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ARITIDlrETIC GENERA AND THE THEOREM 

OF 

RIEMANN-ROCR 

INTRODUCTORY LECTURE. 

F.Hirzebruch 

I am very glad that r can give a series of lectures in thhl 

International Mathematical Summer Seminar at the Lake of Como. It 

is a great honor for me, and I wish to thank you very much fOR 

your kind invitation. 

The purpose of these lectures is to show how the theorem of 

Riemann-Roch can be formulated and proved for non singular algebraic 

varieties of arbitrary dimension. 

I am in the process of writing a report for the "Ergebnisse 

der Mathematik" (Springer Verlag). This report will contain an 

introductibn to the theory of sheaves (Leray,H. Cartan), the theoJ.'] 

of characteristic cohomology classes, the theory of Itcobordisme" 

(n.Th~) , and to recent work of A.Bor~l, K.Kodaira, J.P.Serre, 

and p.C.Spencer. The report will then contain a detailed discus­

sion and proof of the theorem of Riemann-Roch using all the thGO~ 

ries just ment,ioned. 

In these lectures it is impossible to give complete proofs. 

I have to refer to my report. The lectures will, however, run 

somewhat along the lines of my report. In this introductoIlI lectu-· 

re I give a brief account of the whole story (compare the intro­

duction of my "Ergebnisse-report"). 

1. By an algebraic variety V we mean always a compact n 
complex manifold of complex dimension n (not necessarily connedted) 

which can be imbedded complex analytically and without singulari-­

ties in a complex projective space of sufficiently high dimel~ion • 

Let us recall four definitions for the arithmetic genus 

of an n-dimensionsl algebraic variety V • Using the postulation 
n 

formula Oiil.ruu;:t' s characteristic funstion) we define the intege:.:·s 
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Pa(Vn ) and Pa(Vn ). We call this the 1.and 2.definition. Se~.~i 

conjectured the following formula (see, for example, [1] ) 

(1) n-1 
p (V )= P (V ) ::: g - g 1 + •.. + (-1) g1 a nan n n-

were g. denotes the number of complex linearly independent 
~ 

holomorphic differential forms of degree i on Vn• Using the 

theory of sheaves, Kodaira and Spencer [2J were able to give a 

simple proof of (1). The alternating sum of the gi is the 3. d~­

finition of the arithmetic genus of V , thus the equation (1) 
n 

states that definitions 1,2,3 coincide. The ordering (lilt: the gi 

in the altern~ting sum is unnatural. Changing the classical no·· 

tation we define 

(2 ) 

V • n 

x (V ) ::: t- (_1)i gJ.. 
n i:::O 

We call X (V n) the ari thme.tic genus of the algebraic vaI~te.ty 

The integer go equals the number of connectedness componer: kl 

of V • Thus for a connected variety the classical arithmetic n 
genera Pa'Pa are related to the arithmetic genus X by the fonnu·· 

la 

1+(_1)np (V )=1+(-1)~ (V )::: )[(Vn). 
a nan 

The arithmetic genus )( behaves multiplicatively,i.e., 

the genus of the cartesian product of two varieties is equal 

to the product of the genera of the factors. The arithmetic 

genus in the old definition obviously does not have this multipli­

cative property. 

2. The 4.dofinition of the arithmetic genus is due to 

J. A. Todd [3] , who whowed that the sri thmetic genus can bo expres-­

fled by meams of the canonical classes of Eger-Todd (4J. For the 

dimension 2 and 3 this fact had been established earlier by 
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M.Noether, ~ and B.Sogre. ~oddls proof is not complete. 

It is based on a lemma of Sevo~ for which a precise proof does 

not seem to exist in the literature. 

Tho Eger-Todd class k. of V is defined as a class of alge -
l. n 

braic cycles of V o~ real dimension 2n-2i with respect to an 
n 

equivalonce relation which implies the equivalonce relation 

"homologous" without being identical with it. 

K1, for example, is the class of the canonical divisors of Vn 

with respect to linear equivalence. The class K. defines a(2n-2i)-
l. 

dimensional homol.ogy class which corresponds under the natural 

isomorphism to a 2i-dimension cohomology class (with integral 

coefficients). Up to the sign (_1)i this cohomology class coinci­

des with the Chern class ci of the tangent bundle of Vn ' We only 

have to use the Chern classes. Namely, we define the !QM genus 

T(V ) directly by means of the Chern classes.It is a principal 
n 

theorem that /( (V ) and T(V ) are identical for all algebraic 
n n 

varieti os. 

3. Wo now come to tho definition of T(V ): In a purely 
n 

algebraic way we define a polynomial T of weight n in indoter mi­
n 

nates 

(3) 

c1,···,cn and with !.atione~ coefficients. 

To 

T1 
c~! 

2 

T2 =...1 (c 1 
2 + c2) 12 

T3 
1 
2* c10 2 

T4 
1 2 

720 (-c 4+c3c1+3c2 + 
2 4 4c261 -c 1 ) 

If we interpret the indeterminate «. as the 2i-dimensions l 
]. 
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Chern class of Vn , and, moreover, the product in the polynomial 

T as the cup product of the cohomology ring of V , then T is a n n n 
2n-dimensional cohomology class of V • By the fundamontal cycle 

n 
of V we mean that element of the homology group H2 (V ,Z) which n n n 
is defined by the natural ortentation of V. The value taken bY n 
the class T on the 2n-dimensional fundamental cycle of V is a n n 
rational number which by definition is the Todd genus T(Vn ). 

The polynomials T should satisfy two properties. First, n 
they should be of such a kind that tho functional T(V ) defined n 
by them behaves multiplicatively as the arithmetic genus does. 

Tho sequences of polynomials fulfilling this multiplicative pro­

perty are coIled multiplicative sequences. They are characterised 

by pur01.y formal algebraic conditions. Secondly, the sequence T 
n 

of polynomials should be such that T (p ) equals 1 for all comT)l ex n -
pvojective ppaces P. (Observe that JL{P )=1 for all n.) This n n 
second condition is also a formal condition for the polynomials. 

By th0SQ ~wo conditions our polynomials T are characterised. n 

4. The divisors of an algebraic variety V constitute an 
n 

abelian group which we write additively. Besides the divisors we 

have complcixanalytic line bundles over V (with fibre C and 
n 

structural group C ~ ). 

Here C denotes the field of complex numbers, and C*- is the 

multiplicative group of non-vanishing complex numbers acting on C 

by multiplication. If we rogard isomorphic complex line bundles 

as identical, the compl~ line bundles over V constitute an n 
aibelinn group which we i'lTito multiplicatively. The group OPOI'Ct-

tion is tho tonsor product. Each divisor defines a complex line 

bundle. Two divisors defi.ne tho same complex line bundle, if 

and only if they o.re l:inearly equivalent. In this wny we obtain 

an isomorphism of the group of divisor classes into the group oJ 

complex lino bundles, under which tho sp of divisors goes over 
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into the tensor product of the corresponding line bundles. It 

was shown by Kodaira and Spencer [?] that for an algebraic va­

r iety V this isomorphism is into. 
n ° 

Let D be a divisor of V , let H (V ,D) be the complex vec tor 
n n 

space of all thmse meromorphie functions f on V whose divisors 
n 

(f) added to D give a divisor (f)+D which has bo poles. Thi s 

vector space has always a finite dimension over C. The problem 

of Rmemann-Roch is to determine this dimension. 

Now, let F be ahe complex line bundle corresponding to D. 

It can be readily shown that the vector space HO (V ,D) is iso­
n 

morphic to the vector space HO(V ,F) of all holomorphic sections 
n 

of F. (Observe that dimH0(M ,D) depende only on the divisor n 
clas s of D). 

5. We have pointed out already that one of the principal 

theo r ems is the equation 

n 

(4 ) X (V )= L 
n i=O 

(-1 )ig. = T(V ). 
~ n 

~he value of the Chern class cn of Vn on the fundamental cycle 

of V equals the ~ number of V. Hence (4) gives for cannee-
n n 

ted algebraic curves 

Here p denotes the number of handles of V1• The theorem of 

Ri e~ann-RocA states for algebraic curves 

(4)~ 
1 dim HO (V 1 ,D) - dim HO (V 1 ,K-D )=d+1-p, 

where d is the degree of the divisor D and where K is a canoni ca~ . 

divmsor. The equation (4)1 can be obtained from (4)~ by putting 
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D = O. We shall show that (4) admits a generalisation (4)*- ana­

logously to the generalisation from (4)1 to (4)~. Let us now use 

complex lime bundles instead o~ divisQr classes. We know already 

that this is essentially the same. 

Let Hi(V ,F) be the i-dimensional cohomology group of V n n 
with coefficients in the sheaf of germs of holomorphic sections 

of the line bundle F. If F is the product bundle 1 (trivial line 

bundle) which correppmnds to the zero divisor then we have the 

sheaf of.local holomorphic functions. The "group" Hi(Vn,F) is a 

vector space over C. The group HO(V ,F) is the vector space we 
n 

have discussed in 4., when formulating the problem of Riemann-Rcg.h.. 

According to Dolbeault [6] we have dim If(V ,1)=g .• Thus the n l. . 
natural generalisation o~ g. will be the number dim Hl.(V ,F). l. n 
According to a. theorem of Cartan-Serre [7J and Kodaira [8J ' the 

vector space Hl. (V ,F) is finite ·dimensional. Therefore the numbor 
. n 

dim Hl.l.v ,F) is actually defined. It vanishes for i> n. Now we n 
introduce tho Euler-Poincare characteristic 

n 
(5) X (V ,F) = ') 

n i';;() 

This is the generalisation of the £eft side of (4). We shall 

show that )( (V ,F) can be expressed as a polynomial in the cohomo .. · n 
logy class f of the line bundle F and the Chern classes c. of --- l. 
Vn ' Bef@rc writing down thcse polynomials let us recall that th0 

cohomology class f of F is a two dimensional integral cohomology 

class of V which can be defined as the first ~ class of 
n 

F, i.e., as the fi~st obstruction for a non-vanishing continuous 

section of F. If F is given by a divisor D, then f is that cohomo­

logy class of V which corresponds to the (2n-2)-dimensional in-
n 

tegral homology class represented by the cycle D. 

In the following p@lynomials thc product has again to be 

interpreted as cup-product. If b is a 2n-dimensional cohomology 
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class, thon b [v J denot es the value of b on the fundamental cycle 

of Vn' Now let us write down the polynomials for )({Vn,F). 

c 1 C "\ 
(f +"2) lV1J 

f2 fC t 1 2 -
(2" ""2 +:j2 (01 + c2 » Lv;) 

:; (i f3 + J. f 2C1 + ~2 f(Ot2+o2)+ ~4 0 1(2) Lv;l . 
"" n-~ 

= (.[ ~n_k)!Tk(01"",ck) LV~ 
\(.:.0 

This is the generalisation of the theorem of Riemann-Roeh 

to algebraic varieties of arbitrary dimensions. 

According to a duality theorom of Serra [9] , we have 

k . .n-k . -1 dim H (V ,F) :; dim tl iV,KF ,. n n 

Here K denotes the canonical line bundle corresponding t o the 

c(IDonical divisor class. Using this duality fielation the equation 

for X(V1 ,F) and X(V2 ,F) goes over into the classical t.heorem 

of Riemann-Roch for n=1 and n=2. ~n the case ~2, the number 

dim H1(V2 ,F) equals the superabundanoe of F, i.e., the superabun­

dance of the divisor class corresponding to F. 

Kodaira uoJand Serre (11J have sufficient conditions under 

which the cohomology groups Hi (V ,F) all vanish for i > O. If 
n 

these conditions are fulfilled, then it(V ,F)=dimH°(V ,F) and n n 
our formula for X (V ,F) solves the problem 01 Riemann-Roch. 

n 
For n=1 the Kodaira-Serre conditions are by virtue of the 

duality theorem nothing else but the well-known fact that in 

(4)1~the term dim HO(V1,K-D) vanishes, if d>2p-2. 

6. We now come to a further generalisation of (4). Let W 

be a complex analytic vedtor space bundle of V (fibre:C = vector 
n q 

space of dimension q over the fi~ of complex numbers, 

group: the general linear group GL(q,C) of all non singular q by 

q complex matrices). 
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We define 

(6 ) 

!Y'-' • 

X. (Vn /'1/)= I- (:-1)~ &~ H)I (V~I w) 
~ :[) 

whore Hi(V ,W) denotes the i-dimensional cohomologj group of V n n 
with coefficients in the sheaf of germs of lGcal holomorphic 

sections of W. The groups Hiev ,W) are again finite dimensional 
n 

vector spaces over C which vanish for i >n. We shall see that 

?(Vn,W) can be expressed as polynomials in the ~ classes 

ci of Vn ' i.e., the ~ classes of the tangent bundle of Vn' 

and in the ~ classes of W. 

This result can be applied to special vector space bundles 

over V • Let us take the vector space bundle T(P) of the covariant 
n 

p v8ctors. We put 

(7) 

The Ohern_classes of T(P) can be expressed as polynomials 

in the ~ classes 01 of Vn ' Therefore we obtain for ;:(Vn ) a 

polynomial of weight n in the 0i' According to Dolbeault r6] ,we 

have 

dim Hq(V ,T(P)) = hP,q 
n 

where hP,q denotes the dimension of the complex vector space of 

all harmonic forma of type (p,q) on V • Thus we have 
n 

For p o we get . 
"I\. q f>t\I N 

XO(V~)~X lV'l\. )=[ ~ .. ) ,.,o,~ L t~) ~~ 
~'::O ~:O 

As an example we give the formula for X~(V 4) 
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(8) 

For X(V4) see 0). f" P 

We see immediately that the sum ~ X)..V ) vanishes, if 

n is odd. For n even Hodge Q2] proved tbat +n '"X9(Vn~eqUalS 
the index of V which WlUl be denoted by J (f=-f. This index is 8. 

n n 
topological invariant of V (n even) and is defined as follows. 

n 
Take the n-dimensional real cohomology group of Vn• This is a 

vector space ~ over the real field. For an element x of12 

the s quare x2 in the sense of the cup product defines the real 

number x2 [vn1. Since n is even, x2[v~ is a quadratic form 

overLR which is non-singular. The number of positive eigenvaLues 

minus the number of negative eigenvalues of this quadratic form 

is the index of V • 
n xP 

By the theorem of Hodge and by our polynomials for (Vn ) 

we obtain a polynomial for the index. This polyn~m.ial is even 

a polynomial in the Pontrjagin classes of V . which are defined 
n 

for arbitrary differentiable ltlanifolds. 

7. We have seen that the index of an algebraic V2k is a 

polynomial in the Pontrjagin classes. Actually, this is the 

starting point of our considerations. Namely, by the theory of 

Thom D 3J we will be alllle to prove that the index <"} (M'l-k) of a 

4k dimensional oriented differentiable manifold M4k can be 

expressed as a polynomial in the Pontrjagin classes p. of M4k 

(p. is a 4i-dimensional integral cohomology class of Mtk ). As 
~ 

examples we state 

J lM~ =- ~ \'1 [M!"] 

1 (M~-= n (~p~ -fl-) [M ~J 
J (\11'1):: ~ (6~ P. -i~ P).,fi. -t l~;) [M-\J 

~.5:t ~ 
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The formula for <J (1114) was conjectured by~. The formulas 

for fj (l/I4 ) and J (M8) were proved by Thom • 

For a short survey of the way from the formmla for 

~(M4k) to the formula for X (Vn,W) we refer to the note Q4] • 

[1J 
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