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Dear Gritsenko: 
n 

The polynomial Xy{X) = Y, Xp(X)yp is well defined for every stably almost 
complex manifold (dime X = n). One uses the expressions for \p in terms of Chern 
numbers. It is well known that the \v a r e integers. I know from the preprint [5] by 
S! M. Salamon that the development of the polynomial x» at j / = — 1 is interesting. 
You told me that this also occurs in the paper [4] by A. Libgober and J. Wood. 
Salamon points out that the Chern number expressions for the integers 

(«) 

(2fc)! 

do not contain Chern classes c, with 2k < i < n - 2k. R. Jung gave me a computer 
output for X-i/*! f° r * ^ Ю- Denoting the number X-iA' by tit we have 

*o = c„, 
t\ = —ncn/2, 
t2 = (2c,c„.i + n(3n - 5)c„)/24, 
h = - (2c l C n_i + n(n - 3)c„)(n - 2)/48, 
U = (S{-c\ + 3(c!C2 - c3))c„_3 + 8(cl + 3c2)c„_2 + 4(15n2 - 85n + 108)cic„_! 

+ n(15n3 - 150n2 + 485n - 502)c„)/5760. 

We want to get divisibility results for the Chern number cn under the assumption 
cicn_i = 0 or under the stronger one: c\ — 0 in integral cohomology. For this ti , <2, 
i3 are useful. 

126 



ON THE EULER CHARACTERISTIC OF MANIFOLDS WITH ct = 0. A LETTER 127 

Proposition. For a stably almost complex manifold of dimension n, 
1) n is odd =>• cn is even; 
2) if cicn_! = 0, then 

n(n + l)cn = 0 mod 8, 
n(n — 2)(n — 3)cn = 0 mod 16; 

3) c\cn-\ = ncn mod 3. 

This follows from the integrality of t2 and t3. For 3), see [1, Theorem 5.3*]. 
Therefore, for cic„Ji = 0 (suppose n > 2) we get the divisibility of cn by a power 
of 2 depending only on the residue class of n modulo 8, 

n mod 8 

1 
2 
3 
4 
5 
6 
7 
8 

c„ is divisible by 

8 
4 
2 
2 
8 
4 
4 
1 

To prove this we apply the two congruences in part 2) of the Proposition. 
The above table is best possible. There exists a stably almost complex manifold 

W of complex dimension 8 with ci = 0 and c8 odd. (See [6, p. 278]: the Cayley 
projective plane (with the Stiefel-Whitney number w^e = 1) as unoriented bordism 
class is in the image of fife7.) For n = 1 mod 8 take (S6)3 x W*. For n = 2 mod 8 
take the Enriques surface (c2 = 12) and multiply it with W. For n = 3 mod 8 use 
S6 x ТУ'. For n = 4 observe that the smooth hypersurface У of degree 6 in Ps(C) 
has Euler number = 2 mod 4. For n = 5 multiply the Enriques surface with S6. For 
n - 6,7 use (S6)2 and F x S 8 , respectively. 

By part 3) of the Proposition, for n mod 3 the vanishing of cicn_i implies that 

cn = 0 mod 3 if n ф 0 mod 3. 

If A' is a A'3-surface, then К x (S6)1 and (S6)' show that this result is best possible 
for n = 0,2 mod 3, even for сг - 0. The quadric in Ps(C) carries a stably almost 
complex structure with сг = 0 and c4 = 6 ([3]; has to be checked). The result is 
therefore best possible for n = 1 mod 3, even for cx = 0. 
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Proposition. If X is a stably almost complex manifold with ci = 0 and even complex 
dimension n — 2k with к = 1 mod 4, then cn = 0 mod 8. 
Remark. In the above table, if cj = 0, for n = 2 mod 8, the divisibility by 4 must be 
replaced with that by 8. The result in the table is then sharp. We see this by replacing 
the Enriques surface by a A'3-surface. 

For the proof we note that 

Xy = t0+h(l+y) + t2{l + y)2 + .... 

For у — 1 we obtain the signature, 

sign = tQ + 2«i + 4<2 + 8t3 mod 16. 

If cic„_i = 0, this implies the relation 

n(3n - 5) n(n - 2)(n - 3) 
sign = . 

For n = 2k we have 

•n + 

3 - Jk - 4k3 

mod 16. 

Dd 16. sign = c2k 

For к even 

sign = C2k(5k + 1) mod 16, 

and for к odd 

sign = c2fc(9fc + 1) mod 16. (*) 

For к odd, c2k is divisible by 4. Hence, 

sign = 0 mod 8, 

and 

sign = 0 mod 16 for к = 3 mod 4. 

Now we recall the following theorem of Serge Ochanine (cf. [2, p. 113]). 

Theorem. For a 4k-dimensional Spin-manifold (k odd) the signature is divisible by 16. 
A stably almost complex manifold with c\ — 0 is Spin. We have proved the 

divisibility of the signature by 8 (respectively, 16) for к = 1 mod 4 (respectively, 
к = 3 mod 4) under the weaker assumption c\c2k-\ = 0. However, we wanted to 
prove something else. Namely, c2k = 0 mod 8 for.fc = 1 mod 4 under the assumption 
d — 0. We look again at (*) for к = 1 mod 4. The number 9k + 1 is = 2 mod 4. 
Hence, by Ochanine, c2k = 0 mod 8. 

I lectured about these results in Warsaw (June 1994) and in Potsdam (October 
1995). 

With best regards, 
F. Hirzebruch 



ON THE EULER CHARACTERISTIC OF MANIFOLDS WITH CJ = 0. A LETTER 129 

References 

[1] Hirzebruch F., The index of an oriented manifold and the Todd genus of an almost complex 
manifold, Collected Papers. Vol. 1. 

[2] Hirzebruch F., Berger Th., Jung R., Manifolds and modular forms, Aspects Math., vol. E20, 
Vieweg, Braunschweig, 1992. 

[3] Hohn G., Diplomarbeit, Bonn, 1991. 
[4] Libgober A., Wood J., Uniqueness of the complex structure on Kdhler manifolds of certain homotopy 

types, J. Differential Geom. 32 (1990), 139-154. 
[5] Salamon S. M., On the cohomology of Kdhler and hyper-Kahler manifolds, Preprint, 1993. 
[6] Stong R., Notes on cobordism theory, Princeton Univ. Press, Princeton, NJ, 1968. 

Max-Planck Institut Поступило 19 августа 1999 г. 
fur Mathematik, 
Bonn, Germany 

5 Алгебра и анализ, 1999. Т. 11. № 5. 


