N, Fe) =0,

(E.10) Theoren (Adams)

If the special A-ring A has reduced y-dimension ;d,dthen A8 0 (which is a

vector space over ®) snlits as a direct sum A 8 @ = G}Vq where V¥ k(r) =1, p
q=0

for r e V0 all k > 0.

Proof: Fix a prime k. By (E.9) and linear algebra A 8 @ splits as a direct sum

of elgenspaces V(k) helongirg to Vk, Let 1 # k be such that 1 is not divisible

by kj gt and gt commute so V(k) splits into eigens: 203 VE; corresponding to

. . Y. o i a .
the eigenvalues 1° of Wl. On ggi ,wlw is a multiplication by kqlr. But we know

1" z .
from (E.5) thet vl = WLl, which means that Y°¥' has only the cigenvalues (11)°
1
q.
take any two natural numbers 1,1' there is always a prime k such that neither

* ’
Thercfore only r=q contributes essentially in VE} hnd V:i = Vi =V If we

k
1 nor 1° is divisible by k. Therefore V‘(1 does not depend on k, and we can call

1z

Va =V, to get the theorem. qe€.de

%) that is V'Y =0 if q # r.
qr



(E.11)  X-rings with augmentation

The definition At(1) = 1+t gixens Z (the ring of the integers) the structure of a
special A-ring: Lt(k)= (1+)%, A% (n) = (),

¥
A A-ring A together with a homomorphism of A-rings € : A > Z is called a A -ring

with augmentation.,

Grothendieck defines for every A-ring A with augmentation a filtration in the

following way. Let I bte Xer € , then A is the subgroup generated by the monomials

n, n, n,
<f. &
; (x1)a Y (de),..., Y (xk)
with x. ¢ I, B RN 5
* j=1 * 7

(et [2])

F) Applications of the theory of A-rings to K(X)

(F.1) ring Promnosition,

¥(X) is a A-ring with augmentation (X is connected)

Proof: define A B(X) —— 1 + K(X)[[t]]+ by

@ . .
E av—s 1 [AY(E)]tY
o

([Al(E)] denotes the element in K(X) represented by A (Z) e B(X).

Then because of the identity (1) in (E.1) we have that

e s - T
GAEP) = & (Rt BY)

: L S . +
is an additive homomorvhism in the abelian groun 1 + K(X)[[t]]  and thovrefir

)\t(E)o)\

So At :

factorizes through K(¥). This defines the A~ for all elgments in 12(X) and makes

K(X) a A-ring. The explicit formula for an clement £ = I ni[Fi] eK(X) is

n.
i

= Eas

A (€) M [£;]

Ye cefine ¢ : B(X)——Z by e(E) = dim Z. e is clearly an additive homomorrhisu

and so factorizes through Z(¥). This defines the augmentation of K(X). q.e.d.

(F.2) The splitting principle
Let E be a complex vectorbundle over X, we define IP(E) as follows. ]P(E)y

through origin of Ex} i.€5 H’(E)xrthe projective spaces associated

{all lines in E

A.lx
to B .
b4
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P (E) = ]P(E)X with the local product tonology inherited from E.

The map HE) — ¥ defined by mapping each line lx of Ex into x 1s a fibering
of X. :

There is a canonical linebundle over HE),

Sy, the linebundle, vhose fiber over 1, € KE) consists of the points of 1.
And there is another bundle

Qe’ the bundle, whose fiber over lX HE) consists of the vectorspace Ex/l
We have now over IP(E) an exact sequunce of bundles

0 > 8, > n-1E N QF —> 0 .

So [ﬂ’1E] =[s5] + [o] in ¥ (KE)) dim Qg = n=1 if dim Een.
Set E, = Q, and consider IRE1) over H(E). When L is lifted to IRE1) it splits off

two linebundles. Continuing this nrocess we find a snace BKBn) such that when &

is lifted to IREn) it can be written as a sum of n linebundles.

The composed map p : IP(E )—> I’(En 1)+°°° > P(E) — X

E
)n MX)—+x®w5n==mw(m>.

induces an injection K(p

This is known as the splitting princinle. (cf, [8])

.3) Lemma )
continuous . N )
Let £: X >Y bea /map, then X(f) K(Y) » K(X) is a homomorphism of A -rinns.

(i.e to prove AX(£"'E) = £ (a’w),
Proof: Exercise.
(F.k) K(X) is a special A-ring.

Pirst we prove that At is a ringhomomornhinm .

Let 51, €2 be two linebundles then €1 s &2 is also a linebundle, and so
& = (1+€.t) 0 (1+E,t) =
(e, @ Ey) =1+ 8 06t S0 A(g) 0 (gy) = (1+5,8) 0 (1+E,t)

=1+ £ &t =xt(g1 8 52).

low consider the product of two sums of linebundles

(§1 ‘Docaegn) @ (r]]@...@ﬂn) = (€1n1 e E1n2@--0951nm90--$€nnm)

At being additive we get.
= n 1+€.n.t) =
)‘t((€10°°°0£n)e(n1oocoonm)) i j ( Ean )
1]

H(1+£it) 0 H(1+njt) = At(£19...0£n) 0 At(n1®...9nm).

Vow if we have two arbitrary bundles E,F over X we can find by the splitting

principle for vectorbundles a space X1 and a man X1 + X such that the 1nduced man
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K(X) > K(X1) is an injection, such a map is always a homomorphism of A-rings, and
such that E considered as an element of K(X1) splits in a sum of linebundles,

considering T as an element of K(X1) we can repeat this procedure, to get a space

X2 and an injection
K(X) » K(X,)
such that both E, F split into a sum of linebundles.
If follows from this that
An(ESTF) = At(E) 0 At(F) for arbitrary bundles over X.

t
So the map A, : B(X) » 1 + K(X)[[t]]+

i
is a homomorphism of semirines, from which follows that the associated map

A ¢ K(X)—> 142(X) [[t]]" is & ringhomomorphism.

Next we prove that Ay is a homomorphism of A -rings. Let g = £ @ Epeoe® £ be

a sum of linebundles.
Then A\"(E, ® £.0..0 £ ) =0 if r > n
1 258 nn

\(E, & £.0...65 ) = 1 (1+¢.t), and (nm (1+£.t)) =0 if r > n by definitio
71 2 n 2t 1 =1 2

of A" in 1+ k(O[[]]".

Let r < n, then
X i1 in
o = pasigp &
(g, 86, w00 E )= ) s =I’A (1) 50005 (g,)
K- b

Now Al(gj) =0 if i > 2, so we have only to extend the sum over those (i1’°'°’in)

B . 1 o 1 :
with i +...+i = r and ij = 0,1 for every j. A (Ej) =£j, A (Ej) =1 for all J.

1 _r '
So A (510,..9 gn) = g (g1,,,,, En)

E

" . : 1 r
At is a ringhomomorphism so At(A (£)) =0 (Xt(£1),..a, At(gn)
(The operation in the polynomial o ¥ now being . and 0)

n

At(g) = 1 (1+git), SO
1=1
e r -
(T (1+E.t)) = i (1+E; eebit) =0 (rﬁgt,...,r+§f) =
i=1 * i <eoe<i 1 r
{ P
- ~ r
= (A (8)),0eenh (E))). B0 ATALE) = AX(E),
. . r il ¥ )

Again by the splitting principle this proves that A Xt(E) = A () for an

arbitrary bundle over Z.
2

—t3+ooo) =

1+t if r even
: . P
liow as is easily checked A (1-t+t

(1-t+t2..., if r is odd

So ArAt(-1) = Atlr(-1) . Tvery clement in K(X) can be written in the form [E]-n."
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i y
The formulas for )\~ of a sum are the same in both rings,)\t is a ring homomorphisn

T
s0 A\ (o) = Aa (a)  for every aek(X) qeeod.

t

(F.5)
Topological filtration of K(X). (cf. [2] 52).

Let X be a finite CW complex, we introduce a filtration on K(X) by putting
K (%) = Ker(x(x) — x(xP"))

=1
where XP7' denotes the (p=1)=-skeleton of X.
This filtration is a homotopy invariant and turns X(X) into a filtered ring, i.c.
e 4 °}~r DY
hp(X) .xq(K) C:Kp+q(X) "

(F.6) Proposition

(cf. Aiyah Characters and cohomology of finite groums).

Let X be a finite CW-complex, if we denote the filtration of K(X) as an augmented
A =ring by KA(X) we have
9 ¥
K (X) cK, (X) for all n.
(F.7) Corollary

K(X) is of reduced y -dimension < [} dim(X)]

 Proof: Let xeK(X) be such that y+p is of X ~dimension n, this means that e(x) = 0.
For every element in K(X) can be written [E]-m, with E a vectorbundle, and for a

vectorbundle ¥ e(F) = n 1is equivalent to "F is of A-dimenison n"
i i

SO if i1'('o.c+ir ; [% dim (:':) ]':'1 => Y 1(X),oco, Y r(X) K'
i1 i1
- (& S 1 5 °+' fl 1 c oo = °
C:Kdim(X)+1 0 . So if i +.. i > |2 aim(X)| then Yy (x),eee, ¥ (x) =0
q.e.do
(F.8) Corollary
K(x) & § (a finite dimensional vector space over @ , since X(X) 1is finitely

generated, X being a finite CW complex cf. F.9) splits as a sum of the
. e : gk .4 s
rational cohomology groups. HEI(X, Q) (Hﬁl(X, M) = Ker@ - k) by definition).

Proof: apoly (E.10)
(F. 9) Proposition.
Let X be a finite CW-complex with only even dimensional cells. Then

1. KTH(X) =0
2, K(¥) is a finitely generated free abelian group with as many generators as

there areczlls in X.
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: : -1,,2n=2 ; ; .
Proof: By induction, let K (X > ) = 0 as an induction hypothesis. We have the

exact sequence,
-1,.2n _2n-1 =1 " . - -
K(x, ) ) — 1Y) = T (532

2n/ 2n-1 on 2n-1)

/X is a bouquet of even-dim. spheres, so K-1(X s X = 0 (use D.10).

- -2 :

= 0 by induction, so (%

follows that K“1(X) = Qs

= 0 , X being finite dimensional it

For 2 we consider the exact sequence

2nn2)

K~ (x EG (0 g sk T IR R T

By 1, K1 (x%22) = ¢ = K_1(X2n, 2) 1 ve suppose by induction that REXn2

. -2
t20-2  ipen k(X°02)

is free abelian with as many generators as there are“&lls in X
is projective and the sequence splits yielding

- 2n=2
2n 2) n )

K(X7®) = K(X 5 k(X2 X g.e.d.
(F, 10)
We now consider very special complexes

X = eoveanehn

(Examples are the projective planes)

K(X) =Z06 Z6 Z
and we have a filtration (cf. (F.5))

K(X) DKen(X) DKhn(X) >0

each terming being Z less than the preceding one.
e can choose an additive base of K(X) by taking 1€K(¥), aexen(x), b exﬁn(x).

We know the multiplicative structure if we know the u of

a2 = ub (ab = ba = b2 =0 ®(X)

being a filtered ring).

(F. 11) Lemma
(. (X) Ku(&&)*KH&PUD=Ka%RR)*KW

; 2m—2)])
2m
= Ker[(YP=K") () weo (¥ = KD)] if dim ¥ = 2n

H

(F, 12) Lemme

1 " k i
Let k& = EPq, q odd, then the number r of factors 2 in 3 -1 1s
r=1 if n=0
r=p+2 if p21



Proof: Let p=0, then k is odd
% =1 K-
(3%-1) = 2,(35"! w35

nurbers. k is odd, Lence the second term is odd.

+.00+3+1), The second term of the nroduct is the sum of k odd

et p=1, then

ii¢ k=2 il : 2
(3°=1) = 8 (3 =+ ?k +.on+32+1). The second term 1s the sum of k-odd numbers.

2
k. =2 ST e
5 18 odd. Hence (3 +o.°+32+13 1s odd and 31-1 has exactly 3 factors 2.
Suppose now the lemma provec for p<n=-1, n> 1.
o 2n-—1q 2n-10 2n-1
Then (3°°%1) = (3 *-1)(3 1), By the induction hypothesis 3° %=1 has

n-1
exactly n+1 factors 2 n+1>1, therefore 32 %1 has only one factor 2. So

n
20
3°°%.1 nas n+2 factors 2. Qe€eCe

Corollary. If r > k, then k = 1,2,k4,

If p >3 then 22 > p+2, If p = 0,1,2 r.s. then we get k = 1,2,  q.e.d.

(F,13)
Theorem

The only spaces of the type considered in (F.10) with u = 1 have n=1,2,k,
Proof: Wg(a) = 2% ¢ da" . since (We - 2n)<iKhn(X) by (F.11) in the same way
y>(a) = 352 + u.a2

2n

= v2(3% + pad) = (2% +A a°) + u(2%®,a%) (a3 = 0)

2

<

<

—~

O

~
t

2" (3% + ua2) + A32na

2 2n n 2n
F’W3 = W3W2 , therefore A3t 2™ = 20+ 3T or

e
W
=
n
—~
®
N
]

A37(3%-1) = w2(2"-1)

1 2
mow ¥ = (A1)2 - 2)® (v2 = °(2", 29))
SO Wg(x) = % - 2A2(x) s so modulo 2 V¥° is the square of X,

so A must be odd.

Therefore (37-1) must be divisible by 2" .

By (F.12) this mcans n=1,2,k

(F.1h) v(£)
"naidey a map f ¢ Shn_1-"—- > 5°% | Ye define y(f) as the linrino numbcraf

= 2 , . . o e .
f_1(p), f—1(q), for two points ;.1 €5 (aypzovimatin: [ by a differentiable
function) . Hopf defined mavs with vy(f) = 1 for n=1,2,4 (using complex numbers,

ruaterninng . Cavley numbers resp.)

Problem: are there maps with y(f) = 1 for other n.
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Suppose there is a map T : Shg:l——> 82n consider the diagram
o™ “on Ehn
=~ lin-1
B = Stn-
‘n

e attach Ehn to ey @ by means of f, to get a CW-complex of the tyne

2n
&gV ey v ey o It was proved by Steenrod that with this construction and the

using the notation introduced in F 10 that

e =k y(f) b

Apnlving now (F.13) we sece that the problem posed by Hopf is solved.

hne- . .
There are no mans f : S‘E—l———+ 82n with y(f) = 1 for n not equal to 1,2,4.
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