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ARITHMETIC GEZNERA AND THE THEOREM
oF
RIEMANN-ROCH

INTRODUCTORY TECTURE.

I am very glad that I cen give a series of lectures in this
International Mathematical Summer Seminar at the Lake of Como. It
is a great honor for me, and I wish to thank you very much for
your kind invitation,

The purpose of these lectures is to show how the theorem of
Riemann~HRoch can be formulated and proved for non singular algebraic
varieties of arbitrary dimension.

I am in the process of writing a report for the "Ergebnisse
der Mathematik" (Springer Verlag). This report will contain an

introduction to the theory of sheaves {Leray,H,Cartan), the theoxry

of characteristic cohomology classes, the theory of "cobordisme"

(2.Thom) , and %o recent work of A,Bordl, K.Kodaira, J.P.Serre,

and D.C.Spencer. The report will then contain a detalled discus-
sion and proof of the theorem of Riemann~Roch using all the theo-=
ries just mentioned.

In these lectures it is impossible Yo give complete proofe,
I have to refer to my report. The lectures will, however, run
somewhat along the lines of my report. In this introductory lectu-
re I give a brief account of the whole story (compare the intro-

duction of my "Ergebnisse-report").

1. By an algebraic variety Vn we mean always a compact
complex manifeld of complex dimension n (not necessarily connedted)
which can be imbedded complex analytically and without singulari-
ties in a complex projective space of sufficiently high dimension .

Let us recall four definitions for the arithmetic genus
of an n-dimensionsl algebraic variety Vn. Using the postulation

formula (Hilbert's characteristic funetion) we define the integeus
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pa(Vn) and Pa(Vn). We call this the 1,end 2.definition. Severi

conjectured the following formula (see, for example, [{] )

(1) P (V)= 2o (V) = g, = g,y +eee + (=D g

n-1 1 ’

were g, denotes the number of complex linearly independent
holomorphic differential forms of degree i on Vn' Using the

theory of sheaves, Kedairas and Spencer [2] were able to give a

simple proof of (1). The alternating sum of the 83 is the 3. de-
finition of the arithmetic genus of Vn, thus the equation (1)
states that definitions 1,2,3 coincide. The ordering of the g5
in the alterngting sum is unnatural. Changing the classical nc-

tation we define

(2) X@) =5 Dt

i=0

We call )((Vn) the arithmetic genus of the algebraic varietby
Vﬁ. The integer §, equals the number of connectedness componer bz
of Vn' Thus for a connected variety the classical arithmetic
genera pa'Pa are related to the arithmetic genus )( by the formu-

la
14(=1)"p_ (v )=1+(-1)"2_(V ) = X(¥).

The arithmetic genus )( behaves hultiplicatively,i.c.,
the gernus of the cartesian product of two varieties is equal
te the product of the gencra of the factors, The arithmetic
genus in the old definition obviously does mot have this multipli-

cative property.

2., The 4,dcfinition of the arithmetic genus is due o
J.A, Todd [}] s who whowed that the arithmetic genus can be expres-
ded by meams of the canonical classes of Eger-Todd [{] . For the

dimension 2 and 3 this fact had been cstablished earlier by
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M. Noether, Severi and B.Segre. Todd's proof is not complete.

It is based on a lemma of Severl for which a precise proof does

not secem to exist in the literature.

The Eger=Teodd class ki of Vnris defined as a class of alge-
braic cycles of Vn of real dimension 2n~2i with respect to an
equivalonce relation which implies the equivalence relation
"homologous" without being identical with it,

K1, for example, is the class of the canonical divisors of Vn
with respect to linear cquivalence. The class Ki defines a{Zn-2i)-
dimensional homology class which corresponds under the natural
isomorphism to a 2i-dimension cohomology elass (with integral
coefficients). Up to the sign (_1>i this cohomology class coinci-—
des with the Chern class s of the tangent bundle of V . We only
have to use the Chern classes. Namely, we define the Todd genus
T(Vn) directly by means of the Chern classes,It is a principal
theorem that ;{,(Vn) and T(Vn) are identical for all algebraic

varietics,

3, We now come to the definition of T(Vn): In a purcly
algebraic way we define a polynomial Tn of weight n in indctermi--

nates CgerrsCy and with rational coefficients.

7, = 1
¢,
=7
1 2
T, =15 (eg” + )
(3) N
Ty = 2% 049
o1 2 2_ 4
T4 = 755 { c4+c3c1+302 + 40261 c, )

If we interpret the indeterminate B, as the Zi-dimensionsl
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Chern class of Vu’ and, moreover, the product in the polynomial
Tn as the cup product of the cohomology ring of Vn, then Tn i a
2n—-dimensional cchomology class of Vn. By the fundamental cycle
of Vn we mean that element of the homology group H2n(vn’z) which
is defined by the natural orientation of Vn. The value taken by
the class Tn on the 2n-dimecnsional fundamental cyecle of Vn is a
rational number which by definition is the Todd genus T(Vn)'

The polynomials Tn should satisfy two propertics. First,
they should be of such a kind that the functional T(Vn) defincd
by them behaves multiplicatively as the arithmetic genus does.

The sequences of polynomials fulfilling this multiplicative pro~
verty are colled multiplicative sequences. They are characterised
by purcly formal algebraic conditions, Seccondly, the sequencc Tn
of polynomials should be such that T(Pn) equals 1 for gll comuwlex
projective ppaces Pnf (Observe that :{(Pn)=1 for a1l n,) This
sccond condition is also a formal condition for the polynomials,

By thisce two conditions our polynomials Tn arc characterised.

4, The divisors of an algebraic variety Vn constitute an
abelian group which we write pdditively. Besidea the divisors we
have complex analytic linc bundles over Vn (with fibre € and
structural group ¢V ).

Here C denotes the field of complex numbers, and C* is tue
multiplicative group of non-vanishing complex numbers acting on C
by multiplication. If we rcgard isomorphic complex line bundles
as identical, the complex line bundlcs owver Vn constitute an
&belion group which we write multiplicatively. The group opeoru-
tion is the tensor product. ZEach divisor defines a complex linc
bundle , Two divisors define the same complex line bundle, if
ond only if they arc linearly equivalent. In this way we obtain
an isomorphism of the group of divisor classes into the group of

complex linc bundles, under which the sgm of divisors goes over
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into the tensor product of the corresponding line bundles. It

was shown by Kodaira and Spencer [ﬁ] that for an algebraic va-
riety Vn this isomorphism is into, .

Let D be a divisor of Vo let H (Vn,D) be the complex vector
space of all thése meromorphis functions f on Vn whose divisors
(f) added to D give a divisor (f)+D which has ho poles, This
vector space has always a finite dimension over C. The problem

of Rmemann-HRoch is to determine this dimensgion.

Now, let F be ahe complex line bundle corresponding to D.
It can be readily shown that the vector space HO (Vn,D) is iso-
morphic to the vector space H°(Vn,F) of all holomorphic sections
of T, (Observe that dimHO (Hn’D) dependg only on the divisor
clags of D).

5. We have pointed out already that one of the principal
theorems is the equation

n

(4) X (=2 (=0ig =20

i=0
The value of the Chern class cn of VIl on the fundamental cycle
of Vn equals the Euler number of Vﬁ. Hence (4) gives for connec-=

ted algebraic curves

(4), X (1)=1 - g = 3 (2-2p)

Here p denotes the number of handles of V,., The theorem of

1
Riemann-Roch states for algebraic curves

()% dim HO(V,,D) ~ dim HO (V,,K=D)=d+1-p,

where 4 is the degree of the divisor D and where K is a canonical

diviésor. The equation (4)1 can be obtained from (4fﬁ by putting
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D = 0. We shall show that (4) admits a generalisation (4)* ana-
logously to the gereralisation from (4)1 to (4):. Let us now uvse
complex Yime bundles instead ofl divisor classes, We know already
that this is essentially the same,

Let Hi(Vn}F) be the i-dimensional cohomology group of V
with coefficient€ in the sheaf of germs of holomorphic sections
of the line bundle F, If F is the product bundle 1 (trivial line
bundle) which correppinds to the zero divisor then we have the
sheaf of .local holomorphic functions. The "group" Hi(Vn,F) is a
vector space over C, The group HO(Vn,F) ig the vector space we
have diseussed in 4., when formulating the problem of Riemann-Hoch,
According to Dolbeault [@] we have dim Hi(V B =g+ Thus the
natural generalisation of g5 will be the number dim H™ (V ,F)
According to a theorem of Cartan~-Serre [?] and Eodaira LQ] he
vector space H (v ,F) is finite dimensional. Therefore the number
dim H LV +F) is actually defined. It vanished for i>n., Now we

introduce the Euler-Poincaré characteristic

v

(5) X (V_,F) = (~-1)i dim Hi(Vn,F).

i=0

This is the generalisation of the eft side of (4). We shall
show that 7((Vn,F) can be expresscd as a polynomial in the cohomo-
logy classg £ of the line bundle F and the Chern classes c; of
Vn. Befare writing down these polynomialg let us recall that the
cohomology class £ of P ig a two dimensiocnal integral cohomology
class of V which can be defined ad the first Chern class of
Py i.8., as the first obstruction for a non-vanishing continuous
section of F, If F is given by a divisor D, then f is that cohomo-
logy class of Vv, which corresponds to the (2n-2)~dimensional in-
tegral homolegy class repregented by the cycle D.

In the following polynomials the produwet has again to be

interpreted as cup-product, If b is a 2n-dimensional cohomology

88



-7 = P,Hirzebruch

class, then b {Y;} denotes the value of b on the fundamental cycle
of V . Now let us write down the polynomials for X.(Vn,F).

X(V,,F) = (£ + 071 ’vf_\

@ X (T,,F) = (g—z i:—‘- #= (e, ¢))) [v2)
X(vym) = @ £+ § 20, + 35 2oy rep)+ Iy ogep) LV
X(V0®) = (Y F=pyiTy (01,. ) [vn]

This is the generalisation of the theorem of Riemann-Roch
to algebraic varieties of arbitrary dimensions.

According to a duality thcorem of Serre [9] y We have

aim B (V_,F) = ain B°°F (v k57,

Here K denotes the canonical line bundle corresponding to the
canonical divisor class, Using this duality felation the equation
for X(V1,F) and  X(V,,F) goes over into the classical theoren
of Riemann-Roch for n=1 and n=2. In the case n=2, the number
dim H' (VE'F) equals the superabundance of ¥, i,e., the superabun-
dance of the divisor class corresponding to F,

Kodaira EIO]and Serre [1 ‘1] have sufficient conditions under
which the cohomology groups Hl(Vn,F) all vanish for i > 0., If
these conditions are fulfilled, then X(Vn.F)=GimH° (Vn,F) and
our formula for X (Vn,F) solves the problem off Riemann-Roch.

For n=1 the Kodaira-Serre conditions are by virtue of the
duality theorem nothing else but the well-known fact that in
(4),the term aim H°(V,,K-D) vanishes, if 4>2p—2.

6. We now come to a further Beneralisation of (4). Let W
be a complex analytic vedtor space bundle of Vn (fibrech: vector
space of dimension g over the fid.d of complex numbers,
group: the general linear group GL(g,C) of all non singular a by

a complex matrices),
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We define
& X(\Zﬂ’w):zg Q,/])“M H”(\/W;W) ,

where Hi(vn,W) denotes the i-dimensional cohomologk group of Vn
with coefficients in the sheaf of germs of lacal holomorphic
sections of W, The groups Hi(Vn,W) are again finite dimensional
vector spaces over C which vanish for i >n, We shall see that

7((Vn,W) can be expressed as polynomials in the Chern classes
¢, of V., i.e., the Chern classes of the tamngent buumdle of V ,
and in the Chern classes of W.

This result can be applied to special vector space bundles

over an Let us take the vector space bundle T(P) of the covariant

p vectorsy We put
)
(7) X" QV%):X (V'n, ’T ) '

The Chern classes of T(p) can he expressed as polynomials
in the Chern classes oy of Vn. Therefore we obtain for ;fkvn) a
polynomial of weight n in the e According to Dolbeault [E] s WE
have

dim Hq(vn,m(p)) = nPrl
where nP1d denotes the dimension of the complex vector space of
all harmonic forms of type (p,a) on Vv, Thus we have

PO )= Y 4\ P9
X (Vm)-q{_o C4Y%emt,
For p = 0 we get
. Lo e ¥
AL VAL
Ag an example we give the formula for }(ﬁ(v4) )
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(8) 7(4(\‘/&)"&1(\/‘*)_& @clf c"501) E\/‘J

Por'yi(v4) see (3). v p

We see immediately that the sum va V) vanishes, if
n is odd., For n even Hodge ElE] proved that 'XP(Vniequals
the index of V_ which will be denoted by 31 ;?. This index is &
topological invariant of V (n even) and is defined as follows.
Take the n-dimensional real cohomology group of V . This ig a
vector space 1§i over the real field. TFoxr an element bd of'?Q
the square x? in the sense of the cup product defines the real
number x° [F 1. Since n is even, X LV-] is a quadratic form
over TR which is non-singular, The number of positive eigenvalues
minus the number of negative eigenvalues of this quadratie form
is the index of V .

By the theorem of Hodge and by our polynomials for ;< (7,
we obtain a polynomial for the index, This polynomial is even
a polyrnomial in the Pontrjagin classes of Vn which are defined
for arbvitrary differentiable manifolds.

7. We have seen that the index of an algebraic v2k is a
polynomial in the Pontrjagin classes. Actually, this ig the
starting point of our considerations, Namely, by the theory of
Thom Ej] we will be abbe to prove that the index rI(M4k) of a

4%k dimensional oriented differentiable manifold M4k can be

expressed as a polynomial in the Pontrjagin e¢lasses p, of M4k

(pi is a 4i-dimensional integral cohomology class of M k). As

examples we state

'3@11’)” % P ]
3= Goor’) ]
30T g (st 2) M7
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The formula for ﬁI(M4) was conjectured by Wu. The formulas

for i}(MQ) and ﬁ}(MS) were proved by Thom .

NIt

]
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B
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For a short survey of the way from the formmla for
) to the formula for %(Vn,w) we refer to the note [14] i
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