




































































































































54 4 Multiplicativity in fibre bundles 

then up to normalization f ( x) = tanh (x). 
ii) If f satisfies the identity 

4 1 
LIT ( ) == 0, 
i=l #i f Xj - Xi 

then f belongs to an elliptic genus (namely show: f is uniquely determined by 
the coefficients of x3 and x 5 ). 

Remark: Alternatively, one can also prove this lemma by constructing a basis sequence 
in which all spaces are total spaces of fibre bundles, with fibre P2(<C) for the L-genus, 
resp. P3(<C) for the elliptic genera. One then argues inductively over the dimension of 
the manifold. 

In order to deduce 1) from 2) without the characterization 3), one can proceed exactly as 
in the proof of the theorem of Borel and Hirzebruch in section 4.1. We recall the Milnor 
manifolds: These form for i = 3 and j = 2k - 2, k 1 (thus dim Hij = 4k) a basis 
sequence (since then Sk (Hij) #- 0). In this situation, for k 3 the manifold H3,2k-2 

fibres over P3(<C) with fibre P2k-3(<C) being a projective space of odd dimension. 
Since H3 ,o = P2 (<C) and H3,2 = H2,2, the implication 2) => 1) is thereby proved. 

In particular, we then have 

A more general result on multiplicativity in fibre bundles has been proved 
by Taubes and Bott-Taubes (cf. [Ta88], [BoTa89]). We give a reformulation 
using [Oc86], Proposition 1. 

Theorem: Let M -+ B be a fibre bundle with a compact, oriented, spin manifold F as 
fibre and compact, connected Lie group as structure group. Then every elliptic genus is 
multiplicative, i.e. SO(M) = SO(F) . SO(B). cID 
In order to make the difference between mUltiplicativity and strict multiplicativity vanish, 
we now have a 

Theorem (Borel, Hirzebruch): Let F be a fixed compact, oriented, differentiable man­
ifold. Further, let 1) F be the category of all fibre bundles 7r : M -+ B with fibre F, 
where all manifolds considered are compact, oriented and differentiable and 7rl (B) op­
erates trivially on H*(Fj Q). If SO is a multiplicative genus, i.e. SO(M) = SO(B) . so(F) 
for all these fibre bundles then SO is also strictly multiplicative in these fibre bundles, 
i.e. 7r*(Kcp(MlI» = 'P(F)·l E HO(B;<Q). 

Proof (cf. [BoHi59]): According to Thom [Th54], the submanifolds of a compact, 
oriented, differentiable manifold generate the rational homology (a suitable multiple of 
every homology class can be represented by a Z-linear combination of submanifolds). 
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We now proceed inductively as follows: Let cp be strictly multiplicative up to dimension 
k. Let K be the multiplicative sequence belonging to cp. For the bundle M.6. along 
the fibres holds: 

where the aj E H;(BjQ). Now let X be a k-dimensional submanifold of B. The 
fundamental group 7rl(X) again acts trivially on H*(FjQ). We now restrict the fibre 
bundle to X. Then we have 

restricted to X. Now we have: 

cp(X)· cp(F) = cp (7r-1 (X)) 

= (K(7r*TX). K(M.6.Jx)) [7r- I X] 
= (K(TX). 7r*K(M.6.Jx))[X] 
= ((1 + ... + cp(X)· YaJ)' (cp(F) + ak))[X] 
= (cp(a:) ~ cp(F). YaJ + ak)[X] 
= cp(X). cp(F) + ak[X] (since YaJ[X] = 1) 

=> ak[X] = 0 for all X 

=> ak = O. 

Corollary: The L-genus (signature) is strictly multiplicative in all differentiable bundles 
(with 7r1(B) acting trivially on H*(F; Q)). dP 
Example: Let M and B be manifolds, dim M = 8, dim B = 4 and let M be total 
space of a fibre bundle with fibre F and base B. Then the vector bundle M.6. has the 
Pontrjagin classes PI E H4 (M; Z) and P2 = e2 E HS (M; Z). For the multiplicative 
sequence of the signature there holds in dimension 8: 

Now 7r * (L2 (M.6. )) = 0, for in view of the strict multiplicativity of the signature we 
have 1l"*(L(M.6.)) = L(F).l E HO(B;Q), while 7r*(L2(M.6.)) lives in H 4 (B;Q). 
Further, 7r* is an isomorphism in the highest dimension, since Poincare duality and 7r* : 
Ho(Mj Z) --+ Ho(B; Z) are both isomorphisms. Hence over Q we have L2 (M.6.) = 0, 
so 7P2 - p~ = 0 or 
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for the bundle along the fibres of an 8-dimensional manifold fibered over a 4-dimensional 
manifold. 

Problem: Is there a bundle (with fibre dimension 4), for which the corresponding 
equation for the Pontrjagin classes does not hold? (In base dimension 4 there is no 
torsion, but in higher dimensions it is indeed possible.) 

Example: Kodaira (cf. [Ko67]) has found a family of manifolds in the complex analytic 
category which shows that the trivial operation of 71"1 (B) on F is a necessary hypothesis 
for our theorem. These manifolds are called Kodaira surfaces and are of general type. As 
complex surfaces, they have real dimension 4, and further they are total space of a fibre 
bundle with fibre and base a Riemaml surface. If the L-genus were multiplicative in these 
fibre bundles, then on dimensional grounds the signature would be zero for these surfaces. 
However, Kodaira has calculated that the signature of these surfaces is strictly positive. 



5 The Atiyah-Singer index theorem 

5.1 Elliptic operators and elliptic complexes 

Let X be a compact, differentiable manifold of dimension k, and let E and F be 
complex COO-vector bundles over X of rank m, resp. n. Denote by r the vector 
space of all Coo-sections of a bundle, and let D : r(E) ---+ r(F) be a C-linear map. 
Each f E r(E) can be written over a trivializing neighborhood U of a point x EX 
as f = (h, ... , fm), where the fi are Coo-functions over U. In the same way the 
image 9 = DU) can be written locally as 9 = (gb'" ,gn)' 

Definition: D is called a differential operator of order p if there is an m X n matrix 
(dij) with 

where the dij are polynomials in the &~r of degree (at most) p with differentiable 
functions as coefficients. 

Here it is not required that the order p be chosen minimally. Let 7r denote the projection 
of the fibre bundle 7r: T* X \ Ox ---+ X, i.e. the cotangent bundle with the zero section 
Ox removed. To a differential operator D of order p we now define the p-symbol 

as follows (cf. [We80], p. 115): 

For 0 =I v E T*(X) and 9 a COO-function on X with dgaJ = v and f(x) = e E EaJ , 
put 

O"(p)(D)(x,v)e:= DC~ (g - g(x»)P. f) (x). 
p. 

In order to describe the symbol locally , we form the matrix (d~f»), in which d~f) is the 
homogeneous component of d ij of degree p. For x E X and v = (Vl (v), ... ,Vk (v)) E 

T;X we replace the &:r by iv.,. in (d~f») and obtain a matrix (O"~f»). This is 
independent of the chosen chart of the manifold, since the v.,. (coordinate functions 
of T; X) and the 8:r (basis of TaJX) coincide. We therefore obtain the ((:>linear map 

(O"~f)(D)(x, v)). Obviously, the symbol depends on the order of the differential operator. 

Definition: A differential operator D of order p is called an elliptic differential operator 
if O"(p)(D): 7r*E ---+ 7r*F is a bundle isomorphism of 7r*E onto 7r*F. 
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Remark: For an elliptic differential operator the order is therefore well-defined. 

Example: On X = ]Rk / L, where L C ]Rk is a lattice, the Laplace operator 6. := 

P8
2 + ... + 8822 is an elliptic operator of order two on functions, i.e. on sections of the 

:1>1 :l>k 

trivial bundle X x C, for we have cr(2)(6.)(x,v) = -(v~ + ... + v~) i= 0 for v i= O. 

For elliptic differential operators one has the following (cf. [We80]) important 

Theorem: ker (D) and coker (D) are finite dimensional. 

Remark: One obtains the statement about the cokernel from the (difficult) statement 
about the kernel, by considering the adjoint operator. 

Definition: The index of D is defined by 

ind (D) = dime ker (D) - dime coker (D). 

Now let Eo, ... ,Em be complex vector bundles over X, and for i = 0, ... ,m - 1 
let Di : rEi -+ r Ei+l be differential operators of degree p with Di+IDi = 0 and 
corresponding symbols cri = cr(p) (Di). 

Definition: Such a complex 

Do Dm- 1 D : rEo ---+ rEI ---+ • •• -+ rEm 

is called an elliptic complex if the corresponding complex of symbols 

is an exact sequence of vector bundles. 

Remark: If one considers again cr}p) (x, v) : Ei,:I> -+ Ei+1,:I> , then the complex is elliptic 
if and only if the complex of symbols is exact for all x E X and vET; X \ {O}. For 
m = 1, an elliptic complex is precisely an elliptic differential operator. 

Since the composition DiDi-1 = 0, one can consider the cohomology groups Hi = 
ker (Di)/ im (D i - l ). From the assertion above for the case m = 1 now follows easily 
the 

Theorem: For an elliptic complex, all cohomology groups Hi are finite dimensional. cID 
We shall put hi := dime Hi when it is clear which elliptic complex is meant. 

Definition: The index of an elliptic complex D is defined by . 

m m 

ind (D) = :~::>_l)i. dimlCHi = I> _l)i . hi. 
i=O i=O 

For m = 1, the index of an elliptic complex coincides with the index of the elliptic 
operator Do. 
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5.2 The index of an elliptic complex 

Atiyah-Singer Index Theorem: Let X be a compact, oriented, differentiable manifold of 
dimension 2n and D = (Di: rEi -+ rEi+l) an elliptic complex (i = O,···,m -1), 
associated to the tangent bundle. Then the index of this complex is determined by the 
following formula (cf [AtSi68I], [AtSe68II], [AtSi68III]): 

Remark: In this formula, td is the multiplicative sequence associated to the power 
series Q(x) = x/(l- e-a:) (the Todd genus, cf. section 1.8). 11le alternating SUnl of 
the Chern characters is in fact divisible by the Euler class; this is a non-trivial fact. It is 
convenient for calculations to factor the Euler class Xl'" xn formally out of the Todd 
class of T X ® Co The resulting expression no longer nlakes sense topologically; for 
concrete calculations the Euler class always appears as a factor in the Chem characters 
and corrects this error. We therefore use the formula 

This formula is, however, to be used with caution, since the right product is neither 
synunetric hi the x~ nor an invertible power series. 

Remark:11lis theorenl gives a purely topological expression for the differentiable 
invariant ind (D). In particular, the differential operators thenlselves nlake no appearance 
in the formula. Interpreted differently, one now knows that the cOnlplicated expression 
on the right side is integral. 

11le exanlples in the following three sections are cOnlplexes of order one. 

5.3 The de Rham complex 

Let X be a cOnlpact, differentiable nlanifold of dinlension k and T its tangent 
bundle. 11le bundle of differential forms of degree i with cOnlplex-valued coefficients 
is Ei = Ai(T* ® q. 11le exterior derivative d yields an elliptic complex, d = 
(d: rEi -+ rEi+1), whose symbol O"i(X,V) is the wedge-product W H iv /\ w (as 
linear nlap). 11le cohonlology groups Hi will also be denoted by Hje Rham' By the 
theorenl of de FUlanl, we have: 
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This means that not only the index of the elliptic complex d, but indeed all the individual 
hi = dim Hle Rham are topological invariants, which we also denote as Betti numbers 
bi. Thus 

k k 

ind (d) = I: (_1)i . hi = I: (_1)i . bi =. e(X). 
i=O i=O 

We now compare this result with the Atiyah-Singer index theorem. For this, let X now 
be 2n-dimensional and oriented. As we have seen in section 1.5, we have: 

n n 

ch(I: (Ai(T* 0 q) . yi) = IT ((1 + ye"'i)(1 + ye-"'i)). 
~O ~1 

For y = -1 this is exactly the sum in the Atiyah-Singer index formula. It cancels all 
factors there apart from the Euler class, and so gives correctly: 

ind (d) = (e(TX))[X] = e(X). 

5.4 The Dolbeault complex 

Now let X be a complex n-dimensional manifold, T the holomorphic tangent bundle. 
We have 

T~ 0 C ~ T* EB T* 

'* Ai(T~ 0 q ~ Ai (T* EB T*) 
~ EB (APT* 0 AqT*). 

p+q=i 

With the notation AP,q := r (APT* 0 A qT*), the exterior derivative d : AM -+ 

AP+l,q EBAP,q+l splits into d = a+8, with a : AP,q -+ AP+l,q and 8: AM -+ AM+l. 
For fixed p, 8 yields an elliptic complex of differential operators. This is called 
the Dolbeault complex. Let HM be the q-th cohomology group of this complex, 
hP,q := dime HP,q. Hence HP'o is the vector space of holomorphic sections of APT*, 
the bundle of holomorphic p-forms on X. For p = 0 these are the holomorphic 
functions on X, which must be locally constant since X is compact. Hence hO,o 
is the number of connected components of X. The index of 8 for fixed p is also 
denoted by xP : 

n 

xP := I: (-1)q . hM • 

q=O 
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In addition, X := XO is called the arithmetic genus of X. 

We shall now calculate these xP by means of the Atiyah-Singer index theorem. We 
reduce the structure group of the holomorphic tangent bundle T to U ( n ), hence can 
identify T* with T. First we consider the case p = O. The bundles appearing are then 
AqT* ~ AqT. From our earlier result (cf. section 1.5) 

n n 

L ch (AqT). yq = IT (1 + y' e"'i), 
i=O j=l 

we obtain, with y = -1, for the sum in the Atiyah-Singer index theorem the expression 
TIj=l (1 - e"'i). Hence there remains in the formula only one of the two factors in the 
product: 

XO = il (1 _X~_"'j ) [Xl = td (T)[X] = td (X). 

For the first three dimensions we have as examples (cf. section 1.8): 

n = 1: ° - Cl [Xl _ e(X) 
X - 2 - 2 ' 

n = 2: 0 = ci + C2 [Xl 
X 12 ' 

° -_ ClC2 [Xl n = 3: X 24 . 

All XO are integral, being the index of an operator. One therefore obtains divisibility 
conditions on the Chem numbers. For n = 1, XO is half the Euler number, hence 
XO = 1 - 9 where 9 is the usual genus (number of handles) of the Riemann surface. 

For general p we must determine the weights of the representation which leads to 
APT* 0 A qT*, in order to be able to identify the Chem character. If we collect together 
the results for different p by putting 

we obtain the 

n 

Xy:= LXP , yP, 
P=O 

Proposition: Xy= n((1+y.e-",j)1 Xj ",.)[Xl. 
j=l - e 3 

Proof: This follows easily from the formulas in section 1.5. dbJ 
Remark: The power series x(1 + y. e-"')/(1- e-"') can unfortunately not be taken as 
the characteristic power series for a (complex) genus, since it starts with 1 + y instead 
of 1. If we replace x by x(1 + y), then we obtain by evaluation on a 2n-dimensional 
manifold an additional factor (1 + yr, since for the evaluation only the homogeneous 



62 5 The Atiyah-Singer index theorem 

component of degree n in the x j enters. We therefore obtain: 

n 

Xy = IT ((1 + y. e-:Cj) 1_x~_:Cj) [Xl 
j=1 

= ITn (1 + y. e-:Cj(1+y) xj(l + y) ) X 
. 1 + y 1 - e-:Cj(1+y) [ ] 

3=1 

_ ITn (Xj(l + y . e-:Cj
(I+Y»)) X 

- 1 _ e-:Cj(1+y) []. 
j=1 

Hence Xy is the genus belonging to the power series 

x(l + y . e-:c(1+y») 
Q(x) = 1- e-:c(1+y) 

For three values of y, this xy-genus is an important invariant: 

y = 0: 

y = -1: 

n 

Xo = L xP • OP = XO = X 
P=O 

(arithmetic genus). 

n n n 

X-I = LxP • (-It = L((-lt· L (-l)q. hp,q) 
P=O p=O q=O 

n 

= L (-It+q· hp,q = ind (8) = ind (d) = e(X) 
p,q=O 

(ind (8) = ind (d), since in the Atiyah-Singer index theorem the same 
bundles, namely AiT~ ® e, appear). 
The characteristic power series for the Euler number can therefore not 
obviously be normalized (for y = -1, the numerator and the denominator 
of Q(x) both are zero). Nonetheless, an application of I'HospitaI's rule 
yields Q(x) = 1 + x. 

y = 1: As characteristic power series remains 

x(l + e-2:c) _ x(e:C + e-:C) _ x 
1- e-2 :c - e:C - e-:C - tanh(x) . 

As we already know, this even power series yields the signature of the 
manifold, so· 

n 

Xl = LXP = sign (X). 
p=O 
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Remark: For Kiihler manifolds the two formulas X-I = E;,q=o (-1 t+q . hp,q = e(X) 
and Xl = E;,q=o (-1) q . hp,q = sign (X) were already known earlier (cf. [H050]), 
since then Hm Co.! ffi HP,q - Wp+q=m • 

5.5 The signature as an index 

For an n-dimensional oriented vector space V, provided with a scalar product, one can 
define a linear map (Hodge *-operator) * : A iV --+ A n-iv. To do so, let el, ... , en 
be an orthonormal basis of V compatible with the orientation. The mapping * is then 
defined on a basis of Ai V by 

where the indices jHI, ... ,jn are ordered so that eh A··· A ejn gives the orientation of 
V. This definition does not depend on the choice of orthonormal basis. The scalar product 
on V induces a scalar product (-,.) on Ai V, with respect to which the e jl A •.. A ej. 

with jl < ... < ji form an orthonormal basis. Therefore for a, (3 E AiV and 
w = el A ••• A en we have: 

a A *(3 = (a,(3) . w. 

Moreover, one sees easily that ** = (_l)i(n-i) . id. For this reason we define a map 
'T on AiV by 

'T:= (_l)i(i-I)/2+k* 

if dim V = 4k. Then 'T2 = id holds. 

We now compute the signature of a manifold as the index of an elliptic operator 
(cf. [AtSi68III]). Thus let X be a compact, oriented, differentiable, 4k-dimensional 
manifold and let T be its tarigent bundle provided with a Riemannian metric. This 
induces a metric on the bundles Ai (T* ® C). As above (consider local orthonormal 
bases) the *- and 'T-operators can be defuied on the exterior powers of the cotangent 
space and also on the sections Ai = r(Ai(T* ® q). Then for a, (3 E Ai we have 

(a,(3) = Ix a A *73. 

Since 'T2 = id, 'T has the eigenvalues + 1 and -1. We can extend 'T linearly 
to A(T* ® q and obtain the sub-bundles E+ with eigenvalue +1 and E_ with 
eigenvalue -1. For a E Ai(T* ® q we have a + 'Ta E E+, a - 'Ta E E_ and 
a = !((a + 'Ta) + (a - 'Ta)), hence A(T* ® q = E+ EB E_. The maps a 1--+ a±m 
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are injective for a E Ai(T* 01C) with i < 2k, and because of the dimension shift 
the rank of E± is therefore greater than or equal to E;!~ 1 (4n. In the critical case 
i = 2k one can easily show that the rank of the bundle E± n A 2k (T* 01C) is precisely 
t ( ~: ). Therefore we have 

As usual, d : Ai _ Ai+1 is the exterior derivative. We define d* : Ai _ Ai-l by 
d* = - *d* = -TdT. The Hodge *-operator is a differential operator of order zero and 
d has order one. For a E Ai and (3 E A i+1 we have: 

(da,(3) = Ix da A *(3 

= Ix (_l)i+1a A d* (3 + L d(a A *(3) 

= Ix (_1)i+1+i(4k-i)+la A *( - *d*)(3 

= (a, d*(3). 

Hence d* is adjoint to d, and therefore the differential operator d + d* is self-adjoint, 
so its index is zero. Since 

T( d + d*) = Td - TTdT = Td - dT = - (dT - Td) 

= -(dT + d*T) = -(d + d*)T, 

one can consider d + d* : r E+ _ r E_. 

In order to determine the signature of X, we must decompose Hl: Rham = H2k(X; IC) 
into a positive and a negative definite part with respect to the intersection form. Now in 
each de Rham cohomology class there is precisely one harmonic form as representative. 
These are the elements of r(A(T* 01C)) which lie in the kernel of (d + d*)2 = D.. 
(Laplace operator) and therefore (since d + d* is self-ad joint) are in the kernel of 
d + d*. Let H!k (resp. H:'k) be those subspaces of H2k (X; IC) which· correspond 
to the harmonic forms a with .Ta = a (resp. Ta = -a). Therefore H2k(X;IC) = 
H~k $ H:'k is a decomposition into eigenspaces with respect to T, which induces a 
decomposition of H2k(X; R). For a real harmonic form a E H~k, a =f:. 0, we have: 

0< (a,a) = L aA*a= Ix aATa= Ix aAa. 

For real a E H:'k, a =f:. 0, holds correspondingly: 

o > -(a, a) = - L a A *a = - Ix a 1\ Ta = L a A a. 
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Since T is self-ad joint on H2k, we also have f x 0:" (3 = 0 if 0: E Hik and (3 E H~k . 
Therefore we have decomposed the intersection form on H2k into a positive definite 
and a negative definite part, and thus 

sign (X) = dime Hik - dime H:'k. 

Now we consider the operator d+d* : rE+ ~ rE_. This is elliptic, since (d + d*)2 = 
~ is the Laplace operator. Its kernel consists of the harmonic forms for the eigenvalue 
1 of T. The ad joint operator is d + d* : r E_ ~ r E+, whose kernel consists of the 
harmonic forms for the eigenvalue -1. In the expression 

ind (d + d*) = dimker (d + d*) - dimcoker (d + d*) 

= dimker(d+ d*: rE+ ~ rE_) - dim ker (d + d*: rE_ ~ rE+), 

the components of harmonic forms away from the middle-dimensional cohomology have 
the same dimension and so cancel. There only remains 

ind (d + d*)= dim H~k - dim H:'k. 

Hence the signature of X is precisely the index of d + d* . 

Again, we compare the result with the Atiyah-Singer index theorem. For ch (E+) -
ch(E_) one can show (cf. [AtHi59a]): 

2k 
ch (E+) - ch (E_) = IT (e"" - e-""). 

j=l 

We recast the product term in the Atiyah-Singer index theorem slightly: 

1- e-"'i = e-"'i/2 . (e",j/2 - e-"'j/2) , 

1- e"'i = e"'j/2. (e-"'j/2 _ e",j/2) 

2k 1 2k 

~ n c _:£;-"', . 1- e",j) = n (e",,/2 :~_"'j/2)2 
3=1 3=1 

( 

2k 2k 
sign (X) = IT (e"" - e-"'j) IT Xj ) [Xl 

j=l j=l (e",,/2 - e-"'j/2)2 

_ (2k Xj (e"'i/2 + e-"'j/2)) - P (e",,/2 _ e-"'j/2) [X] 
3=1 

( 

2k 2k 
- IT Xj ) [Xl - ~(IT 2Xj ) [Xl 
- j=l tanh(xj/2) - 22k j=l tanh(xj) 

= (jj tan=;(x;») [XI· 
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One obtains the next-to-Iast equation by replacing Xj with 2xj. Since we evaluate 
over X, only the homogeneous components of degree 2k in the Xj must agree, and 
therefore one must divide by 22k. 

5.6 The equivariant index 

Now let X be a compact, complex manifold of complex dimension n and as before let 
D = (Di : rEi --T r Ei+1) be an elliptic complex. We want to generalize the Atiyah­
Singer index theorem to the case in which a compact topological group G acts on X 
by holomorphic maps (cf. [AtB067], [AtSi68III]). Let xg = {x E X I gx = x} denote 
the fixed point set under the operation of a fixed group element 9 E G. This is a 
complex submanifold of X, which is not necessarily connected. We therefore decompose 
xg = U Xe into its connected components. The Xe are connected submanifolds of 
X of possibly different dimensions. In addition, assume that G acts on the elliptic 
complex, i.e. G acts on the bundles Ei (e.g. if all bundles Ei are associated to the 
tangent bundle of X) and this action commutes with the differential operators Di . Then 
G also acts on the cohomology groups Hi of the complex. Hence, for each element 
9 E G the trace tr (g, Hi) of the action of 9 on Hi is defined. 

Definition: In the above situation the equivariant index ind (g, D) of D is defined as 

m 

ind (g, D) := 'L) _l)i. tr (g, Hi). 
i==O 

Example: ind (D) = ind (id, D). 

Example: The index of the Dolbeault complex is xP(X) = E;==o (-l)q. dimHM. 
The spaces HM are derived from the complex structure of the manifold X. If 9 is 
a holomorphic automorphism of X, then 9 acts on all HM. The equivariant index 
is then: 

n 

XP(g,X) = 2)-1)q . tr (g,HP,q). 
q==O 

We now want to indicate how one computes the equivariant index as a sum of contribu­
tions a(Xe) corresponding to the fixed point components Xe. Let Y = Xe be one 
of the fixed point components of X for an element 9 E G. For a point p E Y, 9 
acts linearly on the tangent space TpX. There exists a Hermitian metric on T Xly so 
that 9 acts unitarily on TXly. Therefore TpX decomposes into the direct sum of 
eigenspaces Np,A for eigenvalues A of modulus one. Since G acts continuously on 
X, one further obtains an eigenbundle NA over Y. Indeed, NI is precisely the tangent 
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bundle TY to Y. Under variation of the point p in Y, the eigenvalues cannot change 
since they depend only on the isomorphism type of the representation on TpX of the 
subgroup generated by g, and the representation ring of this subgroup is discrete. With 
d>. = rkN>. we therefore have: 

d>. 

c(N).) = IT (1 + X~>'») 
i=1 

d>. n 

:::} c(T Xly) = IT IT (1 + X~>'») = IT (1 + Xi). 
>. i=1 i=1 

This means that each of the formal roots Xi can be identified with one of the formal 
roots x~>') belonging to a definite eigenvalue A. The recipe for the calculation of a(Y) 
is now as follows: 

We consider the original index formula 

m. nIl 
ind (D) = ((I: (-1)'· ch (Ei))Cn(X) IT C _ e-ali • 1- eal.)) [Xl· 

i=O i=l 

In this formula, we replace X by Y, eal, by A-I. e ali and e-al , by A· e-ali (where 
Xi belongs to the eigenvalue A). We apply the same process to the terms ch (Ei). This 
can Obviously be done if the Ei are associated to the tangent bundle of X. For A = 1, 
the term 1 - A-I. eal, is not invertible; but those Xi, which belong to the eigenvalue 
1, originate from the tangent bundle to Y and so cancel with the factor cn(Y). 

Example: Applying this recipe to the xy-genus, we obtain from 
n n 

~ XP(X)yP = Xy(X) = (IT (1 + y. e-
ali

) . Xi ) [X] L...J 1- e-ali 
p=o i=1 

the equivariant formula 
n 

I: xP(g, X) . yP = Xy(g,X) = I:a(Xn, 
P=O !I 

where we have for each fixed point component Y = Xe: 

( 

d>. 1 + \ -al(>') d1 (1) ) 

ITIT( y."e,) IT( (1») X· a(Y) = -al(>') • 1 + ye- al
, • _al(l) [Y]. 

>':;z!1 i=1 1 - Ae. i=1 1 - e • 

If we assume in addition that such a fixed point component consists of a single point, 
i.e. dim Y = 0, then all eigenvalues are distinct from 1; and for the evaluation on Y 
only the zero-dimensional component is relevant, hence 

d>. 

a(Y) = IT IT 1 + Ay . 
I-A >. i=1 
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Since the denominator is exactly the characteristic polynomial evaluated at 1, it does 
not vanish (1 is not an eigenvalue). 

For the equivariant Euler number of X we have in the general case 

e(g,X) = X-1(g,X) = 'La(XnY=-1 
v 

d1 

= 'L(II x~I»)[X~l = 'Le(Xe), 
!I i=1 !I 

and in the isolated fixed points case 

d>. 1- A 
a(Y)y=_l = IT II 1 _ A = 1, 

A i=1 

what we expected from the above since it is the Euler number of the point Y. For the 
equivariant signature (n = dime X) we have (again assuming isolated fixed points) 

a(Y) = II IId>. 1 + A = (-It char. polynomial (-1) . 
y=1 A i=1 1 - A char. polynomial (1) 

5.7 The equivariant xy·genus for SI·actions 

Now let G = SI and let q E SI be a topological generator, i.e. the subgroup of S1 
generated by q is dense in SI. Every torus has a topological generator. Then we have 

xq = X
S1 = {x E X I gx = x for all g E 8 1

}. 

In this situation, the whole group 8 1 acts on the restriction of the tangent bundle of 
X to xq, not merely a group element The irreducible representations of 8 1 are all 
one-dimensional, elements g E 8 1 acting as multiplication by gk for fixed k E Z. If 
8 1 acts on a vector space, then one also writes 

00 

V= 'L lVk 
k=-oo 

which means that V is a direct sum V = EB~-oo Vk and q acts on Vk as 
multiplication by qk. As in section 5.6, we obtain a splitting of TXly (where Y = xt 
is a connected component of X Sl ): 

00 

TXly = 'L qkNk. 
k=-oo 
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The eigenvalues A of q are now all integral powers qk of q. 

The equivariant Xy-genus is then (dk = rk Nk ) 

!I 

with 
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Because Xy ( q, X) is a finite (alternating) sum of traces of the action of q on finite 
dimensional vector spaces for which q has only eigenvalues of the form qk, Xy(q, X) 
is a finite Laurent series in q. On the other hand, the expression on the right side is 
a rational function of q. Since this holds for all q E SI, this is in fact an identity in 
the indeterminate q. 

We therefore can consider the limit q -T O. For positive k the factors on the right 
side all tend to 1, while for negative k we multiply by q-k and see that the factors 
converge to -y. We therefore have 

Now for the limit q -T 00. This time we obtain the factor -y for positive k, and the 
factor 1 for negative k, so that 

Therefore Xy(q,X) has a value for q = 0 as well as for q = 00. Since it is a finite 
Laurent series in q, it must be constant in q and 

Xy(q, X) == Xy(id, X) = Xy(X). 

Inparticular,thevaluesof Xy(q,X) and so the sum of the a(Xe
1

) coincide for q-+O 
and for q -T 00. 

These considerations are essentially due to Lusztig [Lu71], Kosniowski [K070], and 
Atiyah and Hirzebruch [AtHi70]. 
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Remark: This is also clear directly for a Kiihler manifold. The spaces HP,q are then 
direct summands of the cohomology. Because 8 1 is connected, each element acts 
homotopically to the identity, hence acts trivially on the cohomology and so on Hp,q. 

Examples: 

y = -1: 

11 

11 

y= 1: 
~ 1 "d(V) 

sign (X) = L-sign(X; ) . (-l)L..rk>o k 
v 
~ 1 "d(v) = L-sign(X; ) . (-l)L..rk<o k 

11 

Now assume that all fixed components X;l are zero-dimensional. Then 

11 11 

= L(-Yr-Ek<od~Y) 
11 

because the eigenvalue 1 (k = 0) does not appear. Therefore we have 

This relation means that the polynomial Xy(X) is symmetric in the coefficients of the 
y-powers (up to sign). Of course we could have derived this also from the well-known 
duality hP,q = hn-p,n-q: 

n n 

xP = L(-l)Qhp,q = (-ltL(-lt-Qhn-p,n-Q 
FO q=O 

= (-ltxn- p, 

Example: The circle 8 1 acts on P2 (C) by 

This action has three fixed points, namely 

Po = (1 : 0 : 0), P1 = (0: 1: 0). P2 = (0: 0 : 1). 



5.8 The equivariant signature for SI-actions 

In affine coordinates SI acts at 

Hence we have 

Po by (ZI , Z2) ~ (q. ZI, q2 . Z2) 

PI by (zo, Z2) ~ (q-l . Zo, q' Z2) 

P2 by (zo, ZI) ~ (q-2 . Zo, q-l . ZI). 

Xy(P2(C)) = Xy(id,P2(C)) 

= Xy(P2)(_y)2 + Xy(P1 )· (-y) + Xy(Po) 

= Xy(P2) + Xy(P1 ) • (_y) + Xy(Po) . (_y)2 
= y2 _ Y + 1. 

In the same way one obtains for Pn(C) the formula 

n 

Xy(Pn(C)) = I:: (-y)i, 
i=O 

which we could also obtain from consideration of the Dolbeault complex. 

5.S The equivariant signature for SI·actions 
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We can only define the Xy-genus for complex manifolds. But for several values of y it is 
already defined for differentiable manifolds. These are for y = -1 the Euler number (not 
a genus) and for y = 1 the signature. For the Euler number we have already seen that 
its equivariant analog is simply the sum of the Euler numbers of the fixed components. 
This also holds for differentiable manifolds. What happens for the signature? 

Now let X be a 2n-dinlensional compact, oriented, differentiable manifold (up to now 
we have only considered the signature for even n). If we want to apply the equivariant 
Atiyah-Singer index theorem, we must again consider the decomposition of the bundle 
TXlxSl with respect to the action of a topological generator q of SI. The irreducible 

repres~ntations of SI on real vector spaces are obtained from the complex representations 
by identification of R2 with C. The multiplication with qk then corresponds to a 
rotation in R2 through the k-fold angle of q. By suitable identification one can always 
take k ~ O. We therefore obtain a splitting 

TXlx~l = I::qkNk = TXt Ef) I::qkNk. 
k~O k>O 
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The bundles Nk are real bundles, which for k > 0 obtain a complex structure through 
the identification with a complex bundle. This identification yields a unique orientation 
on Nk, in view of the condition k> O. Since the fixed component xt is orientable, 
No = TXt can now be oriented so that all orientations taken together yield the 
orientation of X. In particular, according to this rule X~l must sometimes be counted 
negatively when it is a point. 

Having made this splitting, the equivariant index theorem yields: 

sign (q, X) = :E a(X~l), 

Since the equivariant signature sign ( q, X) does not depend on q (81 is connected, so 
acts trivially on cohomology), we can put q = 0 and have 

The next to last equation is obtained by replacing X~I) by 2X~I) and correcting the 
error by division by 2do • 

We again assume that 8 1 acts with isolated fixed points. Then the signature is 

d(V) 
k 1 k 

sign (X) = sign (q,X) = L ± IT IT 1 ~ \ = L (±1). 
v k>Oi=1 q v 

The last equation holds again, since we know that the sum does not depend on q and we 
can therefore put q = O. Here a fixed point receives the sign plus if TpX = E9k>o Nk 
holds with the correct orientation, otherwise the sign minus. 

Example: The circle 8 1 acts on 82n C en x R (coordinates (ZI, ... , Zn, x) by 
rotation around the axis through the poles (Zj f-+ q . Zj for q E 8 1 and 1 :::; j :::; n). 
The fixed points are the north and south poles. The Euler number is 1 + 1 = 2 and the 
signature is 1 - 1 = 0 (the direction of rotation is once compatible with the orientation 
and once not). 



6 Twisted operators and genera 

6.1 Motivation for elliptic genera after Ed Witten 

Let X again be a compact, oriented and differentiable manifold of dimension 4k. The 
free loop space of X is the infinite dimensional manifold 

.eX = {g : SI _ X I 9 differentiable}. 

There is a canonical action of the circle SI ::::: 'R/7/., on .eX. If 9 E .ex is a 
loop, i.e. g( x) E X for x E SI, then the action of t E SI on 9 is defined by 
t(g)(x) := g(x - t). The fixed point set (.eX)Sl under this action is the manifold X 
itself, considered as the submanifold of constant loops in .eX. The tangent space at 
a loop 9 E .eX is Tg(.eX) ~ r(g*(TX)), where as usual r denotes the sections 
of a bundle. For a constant loop 9 == P E X the bundle g* (T X) is isomorphic to 
SI X TpX, so that 

This decomposes into eigenspaces with respect to the SI-action. Since sE .e(TpX) is 
a mapping of 'R./7/., into a vector space V, s has a Fourier expansion: 

s(x) = ~o + L (an cos (27rnx) + bn sin (27rnx)) E .e(TpX). 
n>O 

Here the coefficients an, bn are elements of TpX. The circle SI ::::: 'R./7/., acts as 
follows: 

t(s)(x) = a; + L (an cos (27rn(x - t)) + bn sin (27rn(x - t))) E .e(TpX). 
n>O 

Moreover, we have 

an cos (27rn(x - t)) + bn sin (27rn(x - t)) 
= an cos (27rnx) . cos (27rnt) + an sin (27rnx) . sin (27rnt) 
+ bn sin (27rnx) . cos (27rnt) - bn cos (27rnx) . sin (27rnt) 

= an cos (27rnx) + bn sin (27rnx) , 
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where 
an + lbn = (an + ibn) . e211'int = (an + ibn)qn E TpX 0 C 

with q = e211'it. We shall denote the bundle T X 0 C by TIC. Hence we have verified 
that 

T(.eX)Jx = TX EB L qnTIC. 
n>O 

So we have bundles of finite rank, but infinitely many of them. It is probably possible to 
define directly an equivariant signature sign (q, .eX), under certain assumptions (such 
as orientability of the loop space). We shall achieve this indirectly: we apply the Atiyah­
Singer index theorem and define the result to be the equivariant signature. With 

p(X) = 1 + P1 + ... + Pk = (1 + x~) ... (1 + X~k)' 
c(Tc) = (1 + Xl)'" (1 + X2k)(1 - Xl) •.. (1 - X2k), 

our recipe in section 5.8 applied to the loop space gives the 

Definition: The equivariant signature of the loop space is 

This power series is symmetric in the x~, and after evaluation on X is a power series 
in q with rational coefficients. 

Definition: Let X be a differentiable manifold of dimension 2k and W a complex 
vector bundle over X. Then the signature of X with values in the vector bundle W 
is defined as 

( 
k x .. (1 + e-m.) ) 

sign (X, W):= IT · .' ch (W) [Xl· 1- e-m, 
i=l 

Remark: This is the index of an elliptic operator, from which follows the integrality 
of sign (X, W): Recall the signature operator d + d* : r E+ - r E_, with the 
eigenspacebundles E+ = (A*T0q+ and E_ = (A*T0q- of the Hodge *­
operator (on A*T 0 C). By means of a connection on W, the signature operator 
can be extended to a twisted operator r(E+ 0 W) - r(E_ 0 W) whose index is 
sign (X, W) (cf. [Pa65], IV, §9). 

In order that the power series under the product begin with 1 (stable notation), we replace 
Xi by 2Xi and correct the error by dividing the factors by 2. If W has rank r, total 
Chern class c(W) = (1 + Y1)'" (1 + Yr) and Chern character ch (W) = eY1 + .. ·+eYr , 
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then the passage from Yj to 2Yj corresponds to the topological construction of a bundle 
W2(W) (Adams operation), i.e. we have 

Hence 

ch (W2(W» = e2Y1 + ... + e2Yr . 

k 

sign (X, W) = (IT :i() ch (W2(W») [Xl 
. tan Xi 
.=1 

is stable and integral, and the first factor yields the L-c1ass of the tangent bundle; 
All powers of two in the coefficients of the exponential function are canceled by the 
replacement of Y with 2y. The Adams operation therefore yields the vanishing of the 
powers of two in the denominator of the twisted signature; the absence of the other 
prinles in the denominator remains an interesting matter. 

Example: For X a sphere S2k and an arbitrary vector bundle W over S2k we have 
sign (S2k, W) = ch (Wi(W»)[S2k] E Z, since p(S2k) = 1. Further, 

ch (W2(W»)[S2k] = (t (2~r) [S2k] . 
• =1 

This sum can- be expressed in the Chern classes of W. Since the cohomology of the 
sphere vanishes away from dimension 2k, it suffices to compute the contribution of 
Ck(W). This is (consider the multiplicative sequence for Q(x) = 1 + xk and the 
Cauchy lemma in section 1.8) 

Hence for each vector bundle W over S2k 

2k . Ck(W) == 0 ((k - I)!). 

At the end of section 6.2 we shall see that even Ck(W) == 0 ((k - I)!) holds. 

Making use of the previous definitions AtT = E:o AiT· t i and StT = E:o SiT· ti, 
we now represent the equivariant signature of the loop space of a 4k-dimensional 
manifold as an expression in twisted signatures: 

Theorem: We have 

00 00 

sign (q, .eX) = sign (X, ® Sq.,Tc ® ® Aq.,Tc). 
n=l n=l 

Therefore sign (q, .eX) is a power series in q with integral coefficients and constant 
term (coefficient of qO) sign (X). 
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Proof: It must be shown that 

However this is clear from the definitions of the bundles and the formulas for the Chern 
characters given in section 1.5. cID 
Remark: It is well-known that a product IT (1 + Ui) converges absolutely provided that 
the series :E Iud converges, hence in our case only for Iql < 1. We have therefore only 
defined an equivariant signature formally, but it is meaningful as a power series. 

We now consider the connection with elliptic genera: The constant term in the (not yet 
evaluated) expression for sign (q, .eX) is 

we have therefore not formulated the expression stably. But sign (X, .eX) is, up to this 
normalization factor, the genus associated to 

As discussed in Appendix I, Theorem 5.6, this is precisely the expansion of 
a: V g::>( a:) - el, where q = e21ri

'T and g::> is the WeierstraB g::>-function for the lattice 
L = 27ri(Zr + Z) as described in section 2.1. We therefore inunediately deduce the 

Corollary: We have 

(

00 (1 + n)2)2k 
sign (q, .eX) = cp(X) . 22k IT q 2 

n=l (1- qn) 

Here cp(X) is the elliptic genus of X, hence a modular form of weight 2k on ro(2) 
as described in Appendix I. We now investigate whether the correction factor is also 
a modular form. For the following, cf. Appendix I, §4: The Dedekind 1]-function is 
defined as 

00 

1](r) = ql/24 . IT (1- qn) 
n=l 

and is holomorphic in the upper half-plane lJ. Further, 1]24 = A is an element of weight 
12 in M~U5p(r), the ring of cusp forms on the modular group r = SL2(Z). Hence 7] 
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is a "modular form" of weight 1/2 (the quotation marks being due to a problem with 
24-th roots of unity). 

Lemma: The infinite product 

is a modular form of weight 4 on ro(2), and is indeed precisely our modular form c. 

Proof: We have 

The rest follows from Appendix I, Corollary 4.11. 

The reciprocal of the correction factor has the same weight 2k as the modular form 
cp(X), but is only a modular form when 2k == 0 (4). We therefore have the 

Theorem: The equivariant signature is sign (q, .eX) = cp(X) . e-k / 2, and is a modular 
junction on ro(2) for dimX = 4k == 0 (8). dbJ 
Remark: By considering X x X if dimX == 4 (8) it follows that in every case 
sign (q, .eX)2 is a modular function on r 0 (2). 

Example: Since cp(P2(iC)) = 8, it follows that sign (q, .eP2(1C))2 = 82 /e. 

Corollary: For the quaternionic projective spaces we have: 

. ( .en (lHI)) {O, for k == 1 (2), 
SIgn q, rk = 1, for k == 0 (2). 

For the Milnor manifolds Hij we have (taking j ~ i as we may): 

si n ( .eH-.) = {O, for i == 1 (2) or i == j (2), 
g q, '3 1, for i == 0 (2) and j = i + 1. 

In particular, for these manifolds the considered twisted signatures vanish (apart from 
sign (1, X) = sign (X) ). 

Proof: Compare sections 1.7 and 3.2. 

6.2 The expansion at the cusp 0 

Let a lattice L C IC be given and let h( a:) = a:2 + . " be an elliptic function with 
divisor 2· (0) - 2· (P) (then P must automatically be a two-division point of L); 
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then f(x) = y'h(x) with the normalization f(x) = x + ... defines an unbranched 
two-sheeted covering C/L -+ C/ L. Here L c L is a sublattice of index two with 
respect to which f is elliptic. Since P == -P (L) we have div (h(x)) = div (h( -x)), 
so h(x) and h(-x) coincide up to a constant factor. Because h(x) = x2 + ... , this 
factor is 1 and h is an even function. Since f(x) = y'h(x) = x + ... , f is odd 
and therefore Q (x) = x / f (x) = 1 + . .. is an even power series, which we can take as 
the characteristic power series for a genus. 

This power series depends on the lattice (L, P) with distinguished two-division point. 
If f belongs to (L, P), then f (AX) / A belongs to the lattice (t L, t p). Hence the 
coefficients ak of Q(x) in the power series expansion Q(x) = 2::'0 akxk are lattice 
functions of weight -k for marked lattices. We shall now consider only lattices of 
the form 27ri(Zr + Z). The passage from lattices ZW2 + ZWl to these special lattices 
corresponds exactly to the passage from homogeneous lattice functions to modular 
forms. We thereby lose (up to a stretching factor) no information, since ZW2 + ZWl = 
f.:i. 27ri(Z~ + Z). In addition we suppose that r lies in ~ = {z E Cl Im(z) > O}, 
which we can always attain by permuting W2 and Wl. 

In our construction of the elliptic genus, for a lattice L = 27ri(Zr + Z) we take the point 
P = 7ri and h(x) = (g::>(x) - el)-\ the function f(x) = (g::>(x) - el)-1/2 isellipticfor 
the lattice 27ri(Z· 2r + Z). We then obtain the Fourier expansion (cf. Appendix I, §5): 

Q x = _x_ = ~ x IT (1 + qne:ll) (1 + qne-m)/(l + qn)2 
() f(x) 2 tanh(x/2) n=l (1- qnem)(l- qne-m)/(1- qn)2· 

For this choice of two-division point the passage from lattice functions to modular forms 
yields precisely modular forms on the congruence subgroup 

(cf. Appendix I, §4 and notice that rl(2) = ro(2). Applied to a pair of basis vectors 
(W2' Wl) of a lattice, for such a matrix we have 

( a b) (W2) = (aW2 + bWl) 
c d Wl CW2 +dWl 

and the two-division point wd2 goes to the point (CW2 + dWl)/2, which is always 
equivalent to wl/2 modulo L (since C is even and d must be odd due to the determinant 
condition). 

If we take f(x) = (g::>(x) - e2)-1/2 in the construction of our elliptic genus, then we 
obtain (the product runs over all m :::: 0): 

n (1 - qn/2em) (1 _ qn/2e-m) / (1 _ qn/2) 2 
X x/2 n=2mH 

f(x) = sinh (x/2) ':":'-":::n=":"':' =-(-1-_-qn-/-2e-m)-(-1-_-q-n/-2e---m)-/-(1-_-q-n-/2-':")2. 
n=2m+2 
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The shift of indices under the translations x 1-+ x + 27riT and x 1-+ x + 27ri (for which 
the sign changes) shows, that this function 1 is elliptic for the lattice 21l"i(ZT + Z· 2). 
Furthermore an analysis of the zeroes and poles shows that it has the demanded divisor. 
In addition the normalization is correct. The congruence subgroup ro(2) has two cusps, 
which can be represented by 00 = (~) and 0 = (~). Modular forms F on this group 
must have a Fourier expansion without negative exponents at each of these cusps. At the 
cusp 0, one obtains this expansion by means of a matrix A E SL2 (Z) with A (~) = (~) 
(say A = (_~ ~), through the Fourier expansion of FlkA at the cusp 00. This new 
modular form is now invariant under the action of 

Notice that ro(2) and rO(2) are not normal subgroups of r(l) = SL2(Z), since 
they are conjugate and do not coincide. Both have index 3 in r(l). The matrices 
S = (~ -~) (T 1-+ -l/T) and T = (~ n (T 1-+ T + 1) generate r(l). In the 
following figure, fundamental domains for ro(2) (parts labelled Id, S, ST) and rO(2) 
(parts labelled Id, S, T) are indicated, which we shall take as standard fundamental 
domains. Both have two cusps, 0 and 00, which are exchanged by 'T 1-+ -l/T. 

-1 o 1 

Some fundamental domains on the upper half·plane 

Now our exchange of two-division points corresponds exactly to an exchange of the 
cusps (see Appendix I, Theorem 6.4). Only powers of ql/2 enter into our expansion of 
I(x), since (~ ~) E A-lro(2)A = r O(2), so IlkA is invariant under T 1-+ T + 2. 
The coefficients a k of the Tay lor expansion of x/I (x) are therefore modular forms of 
weight k on r O (2) and have a Fourier expansion in ql/2 at the cusp 00. Since we shall 
later compare the elliptic genera for different two-division points with one another, we 
attempt to return to ro(2) by a further conjugation, which leaves the Fourier expansion 
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essentially unchanged. The groups rO (2) and r ° (2) are carried into one another by 
conjugation with the matrix (~ ~): 

if b is even. This corresponds to the passage from 7 to 27, hence from q to q2. Our 
expression above therefore becomes 

which is elliptic in x (after division by x) for the lattice 47ri(Z7 + Z) and has 
coefficients which are modular forms on r o(2). 

Exercise: What happens for the third two-division point, i.e. 

1 
f(x) = ? 

Jgo(x) - e3 

For f(x) = (go(x) - e2)-1/2 we have obtained (product over m 2: 0) 

IT (1- qn/2e",) (1- qn/2e-"')/(1_ qn/2)2 
x x/2 n=2m+l 

f (x) = sinh (x / 2) -IT---'--(-l -_-qn-/-2e-'" )-(-1 -_-qn-/-2e---'" )-/-( 1-_-q-n/-2-:<'") 2 • 

n=2m+2 

The corresponding genus for a manifold X 4k is then a modular form of weight 
2k on rO(2), whose Fourier expansion is that of the usual genus 'P for f(x) = 
(go(x) - el)-1/2 at the cusp o. If we replace 7 by 27, we obtain a genus Cl which 
again yields modular forms on ro(2): 

We consider the normalization factor (product over m 2: 0): 

-1/4 71(27)4 
= q 71(7)2 
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Here", is q1/24. IT:=l (1 - qn) and ",24 = q. IT:=l (1 - qn)24 = t1 is again a cusp 
form of weight 12 on the full modular group. For a manifold of dimension 4k the 
normalization factor is 

the expression inside the parentheses is a modular form of weight one, up to an 
indeterminacy in fourth roots of unity, since we have (cf. Appendix I, Corollary 4.11) 

(
",(2T)4)4 _ - _ 62 

- € M (r (2)) 
"'(T)2 -€--4- E 4 0 • 

For k even, if one divides our expression for the genus by the modular form etc/2, the 
resulting quotient of two modular forms of weight 2k is the modular function 

2k / 00 

q-k/2. (IT . Xi 2 IT ((l_ qne"")(l_ qne-",,))(-l),,-l)[Xl. 
i=l smh (Xi/2) n=l 

We now return to the A-genus: 

2k 
A (IT Xi/2 ) 

A(X) = i=l sinh (Xi/2) [Xl· 

Definition: Let X be a differentiable manifold of dimension 2k and W a complex 
vector bundle over X. Then the twisted A-genus A(X, W) is defined as 

A(X, W) : = (ch (W)· A(TX))[XJ 
k 

( 
xi/2 ) = ch (W) . !! sinh (Xi/2) [X]. 

Remark: For a spin manifold X, A(X, W) is the index of a twisted Dirac operator 
and so is integral (cf. Appendix IT). 

Example: Let X = 8 2k be a sphere (so spin) and W a vector bundle over 8 2k. Then 

since A(T 8 2k ) = 1 (spheres have stably trivial tangent bundles). As in section 6.1 it 
now follows that 

( )k+1 
A(82k W) =-1 c (W)[S2k] E Z , (k-1)! k , 
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so that we indeed obtain 

Ck(W) == 0 ((k - I)!). 

In our expression above (product over m ~ 0) 

2k IT (1- q n e"")(l- qne-",,) 
-k/2 (IT Xi/2 

n=2m+l ) [Xl 
q ._ sinh (xi/2) IT (1- qn e"")(l - qne-",.) , 

>-1 n=2m+2 

we can recognize with a practiced eye that we are dealing with a twisted A.-genus, 
namely with 

<leX) -k/2 A' (X to.. A to.. ) 
'[k/2 = q . '\(Y ~q"TIC ® \(Y Sq"TIC. 

n=2m+l n=2m+2 

However, there is so far no interpretation for this expression as the index of an operator 
on the loop space. Its meaning for us is simply the expansion at the other cusp of the 
equivariant signature of the loop space 

rp(X). 00 00 

gk/2 = sIgn (X, ® Sq"Tc ® ® Aq"TIC) 
n=l n=l 

= sign (q,£X). 

6.3 The Witten genus 

Let Lee be a lattice, and let 

O'L(X)=X' IT ((l-~).exp(~+ X
2

2)) 
\{ } 

w w 2w 
wEL 0 

for x E C be the WeierstraB O'-function for the lattice L. The infinite product 
converges uniformly on compact sets, due to the exponential convergence factors. These 
convergence factors are determined by logarithmically differentiating (1 - ~): 

(1- ~)I = -t", == _~. (1 +~) == _(~ +~) (x2). 
1-- 1-- w w W w2 

w w 

The function O'L(X) is odd, so that the power series Q(x) = X/O'L(X) = 1 + a2x2 + 
a4x4 + ... is even. For this we have 

AX x = , 
O'L(Ax) O'L/>..(X) 
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Le. the coefficients ar of xr are multiplied by Ar if the lattice is divided by A. They 
are therefore homogeneous lattice functions of weight -T, and so modular forms with 
respect to L = 27l"i(ZT + Z) of weight T on the full modular group SL2 (Z) (one must 
still argue that the ar are holomorphic and determine the form of their Fourier expansions 
at the cusp 00). Since there are no modular forms of weight 2, we have a2 = o. 
This power series Q( x) has a beautiful logarithm. Before giving this, we recall some 
important modular forms (cf. Appendix I, §3 and section 2.1; as usual, q = e21rir ): 

4k 00 

E2k(T) =,1+ -B
2
k· L0"2k-1(n).qn, 

n=l 

-B2k -B2k ~ 
G2k(T) = ~. E2k = ~ + L...-0"2k-1(n). qn 

n=l 
_ (2k - 1)! . '" _1 _ (2k - 1)! . 
- 2 L...- w2k - 2 S2k· 

wEL' 

Here L' = L \ {o}. For k > 1, these are modular forms on the full modular group; 
G2 (and so of course E2 ) also converges, 

-B2 ~ n 1 2 
G2 = -4- + L...- 0"1 (n) . q = - 24 + q + 3q + .... 

n=l 

We now have (cf. Appendix I, §5): 

Q(x) = exp(~ (2~)! G2k(T). X2k). 

As we have seen in section 1.8, the genera of complex manifolds for which all Chem 
classes apart from the highest vanish can be given precisely in terms of the logarithm of 
the characteristic power series. In this way, the so-called Witten genus 'Pw associated 
to the characteristic power series Q ( x) = x / 0" L ( x) yields Eisenstein series for such 
manifolds. The notation 'Pw was proposed. by Landweber, since the "W " reminds one 
of WeierstraB and/or Witten. For a compact, oriented, differentiable manifold X4k we 
therefore have: 

2k 
'Pw(X) = (IT X(i .))[Xl 

i=l O"L x. 

is a modular form of weight 2k. 

Proposition: The power series Q (x) has the following product representation 
(c! [Za86]): 

Q(x) = x/2 . rroo 
(1- qn)2 e-Ga(r).",a 

sinh (x/2) n=l (1- qne",) . (1- qne-",) 
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Idea of the proof: Consider the zeroes and poles of both sides, for fixed T. The (J'­

function has simple zeroes at all lattice points, and no poles. The function sinh (x/2) 
has zeroes at all mUltiples of 27l"i; the denominator vanishes if x modulo 27l"iZ is a 
proper mUltiple of 27l"iT. Together, on both sides we have simple poles at all non-zero 
lattice points. The functions are of course not elliptic, but rather are theta functions 
with respect to the lattice L. Therefore, they coincide a priori only up to a trivial theta 
function. The correct factor to yield equality is e-G2 (r).",2 (cf. Appendix I, §5). kID 
In the product representation of Q(x) some well-known terms appear, but the factor 
e-G2 (r).",2 is troublesome. For this reason, in Appendix I, §5, we consider a function g? 

without this factor. Here we shall instead make the assumption that the first Pontrjagin 
class Pl(X) of our manifold X vanishes in H4(X; Q), so if p(X) = rr~~l (1 + xn 
then Pl(X) = L:~!1 x~ = 0, up to torsion. Then we obtain for the Witten genus: 

As in the last section, we now consider the A.-genus with coefficients in a vector bundle 
E: 

A. (X, E) = ( (fi sin:(~~/2)) . ch (E)) [Xl· 

We recognize the denominator in the product expansion of the Witten genus from the 
section on representations. In terms of the previous notation StE = L:~o s" E . t" we 
have (only for Pl(X) = O!): 

00 00 

cpw(X) = A. (X, Q9 SqnTc) , IT (1- qn)4k, 
n=l n=l 

As always, TIC denotes the bundle T X ® c. We shall rewrite the product on the right 
side. For this we again use the famous cusp form 

00 

D.. = q' IT (1 _ qn)24 
n=l 
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of weight 12, whose coefficients are the Ramanujan numbers. We already know two 
modular forms of weight 12, namely El and E~. Both begin with constant term 1 
and are integral (since the Bemoulli numbers B4 and B6 have a 1 in the numerator); 
hence El - E~ is a cusp form, and we have after normalization: 

Here we have 

E4 = 1 + 240 . q + 2160 . q2 + ... , 
E6 = 1 - 504· q - 16632 . q2 + ... . 

Despite the 1728, A has an integral Fourier expansion, as we see from the product 
expansion above. We substitute A into our expression for the Witten genus and so 
obtain: 

00 

'Pw(X) = q-~~ . A(X,®SqnTc)· A*. 
n=l 

As we have already seen, 'Pw always yields a modular form; A ~~ is a modular form 
for k == 0 (6) and then 

00 

q-* . A(X, ® SqnTc) 
n=l 

becomes a modular function, otherwise we have difficulty with sixth roots of unity. The 
A-genus is always integral up to powers of two in the denominator. For a spin manifold 
(this is eqUivalent to the vanishing of the second Stiefel-Whitney class) the A-genus is 
the index of the Dirac operator and is therefore integral (cf. Appendix IT). This also holds 
for the A-genus with coefficients in suitable vector bundles (such as our ®:=l SqnTc). 
Since the Fourier expansion of q-~~ . A* = IT:=l (1 - qn)4k is also integral, we 
conclude the following 

Proposition: For a 4k-dimensional compact, oriented, differentiable manifold X with 
PI (X) = 0 and W2 (X) = 0, the Witten genus 'Pw yields a modular form of weight 2k 
with integral Fourier expansion. dkJ 
Example: Let X be as above, with dim X = 24. The vector space of modular forms of 
weight 12 is spanned by El and E~, and so also by A and El- 744· A. The Witten 
genus 'Pw (X) of X is therefore a linear combination of these two modular forms: 

00 

'Pw(X) = q-l . A(x, ® SqnTc) . A 
n=l 

= a· A + b· (El- 744· A). 



86 6 Twisted operators and genera 

Why have we chosen precisely this basis? 

There is the integral modular function 

E3 1 
j(T) := -.! = - + 744 + 196884· q + ... , 

t::. q 

i.e. j : SL2(Z)\~ -+ P1(C). If we identify SL2(Z)\~ with P1(C), then j becomes 
a fractional linear transformation on P1 (C), which is determined by its values at three 
points. For the j-function we may take these to be j(i) = 1728, j(e271"i/3) = 0, and 
j(oo) = 00. 

Dividing the above expression for sow(X) by t::., we obtain: 

a+b· (j -744) = ~ +a+ ... = q-l .A(X,®SqnTc) 
q n=l 

1 (.. ) = q- . A(X) + A(X, TIC)q + ... 
~ a = A(X, TIC), b = A(X). 

For A(X) =1= 0 we now have the following formula: 

00 

q-l . A(X, ~ SqnTIC) A(X To ) 
• n-l =. ' IC + . _ 744. 

A(X) A(X) J 

The coefficients of j - 744 are very interesting. Here are the first four: 

j _ 744 = q-l + 196884. q + 21493760. q2 + 864299970. q3 + .... 

These coefficients are in fact special sums of the dimensions of the irreducible represen­
tations of the Monster (see belOW). This is the largest sporadic finite simple group. 

We now come to the 

Prize Question: Does there exist a 24-dimensional, compact, orientable, differentiable 
manifold X with Pl(X) = 0, W2(X) = 0, A(X) = 1 and A(X,TIC) = O? 

Why are we interested in such a manifold? Under the above assumptions we have: 

00 

j - 744 = q-l . A (X, ® SqnTIC) 
n=l 

== q-l . A (X, (1 + qTIC + q2S2TIC + q3 S3TIC ) (1 + q2TIC) (1 + q3TIC)) (q3) 

== q-l (A(X) + A(X, Tc)q + A(X, S2TIC + TIC)q2 

+ A(X, S3TIC + TIC ® TIC + Tc) q3) (q3). 
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We therefore would have: 

A(X, S2TC + Tc) = A(X, S2Tc) + A(X, Tc) 

= A(X, S2Tc) = 196884, 

A(X, S3TC + Tc ® Tc + Tc) = A (X, S3Tc) + A(X, Tc ® Tc) + A(X, Tc) 

= A (X, S3TC) + A(X, Tc ® Tc) 
= 21493760. 
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Now for each Riemannian metric on X there is a canonical nowhere vanishing section 
of S2TC. For a Riemannian metric on X yields a positive definite, symmetric bilinear 
form on each fibre of the tangent bundle of X, therefore a section of S2T*. But T* is 
isomorphic to T by means of this metric, and we obtain a section of S2T and so also 
of S2TC. This section therefore defines a trivial line bundle E lying in S2TC, hence 
we can split S2TC with respect to the metric: 

S2TC = S2TC $ E 

~ A(X,S2Tc) = A(X,S2TC) + A (X, E) 

= A(X, 82Tc) + A(X) 

~ A(X, S2TC) = 196883. 

This number 196883 is the dimension of the smallest (non-trivial) representation of the 
Monster. 

For the next coefficient 21493760 we have 

and so 

This is the dimension of the next largest irreducible representation of the Monster. 

It would be marvelous to find a 24-dimensional manifold as in the prize question, on 
which in addition the Monster acts by diffeomorphisms. Such an action would lift to 
an action on the tangent bundle and its symmetric and exterior powers. In addition, the 
Monster would then also act on the cohomology of the twisted Dirac operators, whose 
indices are given by the twisted A-genera. Hence one would have a relation between 
the Monster (more precisely, its irreducible representations), certain bundles on X and 
the coefficients of j - 744. Above all, one would possess a key to construct a great 
many representations of the Monster. 

Example: Following Landweber and Stong, we shall consider the Witten genus of 
complete intersections. Thus, let V/d1

), ••• ,v;.(dr
) be hypersurfaces of degree di in 
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Pn+,,(C). Assume the -v;,(d.) are smooth and intersect transversely (then their intersection 
is also smooth). The complete intersection Vn = V~dl, ... ,dr) then has complex dimension 
n. Denote by x E H2 (P n+" (C); Z) the canonical generator, the Poincare dual of 
Pn+,,-I(C) c Pn+,,(C). Then the total Chem class of Vn is (cf. section 3.1): 

For the Witten genus of Vn we obtain the formula: 

We shall now determine this residue when PI (Vn ) = O. We have: 

as one easily concludes from the formula for the total Chem class. Hence we obtain: 

PI(Vn ) = 0 is equivalent to n + T + 1 = d~ + ... + d~. 

Now O"(dIx)··· O"(d"x)jO"(xt+"+l is an elliptic function if the number of zeroes and 
poles of the numerator is equal to that of the denominator, and the sum of the zeroes 
is equal to the sum of the poles (modulo the lattice). Now the O"-function has only 
simple zeroes at the lattice points, hence the factors of the numerator have zeroes at all 
di-division points, giving a total of d~ + .. , + d~ simple zeroes. The denominator 
has an (n + T + 1)-fold zero at all lattice points. In case PI(Vn ) = 0, we have 
n + T + 1 = d~ + ... + d~; in addition, the sum of the zeroes is zero for each factor. 
Therefore the above quotient is an elliptic function, having a pole only at the origin 
(modulo the lattice). Hence its residue at the origin is equal to zero, since for elliptic 
functions the sum of the residues is always zero. Therefore: 

In particular, the prize question cannot be answered with complete intersections, since 
for PI (Vn) = 0 the twisted A -genera above vanish. 
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6.4 The Witten genus and the Lie group Es 

We shall assume that M is a 4k-dimensional compact, orientable, differentiable manifold 
for which all composite Pontrjagin numbers vanish, i.e. with P = 1 + PI + ... + Pk we 
have: 

for all i l + ... + ir = k with r > 1. 

The only remaining Pontrjagin number is Pk[Mj. In addition, as earlier we shall require 
that PI = O. In this situation, as expected, we obtain a much simplified formula for the 
Witten genus, since we can calculate modulo the Pontrjagin classes PI, ... ,Pk-l and so 
can simply apply the Cauchy lemma of section 1.8 for the calculation of the genus. We 
recall that the characteristic power series has a representation as 

x _ (~-B 2r () 2r) . 
O'L(X) - exp ~ 2r. (2r)! E2r T • X , 

hence cpw(M) is a constant multiple of E2k. The constant term of E2k is 1, while 
for cpw(M) it is A(M); therefore 

cpw(M) = A(M) . ~k . 

This is not very surprising, since under our assumptions on the Pontrjagin numbers every 
genus is a multiple of A. 
Example: For k = 2, so that M is an 8-dimensional manifold, we have : 

cpw(M) = A(M) . E4 

cpw(M) ~ A(M). E4 = A(M). '1/3 
t::.1/3 t::.1/3 J 

= A(M)' ql/3(1 + 248. q + 4124. q2 + ... ). 

The power series 'for the cube root of j (normalized as here) could have rational 
coefficients, having a three in the denominator, but the cube root of j is in fact an 
integral power series. 

Suppose that we had an 8-dimensional manifold M with PI (M) = 0 and A( M) = 1. 
Then the above conditions are fulfilled, since the only Pontrjagin numbers in dimension 
8 are p~ and P2. For such a manifold we have 

cp~~:) = q-I/3 (1 + 248. q + 4124. q2 + ... ), 

so by the previous formula (for PI = 0): 

CPw(M) = q-I/3. A(M:o.. 8 Tr) 
t::.1/3 ''C>I q'" IC 

n=l 

=} A(M, TIC) = 248, A(M, TIC) + A(M, 82Tc) = 4124, 

=} A(M,S2Tc) = 3876 and A(M,S2Tc) = 3875. 
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Here one could again conjecture a relation to the irreducible representations of a group. 
For this we shall consider the exceptional Lie group Es (despite a close connection, the 
identical notation with the Eisenstein series Es is accidental). It has dimension 248 and 
therefore possesses a representation in this dimension, namely the adjoint representation 
on its Lie algebra. At the same time, this is the smallest irreducible representation of 
Es. The next dimension in which an irreducible representation exists is precisely 3875. 
However, one cannot hope that Es acts non-trivially on our manifold, since then an 
SI C Es would also act non-trivially (each element lies in a maximal torus, hence also 
in an SI). But this contradicts A.(M) = 1, since we have (cf. [AtHi70]) the 

Theorem (Atiyah-Hirzebruch): If the circle SI acts non-trivially on a connected spin 
manifold, then A.(M) = O. (];J 

But one could still hope that perhaps a large discrete subgroup of Es acts on a manifold of 
the type assumed to exist in this example. As already noted above, under our assumptions 
on the Pontrjagin numbers of the manifold, each genus is a multiple of the A.-genus; in 
particular, we have (by the Cauchy lemma): 

sign (M) = _22k+1 (22k
- 1 - 1) . A.(M). 

Since the A.-genus is always integral up to a power of two in the denominator, 22k-l_1 

must divide the signature of M. If in addition M is a spin manifold, so that the second 
Stiefel-Whitney class w2(M) is equal to zero, then the twisted A.-genera are integral; 
since this is likewise true of D.. k/6, also 

00 

k/6 ' (to\ ) k/6 ' q- . A M, \(y Sq"Tc . D.. = cpw(M) = A(M) . E2k 

n=l 

is integral. We therefore obtain from 

4k 00 

E2k (r) = 1 + -B . L (T2k-l(n). qn 
- 2k n=1 

for n = 1 the divisibility condition: 

A.(M) == 0 (numerator of the reduced representation of B2k /4k). 

For k = 2,3 this numerator is equal to one (E4 and E6 are integral modular forms), 
but for larger k this represents a proper diviSibility. If we combine this with the above 
condition on the signature, then we have: 

sign (M) == 0 (2 2k+1 (22k
- 1 

- 1) . numerator ( ~)). 

In the derivation of this result we have proceeded very crudely. More preCisely, we have 
only used the integrality of the coefficient of q in cpw(M); hence it suffices to require 
A. (M, Tc) E Z instead of W2 = 0 to deduce the divisibility statement. 
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We can obtain a small improvement of this result: For a spin manifold M, the A­
genus A( M) is always even if the dimension of M is divisible by 4 but not by 8 
(cf. section 8.1). Putting ak = 1 if k is even and ak = 2 if k is odd, we therefore 
have: 

sign (M) == 0 (ak22k+l(22k-l -1) ·numerator(~)). 

Example: For k = 1 this means that sign (M4) == 0 (16). This result is sharp, since 
e.g. a K3-surface has signature 16. 

Now that we have derived a lovely result under strong assumptions on the Pontrjagin 
numbers of the manifold, obviously the question remains whether such manifolds exists. 
Milnor and Kervaire have reported on this problem at the 1958 International Congress 
of Mathematicians (cf. [MiKe58]). They investigated a particular kind of manifold: 

Definition: A manifold is called parallelizable if its tangent bundle is trivial; it is called 
almost-parallelizable if its tangent bundle is trivial on the complement of a point. 

For an almost-parallelizable manifold M4k we obviously have W2 = 0, since W2 can 
be defined via obstruction theory on the 3-skeleton of a triangulation of the manifold, 
and this triangulation can be chosen so that the tangent bundle of M is trivial on the 
( 4k - 1 )-skeleton, hence there is no obstruction to a section over this skeleton. The same 
argument also yields Pi = 0 for i < k. Moreover, such a manifold is automatically 
orientable, since also the obstruction Wl to orientability is zero. 

Since all our conditions on· characteristic classes are fulfilled by almost-parallelizable 
manifolds, our divisibility theorem holds for such manifolds. The condition of being 
almost-parallelizable is in fact stronger than we requite, but Milnor and Kervaire have 
constructed almost-parallelizable manifolds whose signature not only satisfy the above 
divisibility relation, but in fact yield an equality: 

Theorem: There are almost-parallelizable manifolds Mtk with 

The divisibility statement is therefore sharp. For the Witten genus of Mtk this means 
that: 

00 '( 4k) -LA(M4k tO\S 'n)=AMo ·E2k 
q 0 ''01 q" IC tl k / 6 

n=l 

(
B ) E2k = -ak . numerator ~ /:1kI6. 

For M~ we get P/3, hence for M~ x M~ x M~ we obtain the modular function j; 
but this does not answer our prize question, since we want to attain instead j - 744. 

Now to the construction of Mtk, by means of plumbing! 
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6.S Plumbing of manifolds 

The manifold M6k of the last section will be constructed by judiciously gluing together 
several copies of the disk bundle associated to the tangent bundle of sm. The gluing 
instructions are given by a suitable graph. This method of construction is called plumbing 
(cf. [MiKe58], [KeMi63], [Br72]). 

We therefore consider D(sm) = {x E TSm Ilxl :$ I}. One is given a graph as plan 
for the construction, such as the diagram for BB: 

• • • • I • • 

Diagram for Ea 

For each node (or vertex) one takes a copy of D(sm), and joins together two of these 
copies if there is an edge in the graph between the corresponding nodes. The manner in 
which the copies of D (sm) are joined is shown here in the case m = 1: 

Plumbing of disk bundles 

The boundary of the new manifold in this example is obviously an SI, and the manifold 
is orientable. In the general case plumbing also yields an orientable manifold x2m 

with boundary. One can now easily determine the signature of this manifold. We 
recall that the signature of a 4k-dimensional, oriented manifold X with boundary is 
defined as the signature of the quadratic form belonging to the intersection form on 
H2k(X, 8Xj Z) ~ H2k (Xj Z), i.e. 

a E H2k(X,8XjZ) H (a· a)[X,8X]. 
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In D (sm) a canonical basis for the middle homology is given by the zero-section of 
the tangent bundle: 

------

- - --
Zero-section of the disc bundle D(Sl) 

Let X1: be the resulting manifold in the construction using E8 • The cycles SI,· •• ,S8 

intersect one another exactly as indicated in the Ea-diagram (i =I- j): 

SoS 0 = { 0, if no edge joins vertices i and j, 
• 3 ±1, otherwise. 

The signs can be determined by the choice of an orientation of the Si. The resulting 
matrix is symmetric for even m, anti-symmetric for odd m. We now consider the self­
intersection numbers. For the SI the zero-section can be deformed so that it is nowhere 
zero, hence we obtain self-intersection number zero. This is not the case for S2, since 
the deformation of the zero-section is given by a vector field on S2, which is well-known 
to always have two zeroes (the Euler number) when counted correctly. We therefore have 
self-intersection number 2 here. In general, the Euler number of a sphere sm is equal 
to 2 for even m and to 0 for odd m, hence: 

SOSi={2, ifmis.even, 
• 0, otherwIse. . 

For the diagram Es we obtain the following matrix when m = 2k: 

2 1 
1 2 1 

1 2 1 
1 2 1 

1 2 1 1 
1 2 1 

1 2 
1 2 

It follows that the intersection form is positive definite with determinant 1. 
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In our example with SI we obtain a 2-dimensional manifold Xks whose first 
(i.e. middle) homology is generated by eight cycles, i.e. b1 = 8. If we collapse the 
boundary, an SI, to a point, a Riemann surface of genus four (Euler number -6) 
results. In other words: Xks is a Riemann surface of genus four with a hole. 

In the general case, the boundary V 2m- 1 of X2m is a homology sphere if the 
detenninant of the intersection form of X is equal to ±1. For m > 2 the boundary 
is also simply connected, hence for m =F 2 is even a homotopy sphere (all homotopy 
groups of V 2m- 1 are the same as for the sphere S2m-l). Now in 1960 Stephen Smale 
proved the following theorem (cf. [Sm60]): 

Theorem (Smale): Each homotopy sphere V k with k > 4 is homeomorphic to the 
sphere Sk. dI:l 
For us this means that the boundary v2m-l for m =F 2 is therefore homeomorphic 
to the sphere s2m-l. Now the disk bundle D(sm) is a parallelizable manifold: If 
11" : D(sm) -t sm is the projection we have T(D(sm)) = 11"* (T(sm) Ea T(sm)) and 
T(sm) Ea T(sm) is a stably-trivial bundle over sm with rank 2m, so it is trivial. 
Hence the manifold Xk';' obtained from D (sm ) by plumbing is again parallelizable. 

We have thereby found an example of a so-called exotic sphere, i.e. v2m-l is home­
omorphic, but not diffeomorphic to s2m-l! For if V 2m-l were diffeomorphic to 
s2m-I, then 

X 2m u D2m Ea 8 2 .-..- 1 

would be a 2m-dimensional manifold which is parallelizable in the complement of a 
point, hence almost-parallelizable. However the signature does not change when one 
attaches a disk, and so for m = 2k it remains equal to 8. From our earlier considerations 
on the divisibility properties of the signature of almost-parallelizable manifolds we obtain 
the result: 

ak22k+l(22k-l) .numerator(~) divides 8. 

But for k = 2 the left side is 8· 28. Contradiction! 

The Milnor spheres V 2k - 1 are therefore not diffeomorphic to S4k-I, and 

X 2m U D2m 
Ea 8 2 .-..- 1 

only has a differentiable structure on the complement of a point. We now denote by 
bP4k the set of diffeomorphism classes of oriented spheres ~4k-l which bound compact 
parallelizable manifolds (respecting orientations). This is a group with the connected sum 
as group operation. One forms the connected sum of two manifolds by joining the two 
manifolds with a handle. For k ~ 2 this group is generated by the V4k-l. The order 
of the group is 'precisely 

1 
. nk = '8 (ak 22k+1(2 2k- 1 -1). numerator (.w.)L 
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hence the boundary connected sum of nk copies of the manifold Xiv: has the standard 
sphere as boundary, to which one can glue a disk smoothly. Since the signature of two 
manifolds adds under the formation of their connected sum, the resulting manifold is 
therefore the desired manifold M~k. 





7 Riemann-Roch and elliptic genera in the complex case 

7.1 Elliptic genera of level N 

Let r E ~ and L = 21l"i(Zr + Z) be a lattice. We seek a function h( x) on C, which 
is elliptic with respect to L and on Cl L has a zero of order N at the origin and a 
pole of the same order at a point P. In order that such a function exist it is necessary 
that N· 0 - N· P == 0 (L), hence the point P must be a non-zero N-division point of 
Cl L. These N-division points are precisely the points P of the form: 

. kr + 1 
P = 2n ---;:r- :1= 0 for k, 1 E Z. 

If we normalize the function h by h( x) = xN + ... , then it is uniquely determined 
for a fixed N-division point P (cf. Appendix I, §6). Under these assumptions, we can 
extract a unique N-th root f with the normalization 

f(x) = o/h(x)=x+ .... 

This is elliptic with respect to a sublattice L of index N in L. For fixed k, 1 the 
power series 

x . 
Q (x) = f (x) = 1 + bl X + b2 x2 + ... 

is therefore uniquely specified. The coefficients br depend on r; they are modular 
forms of weight r for a certain modular group (cf. Appendix I, §6). This is not the full 
modular group SL2 (Z), since the chosen N-division point P must transform correctly. 
For k = 0 and (l, N) = 1 (P a primitive N-division point) one obtains as modular 
group for the br the group 

rl(N) = {(~ ~) E SL2 (Z) I (~ ~) == (~ ~) (N)}. 

We now consider the genus defined by this power series Q. Thus let X be a complex 
manifold of dimension d, with total Chem class given by: 

c(X) = 1 + Cl (X) + ... + Cd(X) = (1 + Xl)'" (1 + Xd), 

The genus cP N,p corresponding to 'Q is then 

d 

CPN,p(X) = (g f(;i)) [Xl· 
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This is an expression in the coefficients of Q( x) of weight d, hence a modular form 
of weight d, on r1(N) if k = 0, i.e. if P = 27ri11N with 0 < I < N. In fact, 
if (I,N) = n =F 1 then we obtain the larger modular group rl(Nln) :::> rl(N). For 
k =F 0 different modular groups arise. 

This genus is called an elliptic gl?nus of level N. For N = 2 this is our original elliptic 
genus; the generalization to arbitrary N was already proposed by Witten. 

In the case N = 2 one has the involution x ~ -x on Cl L. This leaves the origin 
and P fixed and so also h, since we have normalized h to begin with x2 • Hence 
h is even, as well as also Q (x) = x I -vi h( x). For the calculation of the corresponding 
genus one therefore needs only the elementary symmetric functions in the squares of 
the Xi, hence the Pontrjagin classes. Therefore one can also define the elliptic genus 
of level two for differentable manifolds. For k = 0 one obtains in this case modular 
forms on rl(2) = ro(2). 

7.2 The values at the cusps 

For the elliptic genera of level two the values at the cusps of ro(2) are the well­
known signature (L-genus) and A-genus. We are therefore also interested in the values 
at the cusps of r 1 ( N) for the elliptic genera of level N. One obtains these values 
by introducing the local uniformizer q = e2'11"ir for the cusp 00, for example, and 
considering the Fourier expansion ao + al q + . .. of the modular form at 00. The value 
at 00 is then ao. For modular forms of odd weight this is only well-defined up to sign 
(cf. Appendix I, §l). For the values at the other cusps, one transforms them to 00 and 
then proceeds analogously. We shall now investigate these values. 

Thus let X be a compact, complex manifold of complex dimension d. Then the 
Hodge numbers hM are defined (cf. section 5.4), and as previously considered the p-th 
holomorphic Euler number is defined as: 

d 

XP := L (-l)q· hM . 

q=O 

XO is just the arithmetic genus, and we have xP = (_l)dX
d- p • We have already shown 

that xP is the index of a suitable elliptic complex (the Dolbeault complex). We further 
defined 

d 

Xy(X) = L'XP(X) . yP; 
p=o 

the Atiyah-Singer index theorem yields 

d 1 + -",. 
rr( y·e ') Xy(X) = Xi 1 _ e-"" [Xl· 
i=l 
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Since the power series on the right side does not begin with 1, we must normalize it 
in order to obtain a genus: 

Unfortunately we no longer obtain X-I(X), the Euler number e(X) of X. For y = 1 
we have Xl (X) = sign (X) which is already defined for differentiable manifolds. 

We now consider a different genus. Let K = A dT* be the canonical line bundle of X, 
and D an arbitrary divisor on X. We define 

d 

X(X,D) = .~::)-1)idimHi(X;gO(D)), 
i=O 

where gO(D) isthesheafofmeromorphicfunctions f with (J)+D ~ 0 (resp. germs of 
holomorphic sections of the line bundle associated to D). The Riemann-Roch theorem 
yields: 

X(X, D) = (ch (D) .td(TX))[X] 
d 

= (e c1 (D) • IT Xi_. )[X]. 
1- e "'. 

i=l 

Since cl(K) = -(Xl + ... + Xd), we have: 

d 

X(X,Kr
) = (IT e-rz

• 1_
X:_",.)[Xl. 

i=l . 

Hence X(X, Kr) is the genus associated to the power series 

X 
Q(x)=e-r""1 . 

- e-'" 

One can also consider r E Q formally and so obtains a genus from the same formula, 
which is in general no longer integral. Sometimes K is the N-th power of a line 
bundle (which holds precisely when CI(X) == 0 (N). In this case, the genus X(X, Kr) 
corresponding to r = kiN is obviously integral. For N = 2 this means the purely 
topological condition W2 (X) = 0, but for N > 2 we need the complex structure. 

We now turn to the values at the cusps. Let P =F 0 be a fixed N -division point 
in Cl L, L = 21ri(Zr + Z). Without restriction we may assume that P = 21riIN. 
For a different N-division point we obtain a different modular group. Just as is the 
case for level two, the choice of a different point P corresponds to the expansion at a 
different ~sp (cf. Appendix I, §6). Given L and P, we have defined a power series 
f ( x) = N h ( x) in the above discussion. The elliptic genus of level N corresponding 
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to Q (a:) = a: j f (a:) yields modular forms on r 1 (N) of weight d. For the values at the 
cusps, we can formulate the following assertion: 

Theorem: The values of the elliptic genus of level N at the cusps of r1(N) are: 

1) Xy(X)j(l + y)d, where -y = e21ril/N f:. 1 is an N-th root of unity with 
o < 1 < N. 

2) X(X, Kk/N) with 0 < k < N. 

Proof: The expansion at some cusp of the elliptic genus for a fixed N-division point P 
corresponds to the expansion at the cusp 00 for some other choice of N -division point. 
Therefore the set of values at the cusps for a fixed N -division point is the same as the 
set of values at the cusp 00 for all N-division points P = 27ri(kr + l)jN. 
These can be easily obtained from Appendix I, Theorem 6.4 (i). For k = 0 i.e. P = 
27riljN we get the value Xy(X)j(1 + y)d , where -y = e21ril/N, for 0 < k < N and 
1 arbitrary we get X (X, Kk/N). (]J 

Remark: The values at the cusps are in general not all distinct, since the number eu (N) 
of cusps of r1(N) is given, for N = 3 or N> 4, by (cf. Appendix I, Corollary 7.11) 

1 
eu (N) = 2" . L 'P(m)'P(Njm), 

mlN 

where 'P denotes the Euler 'P-function. Hence for a prime N = p f:. 2 there are p - 1 
cusps, but we have listed 2(p - 1) values. This comes about since these values are only 
well-defined up to sign. For N = 2, in case 1) only y = 1 occurs, i.e. the signature; 
in case 2) only k = 1, the A-genus, is possible. These are the genera which we have 
already obtained at the two cusps of r1(2) = ro(2); 

7.3 The equivariant case and muitiplicativity 

There are several classical results about these values at the cusps. Assume that the 
circle 81 acts non-trivially by holomorphic automorphisms on our complex manifold 
X. Then 81 acts on the finite dimensional vector spaces Hp,q(X). We thereby 
obtain a representation of 81. The corresponding character is a finite Laurent series 
in q = e21ri

'T E 81, r E~. Taken together, these representations yield as character a 
finite Laurent series Xy(q,X) in q with Xy(id,X) = Xy(X). As we have seen in 
section 5.4, Xy(q, X) == Xy(X) is constant. 

If Cl (X) == 0 (N), i.e. K = LN for a line bundle, then X(X, Kk/N) = X(X, Lk) is 
integral. If 81 acts non-trivially on X, then the character satisfies X(q,X,Lk) == 0 
(cf. [Ha78] and Appendix Ill). 
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Example: For N = 2, Cl(X) == 0 (2) is precisely the condition W2(X) = 0, which 
means X has a spin structure. Then A(X) = X(X,L) where K = L2, so L is a root 
of the canonical bundle of X. Now the theorem of Atiyah-Hirzebruch (cf. [AtHi70]) 
states that the character associated to A(X) is zero if SI acts non-trivially on X. 

Now we shall observe that the values at the cusps vanish on the projective spaces of 
dimension r N - 1, r > 0: 

If X = Pd(C) is a complex projective space and E is the line bundle determined 
by the divisor Pd-l(C) C Pd(C) (so that E = H*), then the canonical bundle is 
K = E-(d+l). As a special case of a simple residue calculation we obtain (cf. [Hi54]): 

(p (C) Ei) = (i+d) = (i+1) ... (i+d) 
X d, d d!· 

This is a polynomial of degree d in i with the zeroes -1, ... , - d. For d = r N - 1, 
so that N = (d + l)/r, we then have 

In addition, we have (cf. section 5.4): 

Xy(PrN-l(C)) = 1- y ± ... + (_yfN
-

l 

1- (-yrN 

= 1- (-y) , 

since the hP,q are all zero for p ::j:. q, i.e. hP'P is the 2p-th Betti number, so is one. 
From this it follows that 

Xy(PrN-l(C)) = 0 for - y = e21ril/N, 0 < l < N. 

Theorem: The elliptic genus vanishes (identically as a modular form) for complex 
projective spaces of dimension r N - 1; indeed it vanishes for all manifolds which are 
total space ofa bundle with fibre PrN-l(C). 

Proof: The correct proof follows the same lines as for the corresponding theorem about 
elliptic genera of level two in section 4.6 (use the fact that f(x - Xl)··· f(x - XrN) is 
elliptic for L = 27ri(Zr + Z) ). dP 
The vanishing on PrN-l(C) was to be expected, since as we have seen all values at 
the cusps vanish for PrN-l(C). We therefore have a cusp form, but one does not come 
by cusp forms so cheaply. 

For a result on multiplicativity in fibre bundles with fibre having first Chem class divisible 
by N we refer to Appendix Ill. 
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7.4 The loop space and the expansion at a cusp 

We shall now attempt to define the expression Xy(q, eX) for the loop space ex. We 
shall proceed by analogy with the case of elliptic genera of level two. On the loop 
space ex there is a canonical SI-action having as fixed point set (eX)Sl precisely 
X c ex, the space of constant loops. A tangent vector to a constant loop p E X 
is a loop in TpX. This can be regarded as a periodic mapping of R into a finite 
dimensional complex vector space, and so has a Fourier expansion with coefficients in 
TpX. We obtain the splitting 

00 
n=-oo 

where q E SI acts on the n-th summand as multiplication by qn. 

We now apply the equivariant Atiyah-Singer index theorem formally. The Xv-genus is 
the index of the Dolbeault complex, computed as the sum of local contributions which 
are determined by the normal bundle to the fixed components. Hence we should have 
the formula: 

( 
d (00 1 + yqne-zi )) 

Xy(q, .eX) = g Xi J!oo 1 _ qne-Zi [Xl· 

For q = 0 this expression certainly yields Xy(X), but since 2::=-00 qn does not 
converge there is evidently a serious problem with convergence. The product cannot 
even be multiplied out into a formal power series. We therefore separate the factors for 
positive and negative n, mUltiplying the latter by qneZi to obtain: 

( 
d 1+ye-Zi(00 (1+yqne-Zi)(qneZi+y))) 

Xy(q, .eX) = g Xi' 1- e-Zi g (1- qne-Zi)(qneZi _ 1) [Xl· 

For q E SI this expression still fails to converge; instead we shall consider q = 
e2'n-i-r, r E ~. Then Im(r) > 0, hence Iql < 1, and the product does indeed converge. 
Since for the values at the cusps -y is always an N-th root of unity, we shall also 
consider -y = 1] with 1]N = 1: 

( 
d 1-1]e-Zi (00 (1-1]qne-Zi)(1-1]-lqneZi)1])) 

X-1)(q, .eX) = g Xi' 1 _ e-Zi g (1 _ qne-zi)(1_ qneZi ) [Xl· 

To cancel the 1]-factor we multiply formally by 1] -d·2:n :2:1 1 = 1]d/2 «((0) = -1/2). If 
in addition d == 0 (2N) so that 1]d/2 = 1, with 1] = ea we obtain: 

( .eX) _ (rrd 
. a/2 sinh ((Xi - 01.)/2) 

X-1) q, - x.e . h ( ./2) 
i=1 SIn X • 

. (00 (1 ~ qne-(Zi-a») (1- qne(Zi-a»))) X g (1-qne-Zi)(1-qnez;) [ l· 
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We can write this more simply in terms of the ~-function. The ~-function is defined by 

For Iql < 1, this product yields a holomorphic function in a; with zeroes of order 1 
at 27ri(Zr + Z). We have 

with -y = e"', (_y)N = 1. 

For the elliptic genus of level N we have as Fourier expansion (see Appendix I, 
Theorem 6.4) 

( ) 
_ ~(a;)~(-a) 

f a; - ~(a; _ a) . 

The normalization factor ed"'/2. ~(_a)d is a modular form of weight d on rl(N) 
when d == 0 (N) (for N odd) resp. d == 0 (2N) (for N even). Hence for (_y)N = 1, 
Xy(q,.cX) is a modular function for rl(N) under these assumptions. 

7.5 The differential equation 

The function h = jN is elliptic with respect to a lattice L. Hence also j'l j = ~. h'lh 
is elliptic with respect to L. This function has precisely two poles, namely a pole of 
order one at the origin as well as at the chosen N-division point P. Hence f' I f 
defines a double covering of PI (C) by Cl L. On the curve Cl L there is the involution 
r : a; 1-+ -a; + P. The function f(a;)f( -a; + P) is elliptic with respect to L (under 
translation by lattice vectors inverse factors from f (a;) and f ( -a; + P) cancel) and has 
no poles or zeroes, hence it is constant: 

f(a;)f( -a; + P) == f(PI2)2 =: c-2 #0. 

- -Here P 12 is any of the four points P in Cl L with 2P = P. Logarithmic differen-
tiation then yields: 

f'(a;) _ f'(-a;+P)_O 
f(a;) f(-a;+P) - . 
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Hence f' I f is invariant under the involution T. We thereby obtain an isomorphism 
f' If: (Cl L)IT -+ PI (C), so that each function on (Cl L)/T is a rational function of 
f' If· Now the function 

1 1 1 2N N 

f(x)N + fe-x + p)N = f(x)N + C f(x) 

is certainly invariant under T and also is elliptic with respect to L, since fN is; hence 
it is a rational function of e = f' If. Furthermore it has only poles at the origin, and 
at the point P, both of order N. Since the pole at the origin has leading coefficient 1, 
while e has a simple pole with residue 1 there, we even have an equation of the form 

1 fN eN e N - I e fN + a2N· =.. + al·.. + ... + aN-I· r,; + aN, 

for we can choose the coefficients al,.'. ,aN SO that both sides have the same principal 
part at the origin. Since they are invariant under T, they also have the same principal 
parts at P; since they are both elliptic with respect to L, they therefore coincide. Here 
we have put a2N = c2N , so that a2N =1= O. The coefficients al, ... ,aN and a2N can 
be determined directly from the coefficients of e. Hence they are modular forms (on 
r l (N) if P = 21iiIN) of weight equal to their index (cf. Appendix I, §7). 

We shall denote the polynomial of degree N on the right side by PN . We claim that 
in this polynomial the coefficient aN-I is equal to zero. Equivalently, we must show 
that the derivative of PN has a zero at the origin. We differentiate the above differential 
equation and obtain 

Since the function ~ is elliptic with respect to L but is non-constant, there is a point 
in Cl L at which it vanishes to an order e. Since the factor in the parentheses on the 
right only has a pole where ~ = f' I f does not vanish, the order of the zero at this point 
for the right side of the equation is at least e, since e' only vanishes to order e - 1, 
we conclude that P.fv(O) = O. 

Example: For N = 2 the differential equation has the following form: 

With a2 = 28 and a4 = e this is the well-known differential equation for elliptic genera 
of level two. For arbitrary e and 8 with e =1= 0 and e - 82 =1= 0 this determines an 
elliptic function. 

Each differential equation as above yields a unique (up to normalization) power series 
f (x). For arbitrary coefficients ar , f (x) will not be an elliptic function. Our ar 
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were in fact modular forms of weight r, depending on a lattice with N -division point; 
evidently they must satisfy several relations, since there are not so many algebraically 
independent modular forms. What relations must the ar for an arbitrary N satisfy, in 
order that one obtain an elliptic function? 

The function 1] = (cj)-I + cf is not elliptic for L, but rather for a sub-lattice L of 
index N in L. However the involution r exists on elL as well as on Cj L, and 1] 

is likewise invariant under r. If one divides both these curves by the involution, then 
both become rational curves, i.e. isomorphic to PI (q. The function 

is an N -fold covering. It defines the extension of degree N of the function field on 
(CjL)jr to the function field of (C/L)/r. In particular, as can also be established 
on elementary algebraic grounds, (cf)- + (cJ)N is a polynomial of degree N in 
1] = (cJ)-1 + cf; we denote this polynomial by TN . 

Example: The first polynomials TN are: 

Z-2 +z2 = (z-I +z)2 - 2 

z-3 + z3 = (z-I + z)3 _ 3(z-1 + z) 
z-4 + z4 = (z-I + z)4 _ 4(Z-1 + z)2 + 2 

- 2 T2(x) = X - 2, 

T3(X) = X3 - 3x, 

T4(x) = X4 - 4x2 + 2. 

We therefore obtain, from the above differential equation, the equation 

TN(1]) = c-N . PN(~). 

The curve in the (x,y)-plane defined by the equation TN(X) = c-N . PN(y) is 
parametrized by ~ and 1], hence is isomorphic to (CjL)jr and so is rational. Since 
it is given by an equation of degree N, it must have a large number of singularities. 
A point (x, y) on this curve is singular if and only if x and y are critical points of 
c-N PN resp. TN and the critical values coincide. 

The critical points and values of TN are easily obtained using the so-called Chebyshev 
polynomials TN • These are defined by the equation 

cos (NO) = TN ( cos (0)). 

Here is a list of the first few Chebyshev polynomials: 

TI(X) = x, T2(X) = 2x2 - 1, 

T3(X) = 4X3 - 3x, T4(X) = 8x4 - 8x2 + 1. 

The Chebyshev polynomials always start with TN = 2N- I x N + .... Since cos (0) = 
(ei9 + e-i9)j2 and 

TN(2 . cos (0)) = TN (ei9 + e-i9 ) = eiN9 + e-iN9 = 2 . cos (NO), 
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we obtain the relation 

TN(X) = 2· TN(X/2). 

From the defining equation of T N we see, that tI!e zeroes of Tfv. are x j = cos ( 7r j / N) 
with 0 < j < N. At these N - 1 points, TN has local maxima or minima, all with 
the values ±1; more precisely: 

N even => (N - 2)/2 times value 1, N/2 times value - 1, 

N odd => (N - 1)/2 times value 1, (N - 1)/2 times value - 1. 

For N = 8 we obtain the following figure: 

1 

Chebyshev polynomial Ta 

For the polynomials TN(X) = 2· TN(X/2) the N - 1 critical points are Xj = 
2 cos (7rj / N) with 0 < j < N and the critical values are ±2; the distribution of 
signs is the same as for the Chebyshev polynomials. 

So we expect that most of the critical values of the polynomials PN arising in our 
differential equation are equal to ±2cN • The following discussion will give a more 
precise result. 

The function e2 
is elliptic with respect to L and invariant under the involution T. 

It has a pole of order four at the origin and at the point P and its Laurent series at 
the origin starts with ~ + . . .. Therefore there is as above a normalized polynomial 
Q(x) = x4 + ql . X3 + q2 . x2 + q3 . X + q4 with 

Q(~) = e'2. 
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The curve given by the equation y2 = Q(x) is therefore parametrized by Cl L, by 
means of ~ and e. The function ~ assumes each value twice on Cl L (at points which 
are exchanged with one another by the involution T); its derivative e has different 
signs at the corresponding points. Therefore this parametrization is an isomorphism apart 
from the poles of ~ (at 0 and P). 

There is a close relation between the polynomials Q and PN : 

PN(~) = rN + a2N . IN 

=> P~(~) . e = N· ~. (-rN + a2N . IN) 

=> p~(02. e2 
= N2 . e· ((J-N +a2N· IN)2 - 4a2N) 

=> Q(x)· (Piv(x)lx)2 = N 2 . (PN(x)2 - 4a2N). 

As one easily sees from this equation, away from the origin PN has only critical points 
of order precisely two with critical values ±v' 4a2N = ±2cN. So all the polynomials PN 
occurring in the differential equation for I are so-called almost-Chebyshev polynomials.t 

Definition: A polynomial PN(X) = xN + ... is called a normalized almost-Chebyshev 
polynomial if Piv( x) = N· x . (x - 6) ... (x - ~N -2) and the critical values 
PN(6), ... ,PN(~N-2) are equal up to sign. 

7.6 The modular curve 

The existence of the equation 

relating the polynomials PN and Q gives us conditions for their coefficients. By 
differentiating it we obtain: 

Q'. (Pivlx)2 + 2Q· (P~/x)· (P~· x - p~)lx2 - 2N2PNPiv = 0 

=> Q'. (Pivlx) + 2Q· (P~. x - Piv)lx2 - 2N2PN · X = 0 

(here both Piv I x and (P~. x - Piv ) I x2 are polynomials in x!) . 

. This yields N + 2 equations for the coefficients Ql, Q2, Q3, Q4 of Q and ab ... ,aN of 
PN • Since the polynomial Q is monic, the equation of highest degree is always satisfied. 
The next equations successively determine the ar as homogeneous polynomials of weight 

t F.H.: This terminology was used during my course. I did not know that these polynomials exist in 
the literature under the name Zolotarev polynomials. I wrote to Prof. RivIin about the aImost-Chebyshev 
polynomials and got from him the information on Zolotarev polynomials. 
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r in the ql,." ,q4 (of weights 1 to 4). Since for our construction of the elliptic 
genus aN-l = 0, one obtains a homogeneous equation of weight N - 1 in ql,'" ,q4' 
There still remains the equation for the constant term, which yields a second condition 
of weight N + 1 on ql to q4. These two equations determine those polynomials Q 
for which a polynomial PN with Q. (P~ / x)2 = N2 . (Pi. - 4a2N) exists (with 
a2N = (aN/2)2 - q4(aN_2/N)2). 

Example: For N = 2 we have 

(4x3 + 3qlX2 + 2q2x + q3) ·2 + 2Q· 0 - 8x(x2 + a2) = 0 and 

a4 = (a2/2)2 - q4(1/2)4. 

From these equations we get 

q3 = 0, 
a4 = qV16 - q4/4. 

With a2 = 28 and a4 = e we have 

P2 (x) = x2 + 28 and 

Q(x) = x4 + 48· x2 + 4(82 
- e). 

At the signature cusp we have 82 = e. Hence Q has a double zero at the origin in this 
case. At the A. cusp we have e = 0, hence Q has two double zeroes. 

For N = 3 we have: 

(4x3 + 3qlX2 + 2q2X + q3) (3x + 2al) 

+6(X4 + qlX3 + q2x2 + q3X + q4) - 18(x4 + alx3 + a3x) = 0 

In this case we get the equations 

al =3/2'Ql, 
a2 = (2 . Q3 - Qt) /4, 
aa = (2'Q3 -Qt)2/64. 

Q2 = -3/4· Qr, 
Q4 = -QlQ3/2, 

The two homogeneous equations satisfied by the coefficients Ql through Q4 determine a 
curve C N in the weighted projective space with the weighted homogeneous coordinates 
Ql through Q4, Qi being of weight i. Each elliptic curve with distinguished primitive 
N-division point gives rise to a point on this modular curve CN. If one parametrizes 
such elliptic curves by T E r1(N)\fJ (cf. Appendix I, §7), then this mapping is simply 
given by (Ql (T) : ... : Q4 (T)); this is well-defined since qi is a modular form of weight 
i and the coordinates are weighted homogeneous. The modular curve is in general not 
irreducible, but the extension of the mapping to r1(N)\fJ is surjective on individual 
components for dimensional reasons, which then parametrize our lattices. 
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Now each elliptic curve with an N-division point is also a curve with an N· d-division 
point. What happens to the polynomials PN , and how does the embedding " of the 
corresponding modular curves look? 

We consider the differential equation 

In order to bring it to the form 

we must apply the polynomial Td (it follows immediately from the definition of the 
Chebyshev polynomials that Td(TN) = TdN ). We therefore obtain 

This polynomial PdN is again almost-Chebyshev, and satisfies 

with the same polynomial Q as in the corresponding equation for PN. For the poly­
nomial Q it is immediately clear that it does not change when an N-division point is 
re-interpreted as a dN -division point, i.e. on the modular curve C N the embedding into 
CdN is simply the inclusion of some components. 

Example: For N = 4 the equations for Q are given by 

q3 = - ~ . ql (q~ + 4q2) , 

qlq4 = :4 . ql (4q2 + 5q~)(4q2 + qD· 

These equations encompass the case N = 2 (ql, q3 = 0). For ql =F 0, ql and q2 are 
arbitrary while q3, q4 depend on ql, q2. 

The modular curve C N has in general many irreducible components; those which belong 
to an elliptic curve with a primitive N-division point are not in.the image of an embedding 
as above. Since for a prime N = p all N -division points are primitive, this should be 
the entire modular curve. Hence for a prime there should be only one component. 

The map from r 1(N)\fJ to CN can be extended to the cusps of rl(N). What does 
the differential equation at the cusps look like? 

One of the values of the genus at the cusps is the normalized xy-genus 
Xy(X)j(l + y)dimX, where -y must be an N-th root of unity different from 1. 
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Hence the Todd genus XO (X) never arises. However, this is the only genus which is 
invariant under all birational transformations. For we have 

dim X dim X 

xo(X) = L (-1)qhO,q = L (-1)QhQ,O 
Q=o Q=o 

when X is Kiihler, and the numbers hQ,o are birational invariants (including the 
geometric genus hdim x,o). Hence Xo is invariant under birational transformations. 
Since in the cobordism ring n Q9 Q each manifold X is equal to a sum of products of 
projective spaces, which in turn is birationally equivalent to a multiple of P1(C)dimX, 
each genus with this property is deteffilined by its value on P1 (C), hence is a multiple 
of Xo. 

The power series 

I(x) = 11+ Y . (1-e-Z
) 

+ye-Z 

belonging to the normalized Xy-genus satisfies the differential equation 

I'(x) = (1- _1_/ (x)) . (1 + -Y-/(x)). 
1+y 1+y 

If we bring the differential equation to our form, then with c = P+-y we have: . y 

But in this differential equation the coefficient of 1'/1 is non-zero. 

We return to the embedding £ of modular curves. What follows for it from our condition 
aN-l = O? The formula for PdN yields 

So if PJq(O) is zero, this remains true for P~N(O); if PJq(O) is not zero, then 
c-N . PN(O) must be a zero of T~. In the differential equation of the normalized 
xy-genus we have N = 1 and c = if:. This forces -y to be a d-th root of unity 
(check this!). Then we have 
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i.e. Pd is essentially a Chebyshev polynomial. Hence the value at the critical point 0 is 
the same as at the other critical points, a~ = 4a2d. In addition, we find the polynomial 
Q to be 

in particular, we have Q3, Q4 = 0, i.e. Q has a double zero at x = 0. We have 
therefore handled one kind of cusp. 

For the derivation of the differential equation we have always assumed that c "I 0, hence 
also a2N "I 0. If now a2N = 0, i.e. apart from the origin only the critical value zero 
appears, then it follows by taking into accoUnt the other conditions on the coefficients 
ar that the !f -fold covering has only two branch points and the roots are rational. The 
genera which now arise are X(X,KkIN) for 0 < k < N. The corresponding power 
series is 

What differential equation does I (x) = (1 - e -"') . e *' '" satisfy? 

kl!) (N-k)·I+NI' _N-kl!) -kl+NI' e 71 - e rr- - -..:.-.:....--=-
- N ' - N ' 

( .k.",)N-k (_~",)k 1 ·e N • e JV = 

One easily concludes that in fact we have aN-l = 0. Apart from the origin there are 
now two critical points, an (N - k - I)-fold one at kiN and a (k - I)-fOld one at 
kiN - 1, both with the critical value 0. The polynomial Q is then 

Q(x) = (x - kIN)2. (x - (kiN - 1))2, 

so it has two double zeroes. In this case, the functions I'I I and f parametrize an 
N -sheeted covering of the Riemann sphere having these two branch points. 

We have therefore found an interpretation of the modular curve which parametrizes 
elliptic curves with a non-zero N -division point by almost-Chebyshev polynomials (for 
a more detailed discussion of this relation between elliptic curves and almost-Chebyshev 
polynomials we refer to Appendix IV). If N = p is a prime, then this curve has only 
one component. The entire family of elliptic curves then forms an elliptic surface, which 
is known as a Shioda surface. Over each point of the modular curve lies an elliptic curve 
in the surface; over the points of the modular curve corresponding to the cusps of r 1 (N) 
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the elliptic curves degenerate. For p> 3, the X(X,Kkfp)-genus yields a rational curve 
with a double point, the double point yielding precisely the two branch points. For the 
xy-genus the elliptic curve degenerates to a cycle of p rational curves. These possess 
a natural involution. Dividing by the involution, we then have (p + 1)/2 components. 
These are precisely represented by the genera. For -y is permitted to run through all 
primitive p-th roots of unity, but y and l/y yield the same genus. 

Exercise: Calculate the Euler number of this elliptic surface. 



8 A divisibility theorem for elliptic genera 

8.1 The theorem of Ochanine 

In this chapter we will use the (cf. [AtHi59b]) 

Theorem: Let W be the complex extension of a real vector bundle (hence W S:! W* ) 
over a compact, oriented, differentiable spin manifold M with dim M == 4 (8). Then 
A(M, W) E 2Z. dr;J 
Remark: For a complex manifold X of dimension d, we have 

d 

A(X, W) = x(X, K 1
/

2 Q9 W) = L(-1)idimHi(XjKI/2 Q9 W). 
i=O 

We may transform these summands by Serre duality (dim X = d): 

Hi(Xj KI/2 Q9 W) S:! Hd-i(Xj K Q9 K- 1/2 Q9 W*) 

S:! Hd-i(Xj Kl/2 Q9 W*) 

S:! Hd-i(Xj K I / 2 Q9 W). 

We therefore see that modulo 2 all summands apart from the middle one (i = d/2) 
cancel. Now Serre duality is given by a bilinear form, which is skew-symmetric for odd 
i = d/2. Therefore Hd/2 (Xj Kl/2 Q9 W) must have an even dimension. 

For the proof of the theorem in the real case, one uses the Dirac operator and the Atiyah­
Singer index theorem. 

Now we want to discuss the following (cf. [OcS1]) 

Theorem (Ochanine): Let M be a compact, oriented, differentiable spin manifold with 
dim M == 4 (8). Then we have: 

sign (M) == 0 (16). 

We shall give the proof of the theorem in the next section. 

Remark: Since in dimension four only the Pontrjagin number PI exists, in this case all 
genera differ from one another by a constant factor; in particular (cf. section 6.4) 

sign (M) = -8· A(M). 
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Using the above theorem on twisted A-genera (with W a trivial line bundle), we obtain 
the theorem of Ochanine in dimension four. Rohlin proved this by different methods in 
1950. The result is sharp in dimension four, since the K3-surface has signature 16. 

For k 2:: 2 we obtain by the plumbing construction a topological manifold M4k with 
intersection form E B• The manifold therefore has signature 8. In addition it is (2k - 1)­
connected, hence all its cohomology groups vanish in dimensions below 2k. Following 
Thom and Wu, the Stiefel-Whitney classes can also be defined for topological manifolds 
(cf. [AtHi61 a]). In our case, we have wl(M) = w2(M) = 0, since there is no 
cohomology in dimensions 1 and 2. If this manifold had a differentiable structure, 
all conditions of the above theorem would be satisfied, hence the signature would be at 
least 16. We therefore conclude that M has no differentiable structure, and on the other 
hand that the theorem of Ochanine actually makes use of the differentiable structure. 
As we have seen, the theorem cannot be rescued for topological manifolds. We shall 
nevertheless investigate this case further. On the cohomology ring of a topological 
manifold M of dimension n there exist natural cohomology operations (cf. [StEp62]), 
the so-called Steenrod squares, with: 

1) Sqi: Hi(Mj7L./27L.) -+ Hi+i(Mj7L./27L.), 

2) SqO = id, 
3) Sqi(x) = x2 for x E Hi(Mj 7L./27L.), 
4) Sqi(x) = 0 if x E Hi(Mj7L./27L.) with j < i, 
5) Sqi(xy) = I:~=o Sqi(x) . Sqi-i(y). 

In addition there is a cohomology class Ui E Hi(Mj Z/2Z) with 

Sqi(x) = Ui . x for x E Hn-i(Mj Z/27L.). 

The Stiefe!-Whitney classes can also be defined for topological manifolds, and we then 
have: 

W = Sq(U), i.e. 

1 + Wl + ... = SqO(l + U1 + ... ) + Sql(l + U1 + ... ) + .... 
For the first three classes this means: 

Wl = Sql(l) + Sq°(Ul) = Ub 

W2 = Sq2(1) + Sql(U1 ) + Sq°(U2) = U; + U2, 

W3 = Sq3(1) + Sq2(Ul) + Sql(U2) + Sq°(U3) 

= Sql(U2) + U3. 

More is implied by our assumptions Wl, W2 = O. For one obtains the odd Stiefel­
Whitney classes W2i+l as the modulo 2 reduction of the image of W2i under the 
Bockstein operator for the coefficient sequence 

·2 o -+ 7L. -+ 7L. -+ Z/27L. -+ O. 
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Since we have W2 = 0, it follows that also W3 = O. As we have already seen, these 
three Stiefel-Whitney classes are zero if and only if Ul , U2 and U3 vanish, that is the 
Steenrod squares Sq1, Sq2 and Sq3 are identically zero in codimensions 1, 2 and 3, 
resp. We shall now exploit this in order to learn something about the intersection form 
of the manifold, which is defined on the integral lattice of the cohomology in the middle 
dimension. For this we make use of the so-called Adem relations which are general 
relations on the Steenrod squares. Two special cases read (with i ~ 1 and coefficients 
modulo 2): 

Sq2Sq4i = (4i;1). Sq4i+2 + (4i~2) . Sq4i+2Sq1 

= Sq4i+2 + Sq4i+1 Sq1, 

Sq3S q4i-1 = (4i;-2) . Sq4i+2 + (4i13) . Sq4i+lSq1 

= Sq4i+1 Sql, 

::} Sq4i+2 = Sq2 Sq4i + Sq3 Sq4i-1. 

The right side is zero when applied to cohomology classes of codimension 4i + 2, 
since Sq2 and Sq3 vanish in codimension 2 resp. 3. Therefore Sq4i+2 is zero in 
codimension 4i + 2. . 

Definition: The intersection form of M 4n is called even if 

As we have seen above, we obtain for any 8k + 4-dimensional topological manifold with 
vanishing Wl and W2 that x.x=Sq4k+2(x)=0 for XEH4k+2(M;7l,/27l,). So our 
intersection form is even. By Poincare duality it is always unimodular, i.e. nonsingular. 
Now the signature of an even unimodular quadratic form is always divisible by 8. For 
topological manifolds with Wl = W2 = 0, Ochanine's theorem therefore still holds in 
the weaker form 

sign (M8kH
) == 0 (8). 

Just as the Stiefel-Whitney classes Wj can be expressed in terms of the Ui by means of 
the Steenrod squares, one can express the Ui in terms of the W j, indeed as polynomials 
in the Wj. We shall consider these polynomials in greater detail (cf. [Wu50]): 

Theorem (Wu): There exists a weighted homogeneous polynomial Un (W1, ... ,wn ) of 
degree n where Wi has degree i, such that for each compact topological manifold Wn 
with Stiefel-Whitney classes Wi there holds 
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The polynomials Ui form a multiplicative sequence in the Stiefel-Whitney classes, having 
the characteristic power series 

00. 2x 
1 + " x

2
' == (2). L..J 1- e-2:v 

i=O 

The power series on the right side yields precisely the Todd polynomials, up to a factor 
2i in front of xi. We therefore have 

The factor 2n is needed to cancel the powers of 2 in the denominator of the coefficients 
of the power series x/(l - e-Z

). 

Example: 

Hence we see that, when Wl, W2 = 0, the polynomial U2 vanishes. Since in addition 
W3 = 0, we also have 

Here we are fortunate, since theoretically W6 could also appear as a term in U6 • 

However, the coefficient of C6 in T6 is even. As we have seen, multiplication by 
the polynomial U4i+2 on the cohomology in codimension 4i + 2 of any manifold 
with Wlo W2, W3 = ° is the zero mapping. Since this multiplication originates from a 
non-degenerate pairing of the corresponding cohomology groups, U4i+2 is zero in the 
cohomology ring of every such manifold. Nevertheless, as a polynomial U4i+2 need 
not vanish modulo the indeterminates Wl, W2, W3. 

Example: 

U - 2 
10 = W5 
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8.2 Proof of Ochanine's theorem 

Having already formulated the theorem in the last section, we shall now prove it. For 
this we shall recall once more some of the general theory of elliptic genera of level N. 

Let L = 21l"i(lEr + lE) c C be a lattice, and let h be the elliptic function for this lattice 
with divisor (h) = N· (0) - N· (a) and the normalization h(x) = xN + .... Here 
a is an N-division point of the lattice L, which we take as a = 21l"ijN. In addition, 
we have denoted by 1 the N-th root of h, normalized by I(x) = x + .... For a 
complex manifold X of complex dimension d, the elliptic genus cP N,Of. of level N 
is then given by 

d 

'PN,Of.(X) = (g 1(~i))[Xl. 
The power series 1 can be explicitly determined. With 

we have 

I(x) = <P(r,x)<p(r, -a) 
<p(r,x-a) 

The elliptic genus 'P N,Of. (X) of X is a modular form of weight d on r 1 (N) (r 1 (N), 
in view of our choice of a). As the expansion of the elliptic genus at a Xv-cusp we 
obtained 

Xy(q, eX) = 'PN,Of.(X) . <p(r, _a)d. (_y)d/2 

with -y = eOf.. The normalization factor (eOf./2. <p(r, -a)) -1 is a modular form 0 

weight 1 on r 1 (N), up to 2N -th roots of unity. If 2N divides the dimension d, then 
(eOf./2 . <p(r, -a)) -d is likewise a modular form of weight d (cf. section 7.4). Hence 
Xy(q, eX) is a modular function on r1(N) if 2N I d. 

We also have derived a product representation: 

( 
d 1 + ye-"" (00 1 + yqne-"" 1 + y-1qne"'i)) 

Xy(q, eX) = IT Xi' 1 _ e-"'i IT 1 _ qne-",,' 1 _ qne"'i [Xl 
i=1 n=1 

00 00 00 00 

= Xy (X, ® AyqnT* Q9 ® SqnT* Q9 ® Ay-lqnT Q9 ® SqnT) 
n=1 n=l n=1 n=1 

= Xy(X) + .... 
The representation in terms of the twisted Xv-genera follows once again from the formulas 
in section 1.5. The coefficients of qi are therefore algebraic integers in the cyclotomic 
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field Q[y]. For y = lone can combine the terms for T and for T* and express them 
using TIC = TEI:') T*. In order to arrive at our genus from this expansion, we must still 
divide by cp(r,_a)d(_y)d/2. Now we have 

cp(r, _a)d = (2· sinh (-a/2) . (integral q-expansion))d 

= (e-"'/2 _ e"'/2) d . (integral q-expansion) 

= e-d"'/2(1_ e",)d. (integral q-expansion) 

= (_y)-d/2(1 + y)d. (integral q-expansion), 

where "integral q-expansion" always starts with 1 + O(q). Hence it is invertible in 
Z[[q]] and we have 

(
X) _ (integral q-expansion) 

<PN,,,, - (1 + y)d 

How does the expansion look at one of the other cusps? 

Instead of expanding the genus at another cusp, we can also change the 'N -division point 
(cf. Appendix I, §6). We now choose a = 27rikr/N with 0 < k < N. The power 
series f then takes the form 

f( x) = cp( r, x )cp( r, -a) . e(k/N)", 

cp(r,x-a) 

and for the genus we obtain: 

In this expression ql/N appears; <PN,,,,(X) is a mOdular form on rl(N). In order to 
obtain a modular form on r 1 (N) we must replace q by qN; the q-expansion of this 
modular form <PN,,,,(X) has integral coefficients: 

<PN,,,,(X) = (Norm.) 
00 00 

. x (X, Kk/N ® Q9 AqnT*®Q9SqnT*® Q9 AqnT®Q9Sqn(T)). 
n=k (N) n=l n=-k (N) n=l 

Here the normalization factor "Norm." has integral coefficients, and the integrality of the 
coefficients of the Riemann-Roch expression follows from that of X(X, Kk/N ® W) for 
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Cl == 0 (N). Therefore our genus 'PN,Ot has an integral q-expansion for a = 27rikT/N, 
provided that Cl is divisible by N. 

We now specialize these considerations to the elliptic genera of level two. Let X be 
an oriented differentiable manifold of dimension 4k. The elliptic genus of level two 
then yields a modular form of weight 2k on fl(2) = fo(2). There are two cusps. At 
one cusp (the signature) the expansion is integral up to the factor 2-2k (for d = 2k 
and y = 1), at the other cusp (the .A-genus) the q-expansion is integral if Cl == 0 (2), 
i.e. W2 = O. The coefficients of this q-expansion are twisted .A-genera .A(X, W). The 
bundles W which occur are complex bundles associated to TIC, hence satisfy W* 9:f W. 

For this genus we began with the differential equation 

//2 = 1 _ 28 . /2 + C . /4. 

From the product representation of / at the signature cusp one can easily determine the 
coefficients of I'(x)/ /(x), and then use the differential equation to obtain the following 
formulas for 8 and c (cf. Appendix I, §§3,4): 

00 

8=1/4+62: 2: d·qn, 
n=l din 

dodd 
00 

c = 1/16 + L 2: (_1)dd3 
• qn. 

n=l din 

If one expands / at the other cusp, one must obviously also do this for 8 and c in 
the differential equation. We shall denote by a tilde the conjugate expansion for fo(2) 
at the other cusp, 

-2 - - -I' = 1 - 28 . /2 + g. /4. 

Under this passage, we must replace 7 by -l/T and then 7 by 27, in order to arrive 
at the modular group fo(2). We then have (again, cf. Appendix I, §§3,4): 

_ 1 1 00 

8=-2. 8=-8- 3.2: 2: d·qn, 
n=l din 

dodd 

82 00 

g = ; c = 2: 2: d3
• qn. 

n=l din 
n/d odd 

Now each modular form on fo(2) is a homogeneous polynomial in 8 and c, hence 
also a polynomial in 88 and g: 

cp(X4k) = 2: Ca,b· (88t· go = P(88,~. 
a,b 

2a+4b=2k 
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If W2(X) = 0, we know that ~(X) has an integral q-expansion, and then the 
coefficients Ca,b must likewise be integral (proceed by induction, noting that 88 = 
-1 + . .. and e = q + ... ), hence 

~(X4k) E Z[88, e] 
=> c,o(X4k) E Z[88, eJ. 

Now at the signature cusp 22k . c,o(X) is integral, 

sign (q, .eX) = c,o(X) . 22k . (integral q-expansion) 

= 22k . P(88,e)· (integral q-expansion) 

= P(328, 16e) . (integral q-expansion), 

328 = 8· (1 + 24q . ( ... )), 

16e = 1 + 16q . ( ... ). 

If our manifold has dimension 4k with k odd, then the polynomial P is divisible 
by 328, since otherwise the weight could not be 2k. Hence all the coefficients of the 
modular function on the left side are divisible by 8: 

sign (q,.eX) == ° (8). 

We are now just a factor of 2 away from Ochanine's theorem. By the theorem at the start 
of section 8.1, the expansion at the A-cusp is not only integral, indeed its coefficients 
are all even. It follows at once that all the coefficients Ca,b of the polynomial P must 
likewise be even. We conclude that 

sign (q,.eX) == 0(16). 

In particular this holds for the constant term, the signature of X. 



Appendix I: Modular forms 

by NHs-Peter Skoruppa, Max-Planck-mstitut flir Mathematik, Bonn 

1 Fundamental concepts 

Let ~ = {T E C I lm (T) > O} be the upper half-plane of the complex numbers. The 
group SL2 (IR) acts on ~ by 

(A,T) 1-+ AT:= ~;t~ for A = (~ ~) E SL2(1R) andT E~. 
This action is the restriction to ~ of the natural action of SL2 (1R) on Pl(<C), if one 
regards ~ as a subset of PI(<C) via T 1-+ [a Because lm (AT) = Im(T)/lcr + d12, 
~ is in fact invariant under SL2(1R). 

Remark: This action factorizes to an action of the group PSL2(1R) = SL2(1R)/{±1}; 
PSL2(1R) is isomorphic to the group of biholomorphic transformations of ~. 

For a subgroup re SL2 (1R), r\~ becomes a topological space by means of the quotient 
topology. If r is a discrete subgroup, then a unique complex structure exists on r\~ 
so that the natural projection 7f : ~ --+ r\~ is holomorphic. 

Each compact Riemann surface of genus greate.!:. or equal to 2 can be obtained in 
that way. For if X is a Riemann surface and X its universal covering, then by the 
Riemann mapping theorem X is isomorphic to either P1(<C), C or ~; Therefore we 
have X ~ PI (<C), or X ~ C/ L for a lattice L in C (and X has genus 1), or 
X ~ r\~ for suitable re SL2(1R) (and X has genus greater or equal to 2). m the 
last two cases L, resp. pr := r / ( {±1} n r) is isomorphic to the group of covering 
transformations of the covering X --+ X, i.e. is isomorphic to 7fl (X). 

Examples: Examples of discrete subgroups of SL2 (IR) are provided by SL2 (Z) and 
each subgroup r c SL2 (Z). In particular, for n E N we define the following subgroups 

ro(N) := {A E SL2 (Z) I A == (~ :) (N)}, 

rO(N) := {A E SL2 (Z) I A == (: ~) (N)}, 

rl(N) := {A E SL2 (Z) I A == (~ ;) (N)}, 

r(N) := {A E SL2 (Z) I A == (~ ~) (N)}. 

The group r ( N) is called the principal congruence subgroup of level N. The following 
sequence is exact: 

1 --+ r(N) <-T SL2(Z) --+ SL2(Z/NZ) --+ 1, 
A 1-+ A mod N. 
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Hence r(N) is a normal subgroup in SLz(Z), and has finite index in SLz(Z) (so 
therefore do r 0 (N) :::> r I (N) :::> r( N) etc.). In terms of the Euler cp-function 

and 

we have more precisely: 

cp(N) := N· IT (1 - p-I) 
piN 

p prime 

'IjJ(N) := N· IT (1 + p-I) 
piN 

p prime 

[SLz(Z) : r(N)] = N 3
• IT (1 - p-Z) = N· cp(N) . 'IjJ(N), (1) 

piN 
p prime 

[SLz(Z) : rl(N)] = NZ. IT (1- p-Z) = cp(N) . 'IjJ(N), (2) 

piN 
p prime 

[SLz(Z) : ro(N)] = N· IT (1 + p-I) = 'IjJ(N). (3) 

piN 
p prime 

For k E Z, SLz (l~.) acts to the right on functions f : ~ -+ C: For A = (~ ~) E SLz (lR) 
and k E Z we define 

UlkA)(T):= (cT+d)-k. f(AT). 

That U, A) f-+ flkA in fact defines an action follows from the following cocyc1e relation: 
With AA' = A" we have 

(cA'T + d) . (C'T + d') = (C"T + d"), 

where c, d, c', d' etc. denote the lower entries of A, A' etc. 

Remark: SLz(Z) acts transitively on PI(Q) c PI(C). For a subgroup r c SLz(Z) 
of finite index, the orbits with respect to the action of r on PI (Q) are called the cusps 
of r, or the cusps of r\~. 

Definition: Let k E Z and r c SLz (Z) be of finite index. A function f : ~ -+ C is 
called a modular form of weight k on r if" 

(i) f is holomorphic on I), 
(ii) flkA = f for all A E r, 
(iii) for every SE SLz(Z), flkS has a Fourier expansion of the form: 

UlkS)(T) = L an' eZ7rirn/N 

n2:0 

for suitable an and suitable N E N. 

(4) 



I.1 Fundamental concepts 123 

Let Mk(r) denote the complex vector space of all modular forms of weight k on r. 
Remarks: 

1) Let 1 be a function on ~. satisfying (i) and (H). Then, for each S E SL2 (Z), 
IlkS is inyariant under s-lrs. Since s-lrs has finite index in SL2 (Z), 
there exists an N E Z, N > 0, such that (~ ~)S-lrs = s-lrs, 
i.e. (~ ~) E s-lrs. Therefore UlkS)(T+N) = UlkS)(T), so there ex­
ists a holomorphic mapping g : {t E <C I 0 < It I < I} -+ <C with the property 
UlkS)( T) = g (e27rir/N) , i.e. 

00 

UlkS)(T) = L an· e27rirn/N 
n=-CX) 

for suitable an. Thus we see that the restriction in (iii) of the definition of modular 
forms only consists of the requirement that an = 0 for n < 0, and not in the 
condition that a Fourier expansion exists. The expansion (4) is called a Fourier 
expansion at the cusp r Soo. 

2) Let 1 be a modular form of weight k on r, let 8 E P1 (<01) , 8 = Soo for a 
suitable S E SL2(Z) and IlkS as in (4). Then one puts ords (t) := no/N, 
where no denotes the smallest integer with ano =1= 0, and, for k even, one puts 
1(8) := ao· The quantities 1(8) and ords U) are independent of the special 
choice of S and only depend on 8 modulo r. For if r E rsoo, Roo = r, 
then there exists aGE r with G· Roo = Soo. Since now S-lGR leaves 
the point 00 fixed, it is of the form (~l :1:1)· and so there are c E {± I} and 

nl E Z with G· R = S· (~ :1). Therefore we have: 

UlkR)(T) = UlkGR)(T) = (flk S . (~ :1 ))(T) 

= ck 
. UlkS)(T + cnd 

= ck . L an· ee.27rinn1 /N . e27rinr/N. 
n2;:O 

Modular forms 1 which vanish at all cusps, i.e. which satisfy ords (t) > 0 for 
all s E PI (<01), are called cusp forms. The space of cusp forms of weight k on 
r is denoted Sk(r). 

3) As mentioned above, the space X:= r\~ can be given a complex structure so 
that 7r : ~ -+ r\~ is holomorphic. By adjunction of the cusps r\P1 (<01) one can 
make X into a compact Riemann surface X. For even k, the conditions (i) and 
(ii) correspond to the fact that there exists a holomorphic differential form w of 
weight k/2 on X with 7r*w = I(T)(dT)k/2. Condition (Hi) then implies that at 
the cusps w has at most a pole, whose order is bounded by k/2. In particular, 
for k = 2 and 1 a cusp form, the differential form w is holomorphic on all 
of X, and vice versa any holomorphic differential on X can be so obtained. 
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Thus, one can interpret modular forms as sections of certain line bundles over 
X; from general theorems on Riemann surfaces, the finite dimensionality of the 
spaces Mk(r) then follows immediately (cf. [Sh71]). For k = 2, it follows 
from this point of view that the dimension of 82 (r) is equal to the genus of X. 

For general background on modular forms see, for example, [Sh71], [Se70], [Ap76], 
[Sch74] or [Gu62]. 

2 Examples of modular forms 

2.1 Eisenstein series 

Let g : ~ --+ <C be a mapping, then f = 2:AEr glkA transforms formally as a modular 
form of weight k on r. It naturally remains to investigate the convergence of such 
an expression. A series defined in this manner is certainly divergent if the stabilizer 
rg = {A I glkA = g} of g has infinite order (and g =1= 0). A better definition for f 
is therefore in general: 

f:= L glkA. 
AErg\r 

For g a constant function and r = SL2 (Z) this construction yields, as an example, the 
so-called Eisenstein series: 

(1) 

Note that for k odd Mk(SL2(Z)) = 0, since any f E Mk(SL2(Z)) satisfies f = 
f I k ( - id) = (-1) k f. The same argument holds of course for any r containing - id . 
Thus we can restrict to even k, and here one has: 

Theorem 2.1: For k > 2 even, Ek E Mk(SL2(Z)), More precisely, the sum (1) is 
normally convergent on ~, thus defines a holomorphic junction on ~, is invariant under 
SL2(Z) with respect to the" Ik"-action, and one has 

Proof: To show that the series in (1) is normally convergent, it suffices to show that it 
is absolutely and uniformly convergent in each region of the form B: 
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Region of the fonn B 

From this it will also follow that : 

lim Ek(i. v) = -21 L lim (1IkA)(i· v) = 1. 
v-..oo v-+oo 

AE(~ n\SL2(Z) 

For the last identity note that limv->oo UlkA)(i . v) is different from 0, and then equal 
to 1, if and only if A E ± (~ ~). To prove the asserted convergence note first of all 
that two matrices A and AI lie in the same left coset with respect to (~ ~) if and 
only if their lower rows are equal. Thus we can write 

1 1 
Ek(T) = "2 L k . (2) 

c,dEZ (CT + d) 
gcd (c,d)=l 

Set 
p, := inf IXT + Y12. 

",2+y2=1 
rEB 

Then J.L is positive, since the continuous function (T, X, y) f-+ IXT + yl2 attains its 
minimum on the set of all (T, X, y) with T E B and x2 + y2 = 1. Using this J.L one 
has for all c, d E Z and T E B the inequality 

Icr + dl
2 ;::: J.L(c2 + d2). 

Thus the sum in (2) is dominated by 

-k/2" 1 
J.L L.J (2 + d2)k/2 ' 

c,dEZ C 
(c,d):;tO 

which in turn is dominated by 
211" 00 

J dx dy J J r dr dO const· k/2 = const· --k - < 00. 
(x2 +y2) r 

]R2\{O} 0 0 

We have M2k(8L2(Z)) = C· E2k $ S2k(8L2(Z)). This follows easily from the facts 
that E2k (00) = 1 and 00 is the only cusp of 8L2 (Z) (Le. 8L2 (Z) acts transitively 
on Pl(Q). 
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2.2 Theta series 

Definition: Let k be even and let L C ~k . be a lattice, i.e. there is a basis (el,"" ek) 
of ~k so that L = Zel + ... + Zek; assume that L is integral and even, i.e. x· y E Z 
and x 2 E 2Z for all x, yE L. Here X· Y denotes the standard scalar product on ~k. 
The determinant of L is defined by det (L) := HLdual/L}, where Ldual = {y E ~k I 
y . L C Z}. The level N of L is the smallest natural number N for which N y2 E 2Z 
for all y E Ldual. 

Definition: For a Dirichlet character X modulo N we define: 

Let 
00. 

(h(T) := 2: e7rir
",2 = 2: Hx ELl x2/2 = n}· e27rirn . 

",EL n=O 

Theorem 2.2: We have 

where (:) denotes the Jacobi symbol. 

For the proof the reader is referred to [Sch74] or [Og69]. 

Example: 

"',yEZ 
00 

= 2: H (x, y) E Z2 I x 2 + y2 = n} . e27rirn. 
n=O 

Here () = (h for L = v'2. (Z x Z). We have Ldual = )zZ x )zZ, N = 4, 

det (L) = 4, k = 2; therefore () E Ml (ro( 4), (~4)). Moreover, from theorems of 
number theory one knows an explicit formula for the number of representations of an 
integer by the quadratic form x 2 + y2. More precisely one has: 

()(T) = 1 + 4· f (2: (-,/)) . e27rirn . 
n=l din 

For further information on theta series see [Sch74] and [Og69]. 
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2.3 Lattice functions 

Let F : {lattices L c C} --+ C be a homogeneous function of degree -k, i.e. 

F(AL) = F(L)· A-k for all A E <C*. 

An example for k > 2 is: sk(L) = 2:-:\:. 
'YEL\{O} 'Y 
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Now define f(T) := F(ZT + Z); then flkA = f for all A = (~ ~) E SL2 (Z), for 
we have: 

UlkA)(T) = (CT + d)-k . f( ~;t~) = (CT + d)-k . F(Z ~;t~ + Z) 
= F(Z. (aT + b) + Z· (cr + d)) = F(ZT + Z) = f(T) 

(note that with (1", 1) also (aT + b, CT + d) is a basis of ZT + Z ). 

On the other hand, if flkA = f for all A E SL2 (Z), then 

. F(ZW2 + ZwI) := w1k 
• f(W2/WI) (with lm (W2/Wl) > 0) 

defines a lattice function, homogeneous of degree - k. This connection can be gener­
alized: 

Lemma: Let the function 

F: {(L,wo) I L lattice, Wo primitive N-division point ofCjL} --+ C 

be homogeneous of degree -k, i.e. 

F(AL,Awo) = A-k
• F(L,wo), 

let f be defined by 

/(1"):= F(ZT+Z, if); 
then flkA = f for all A E rl(N). 
Proof: Here the second argunient is always regarded as a class modulo L: 

UlkA)(T) = F(Z ~;t~ + Z, if) . (CT + d)-k 

= F(Z(aT + b) + Z(CT + d), cTtd
) 

=F(ZT+Z, NT+~) 
= F(ZT + lE, ~) = f(T). 

For the next to last equality observe that C == 0 (N) and d == 1 (N), hence 
N 1" + ~ == ~ (ZT + Z). di) 
On the other hand, if f transforms as a modular form on r 1 (N) of weight k, then one 
can define a function F : {(L, wo), Wo as above} --+ C by F(L, wo) := w1k

• f(W2/Wl)' 
Here Wl = N Wo and W2 is chosen so that L = ZW2 + ZWl and lm (W2 j Wl) > O. 
That one can find such an W2 for a suitable choice of representative Wo of Wo is left 
to the reader as an exercise (or cf. Lemma 7.5). 

Lemma: This junction F is well-defined and homogeneous of degree - k. dkJ 
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3 The Weierstra8 p.function as a Jacohi form 

If one considers further the last two examples of the previous paragraph, one is led to 
the theory of the so-called Jacobi forms (cf. [EiZa85]). We shall not define Jacobi forms 
in complete generality, rather we shall consider only some special cases of interest to 
us. We consider the following situation: 

(J) For r E g, let x f-+ q,( r, x) be a meromorphic, periodic (hence elliptic) function 
with respect to the lattice 27ri(Zr + Z). Further, let k E Z, r c SL2(Z) of 
finite index, and assume that: 

Such functions on g x C are called Jacobi forms on r of weight k (and index 0), if 
certain additional regularity conditions are fulfilled. 

Example: The WeierstraB p-function is defined as 

and fulfills (1) with r = SL2 (Z) and k = 2. 
Theorem 3.1: Let q, : g xC -+ Pl(C) be afunction which satisfies the assumptions (J). 
Let n E Z, a, (3 E ~ and let gn (r) be the n-th coefficient in the Taylor expansion of 
q,( r,·) at 27ri( ar + (3). Then we have: 

gnlk+nA = gn for all A E r with (a,{3)A == (a,{3) mod Z2. 

Proof: By the Cauchy integral formula, 

( ) 
__ 1_ f q,(r, x + 27ri(ar + (3)) d 

gn r - 2 . n+l x 7r2 X 

and therefore 

(gnlk+nA)(r) = gn(Ar)(cr + d)-(k+n) 

- 1 f q,(Ar,(x(cr+d) + 27ri(a'r + {3'))j(cr +d)) ( d)-kd( ( d)) - -. n+l cr+ x cr+ 
2n (x(cr + d)) 

with A = (~ ~) and (a', (3') = (a, (3)A. By substituting x for x( cr + d) and using 
(J), the assertion follows. CID 
Example: Put el(r) := p(r,7ri). This therefore transforms as a modular form of 
weight two with respect to {A E SL2(Z) 1(0, t)A == (0, t) mod Z2}. The latter set 
is nothing else than the group ro(2). 
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More generally, we want to consider the Taylor coefficients of go( 7", z) around any 
expansion point. For this, we prove the following 

Theorem 3.2: We have 

Here we make the convention, for now and the following, that: 

q=e27rir and (=e"'. 

(1) 

Proof: As is easily checked, the first summand is normally convergent, and, for fixed 
7", it is periodic in x with respect to 27ri(Z7" + Z). It has poles precisely at the lattice 
points, each of order two; therefore for fixed 7" the function defined by the first sum is 
go( 7", .) up to addition of a constant. The asserted identity now follows from the facts 
that go( x) = ;2 + 0 (x) and that the function defined by the first sum is equal for x 
tending to 0 to 

With the help of the identity 

1 = a = f:k. ak 
(aI/2 _ a-I/2) 2 (1 - a)2 k=I 

(Ial < 1) 

we obtain immediately from (1) the 

Lemma 3.3: For Iql < min{I(I,I(-II} we have 

1 00 1 00 

go (7", x) = ( 1/2 __ 1/2)2 + I:(I:d((d + Cd) )qn + 12 (1- 24 I:O"I(n)qn). 

Here 

(( n=I din n=l 

O"r(n) := I: dr. 
din 

At this point we shall introduce the Bernoulli numbers Bi , which are defined as follows: 



130 I Modular forms 

In particular, Bo = 1, BI = - ~ and B2k+! = 0 for k 2: 1. Moreover, one has 
the following table: 

k 1 2 3 4 5 6 7 8 9 

B2k 
1 -1 1 -1 5 -691 7 -3617 43867 
6" 30" 42 30" 66 2730 6" 5Iil 79'8 

-4k -24 -240 -504 480 -264 65520 -24 16320 -28728 
B21. 6'91 3617 43867 

BernouIli numbers 

We further have 

coth (x/2) __ 1_ ~ _ ~ ~ B2i 2i-l 

2 - (-1 + 2 - x + ~ (2i)! x 

and therefore 

lid (coth(X/2)) 
((1/2 _ (-1/2)2 = 4sinh (X/2)2 = - dx 2 

1 00 B2i x 2i - 2 

= x 2 - ~ 2i (2i - 2)! . 
.=1 

By means of the Fourier expansion of the sa-function we now obtain the 

Theorem 3.4: For k > 1, 

4k Loo (L 2k 1) n E2k = 1 - - . d - . q 
B2k 

n=1 din 

4k 00 

= 1- - . L 0'2k-1(n)· qn. 
B2k n=1 

10 

-174611 
-----a3O 

13200 
174611 

(2) 

Proof: Consider the Laurent expansion of sa( T, x) around x = O. On the one hand, 
directly from the definition of the sa-function and the Taylor formula, we find the 
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(2k - 2)-nd coefficient to be 

1 (2k - I)! 
(2k - 2)! 

m,nEZ (mr +n)2k 
(m,n):;tO 

2k - 1 00 1 
- (27l"i)2k . L n 2k 

n:=l c,dEZ 
(c,d):;tO 

gcd (c,d):=l 

2k -1 = .2k· ((2k)· 2E2k(r), 
(27l"z) 

1 

(er + d)2k 
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the latter directly from the definition of E2k (cf. §2, formula (2» and the definition of 
the Riemann (-function ((s) := En>l n-s • 

On the other hand, it follows from Leiiima 3.3 and (2) that the (2k - 2)-nd coefficient 
of the p-function is none other than 

A comparison of the two expressions yields 

Since E2k = 1 + O(q) by Theorem 2.1, the assertion follows at once, as does the 
following corollary. dbJ 
Corollary 3.5 (Buler): For the Riemann (-junction, we have 

Remark: This also holds for k = 1, on the basis of other considerations. 

We now define 

00 

E2(r) := 1- 24 L O"l(n). qn 
n=l 

and 

(3) 
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or equivalently (in view of Theorem 3.4 and its corollary) 

hence for k 2: 2 

G () (2k - I)! 
2k r = 2 (4) 

We thereby obtain as an alternative formulation of Lemma 3.3: 

1 00 x2k-2 
p(r,x) = x2 + 2 ~ G2k(r) (2k _ 2)!' 

As a further consequence of Lemma 3.3 and as an illustration of Theorem 3.1 one has 

Theorem 3.6: The constant terms el(r) := p(r,7l'i), e2(r):= p(r,7l'ir), and 
ea (r) := p( 7l'i( r + 1)) of the Taylor expansion at the primitive two-division points are 
modular forms of weight 2 (with respect to different groups). They are permuted by the 
"12"-operation of SL2(Z), el(r) being invariant under ro(2). We have: 

1 00 

el(r) = -"6 . (1 + 24· L O'~dd(n)qn) E M2(ro(2», 
n==l 

1 00 

e2(r) = 12 . (1+24. LO'~dd(n)qn/2) E M2(rO(2»), 
n=l 

ea(r) = 11
2

, (1+24. fO'~dd(n)(-ltqn/2) EM2(C~ ~)ro(2)(~ -i)). 
n==l 

Here O'~dd(n) = E din d. 
d=, (l) 

Proof: That el, e2, and e3 transform as modular forms for ro(2), r O(2), etc., 
follows from Theorem 3.1. That they are holomorphic on fJ and at the cusp 00 can 
be derived from their Fourier expansions, which in turn are given by Lemma 3.3. That 
they are permuted by SL2 (Z) follows from p(Ar, cT~d)(CT + d)-2 = p(r,x), for 

A = (~ ~) E SL2 (Z), whence for P(a,j3)(r) := p(r,ar +,8) we have 

P(a,j3)12(A)(r): = p(Ar,aAr+,8)(cr+d)-2 

= p(r, a'r + ,8') 

= p( a' ,13') 
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for (0/, f3') = (O!, f3)A. The regularity at all other cusps also follows from this property 
of being permuted. C!j) 

Remark 3.7: In particular we have, as will be frequently useful for the study of elliptic 
genera: 

1 
= "4 + 6· (q + q2 + 4q3 + q4 + 6q5 + 4q6 + ... ) E M2(ro(2)), 

'6: = ~ el =-~ - 3· f>·~dd(n)qn E M2(ro(2)), 
n=l 

g: = (el - e2) 

= 116 - q + 7q2 - 28q3 + 71q4 - 126q5 + 196q6 ± ... E M4(ro(2)), 

_ 1 ( )2 
g: = - e2 - e3 

16 
= q + 8q2 + 28q3 + 64q4 + 126q5 + 224q6 + ... E M4(ro(2)), 

£ : = (el - e2)(el - e3)(e2 - e3)2 

= q - 8q2 + 12q3 + 64q4 - 21Oq5 ± ... E Ss(ro(2)), 

tl : = 16 . IT (ei - ej)2 
i<j 

= q - 24q2 + 252q3 - 1472q4 + 4830q5 - 6048q6 ± ... E S12(SL2(Z)). 

In each case, the property of being a modular form or cusp form for ro(2) follows from 
the permutation statement of Theorem 3.6. 

One can immediately derive the following relations, also useful for the study of elliptic 
genera: 

el + e2 + e3 = 0, (5) 

- 1 
8 = -"28, 8 = -28, (6) 

1 -g = "4 (82 
- g), g = 4 (82 

- 0, (7) 

b = 16gg = 4g(82 - g) = 64g('62 - 0, (8) 

tl = 256c2g = 16gb = 64g2 (82 - g) = 4096g('62 - 02
, (9) 

el(r) = -2e2(2r). (10) 

Formula (5) follows from the Fourier expansions of e}, e2 and e3; (6) directly from 
the definition; (7) directly from the definition and (5); (8) and (9) directly from the 
definitions, resp. (7); (10) is clear. 
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4 Some special functions and modular forms 

4.1 The valence formula 

For the derivation of the explicit description of the modular forms on ro(2) given below, 
we first need a formula for dim Mk(rOC2)). One obtains this by means of the valence 
formula, valid for arbitrary subgroups r C SL2 (Z) of finite index. 

Theorem 4.1 (valence formula): Let f E Mkcr), f =P 0, then 

1 k L [PSL2(Z)s:prs]·ords (f)+ L Iprrl ordr(f) = 12 [PSL2(Z):pr]. 
SEr\Pl(Q) rEr\~ 

In the first two sums, one is to add over a complete system of representatives for the 
orbits of PI (Q), resp. ~, modulo r. Further, PSL2(Z), pr, etc. denotes the image of 
SL2(Z), r, etc. under the natural map SL2(lR) - SL2(lR)/{±I}, and prs, prr are 
the subgroups of those elements in pr which leave sand 'T invariant. 

Remarks: 

(i) The first sum is finite: 

H(r\P1 (Q)) :5 H(SL2(Z)\P1(Q))· [~SL2(Z) : pr] 

= [PSL2(Z) : pr] < 00. 

(ii) In the second sum, almost all terms are equal to zero (compare the proof-sketch 
below). 

(ill) The index [PSL2(Z)s : pr sJ depends only on the class rs. It is finite as is easily 
deduced from the fact that [PSL2(Z): pr] < 00. 

(iv) We have Ipr rl < 00, for as one can easily prove (cf. Lemma 7.8), we have 
(with p = e27ri/ 3

): 

If pr r =P 1, then either 

'T == i mod SL2(Z) or 

'T == P mod SL2(Z). 

Further, PSL2(Z)i = «(~ -~» (with order 2) and PSL2(Z)p = «(~ -D> 
(with order 3). 

Sketch of proof: The proof of the valence formula is essentially obtained by an 
application of the formula of Rouche: 

N - P = 2~i . J dlog(f), 
8G 

where N is the number of zeroes and P is the number of poles of the meromorphic 
function f in the region G. As region G one takes a fundamental domain for ~ 
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modulo r (the analog of the fundamental mesh of a lattice), from which one has removed 
neighborhoods of the cusps which are so small that they contain no zeroes and poles. 
This is possible since f has a Fourier expansion at each cusp. Moreover, one has to take 
care of possible zeroes of f on the boundary of G. To compute the integral of dlog (1) 
along 8G one chooses a fundamental domain whose boundary consists of finitely many 
pairs of curves so that for each such pair there exists a transformation in r identifying 
the curves of this pair with reversed orientation. The integral of d log (1) along each 
such pair is then easily computed by !lsing the transformation law of f under r. 
For the sketched computation one may restrict to the case of a modular form on SL2 (Z). 
This is due to the following observations: Let k be even. Then 

g .-.- IT 
(A running through a complete set of representations for the Pr-left cosets in PSL2(Z) 
defines a modular form of weight k· [PSL2 (Z) : pr] on the full modular group SL2 (Z). 

, Hence the right hand side of the valence formula for f on r equals the right hand 
side of the valence formula for g, considered as a modular form on SL2(Z), and, as 
can easily be checked, the same holds true for the corresponding left hand sides. Thus 
the valence formula for g implies the one for f. This argument can be modified to 
include the case of odd k. For a complete proof of the valence formula for r = SL2 (Z) 
cf. [Se70], or, for the general case, cf. [Ran], Theorem 4.14. d1J 
As a first consequence of the valence formula, we have, the following 

Corollary 4.2: 

1) Mk(r) = ° for all k < O. 
2) dimMk(r):::; 1 + 1k2 [PSL2(Z): pr] for k ~ 0, in particular Mo(r) = C. 

Proof: Part 1) is a trivial consequence of the valence formula since its left hand side is 
always non-negative. To prove 2), note that for T1,'" ,TN E ~ pairwise inequivalent 
modulo r, each having trivial stabilizer in pr, the homomorphism 

Mk(r) _ eN 
f I-> (1(T1)"'" f(TN)) 

is injective, as soon as N is greater than the right side of the valence formula. Indeed, 
< if f =P 0 then the left hand side of the valence formula for f is greater or equal to the 

number of i's with f(Td = 0, on the other hand it is strictly less than N, whence f 
cannot vanish for all the Ti. d1J 

4.2 The ring M*(2) 

If f and g are modular forms on a group r of weight k and 1, respectively, then 
f . g is a modular form of weight k + 1 on r. Hence, the subspace M* (r) of the spa 
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of all functions on ~ which is spanned by all modular forms of all weights on r is a 
ring. Moreover, as can be easily checked, it is a graded ring, i.e. 

M*(r) = ffiMk(r). 
kEIZ 

In this section we determine the structure of this ring in the case r = ro(2). We 
write M*(2) for M*(ro(2)). For r = ro(2), the space r\~ has exactly two cusps 
(i.e. r\P1(Q) has two elements), having representatives 0 and 00 (cf. Lemma 7.11 
below). Each T E ~ with pr T =P 1 is equivalent modulo r to e := (1 + i)/2 with 
re = «(~ :::~)) (cf. Lemma 7.10 below). Finally, we have [PSL2 (Z): pro(2)] = 3 
(cf. §1, formula (3». Therefore the valence formula for r = ro(2) can be written as: 

1 
2 ordo (I) + ordoo (I) + 2 orde (I) + k L ordT (I) = 4" . 

TEr\1) 
T;,te mod r 

Using the special modular forms on r == ro(2) introduced in Remark 3.7, we now 
conclude: 

1) Mo(2) = re, M2(2) = re· 8, M4(2) = re . 82 E9 re . c as a consequence of 
Corollary 4.2. From the Fourier expansions it follows that c( 00), 8(00) =P 0 and 
ordo (c) = 1/2 (cf. Theorem 3.6 and Remark 3.7). From this and the valence 
formula one deduces that 8( e) = 0 but c( e) =p o. 

2) Mk(2) ~ Sk+s(2) is an isomorphism. The injectivity is clear. The surjectivity 
follows from the fact that by Remark 3.7 L vanishes at the cusps, and has there 
the minimal vanishing orders for r, namely ordo (L) = 1/2, ordoo (L) = 1, and 
that it has, by the valence formula, no further zeroes, whence any cusp form on 
ro(2) is divisible by L (in the ring M*(2). 

3) 8 and c are algebraically independent: Since M*(2) is a graded ring and 8 
and c are homogeneous elements (of degree 2 and 4, respectively) it suffices 
to show that there is no non-trivial weighted homogeneous polynomial P such 
that P( 8, c) = O. Assume that P is such a polynomial, say of minimal degree 
2n. Then write P(8,c)=a·cn / 2 +Q(8,c)·c8+b.8n . Evaluation of P at the 
point e gives a = 0; at the zero of c (the cusp rO) it gives b = O. Therefore, 
Q(8,c) = 0, and Q has degree less than P. Contradiction! 

We can now prove the following structure theorem: 

Theorem 4.3: M*(2) = C[8, c]. 
Proof: By 3), C[8, c] C M*(2) is a graded polynomial ring. The dimension of the 
component of degree k in C[8,c] is 1 + [k/4] for even k (0 otherwise). But 
Corollary 4.2 implies dim Mk(r) :::; 1 + k/4. d1J 
By 2), there is a practical algorithm for writing each f E Mk(2) as a polynomial 
f = P(8, c). Namely, L = 4· (82 

- c)c and to each f E Mk(ro(2)) one can 
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find by consideration of the values at the cusps a simple polynomial Q (8, c:) so that 
f - Q(8,c:) is a cusp form (for the latter, note that: ordo (8) = ordoo (8) = 0 and 
ordo (c:) = 1/2, ordoo (c:) = 0). 

Lemma 4.4: Let r, r be subgroups of SL2(Z) with r c T-1rT for a matrix 
T E SL2 (lR). Further,Jet fer) be a modular form of weight k on r. Then flkT 
is a modular form on r. 
Proof: Let A E r, A = T-1 AT, A E r. For 1:= flkT we then have: 

llkA = l1kT - 1 AT = flkTT-1 AT = flkAT 

= flkT = 1. 

The regularity at the cusps follows similarly, and the holomorphicity of 1 is clear. dbJ 
In particular, by this lemma the normalizer of r in SL2(lR) acts on Mk(r). For 
r = ro(2) the following special cases are of interest to us. 

Corollary 4.5: 

1) For fer) E Mk(SL2(Z)) (in particular, f E Mk(rO(2))), we have f(2r) E 

Mk(ro(2)). 
2) An involution W2 is defined on Mk(ro(2)) by flw2 := flk(~ -1~v'2), the 

so-called Fricke-Atkin-Lehner involution. dbJ 
In the main part of the book, for a given modular form f E Mk(ro(2)) one occasionally 
considers the special expansion 

of f at the cusp ro(2)O. Obviously we have 

(1) 

Theorem 4.6: For the special expansions e~, 80 and c:O of eb 8 and c: at the cusp 
ro(2)O we have: 

° 1 ( e1(2r) = -2e1 r), 

1 -
8°(2r) = -2 8(r) = 8(r), 

c:O(2r) = e(r). 

(2) 

(3) 

(4) 
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Proof: The identities for e1 and 8 follow from (1), since W2 acts as ±id on the 
one-dimensional space M 2 • The sign can be determined by taking for T that element 
of ~ satisfying -liT = 2T. Now (2) and (3) follow directly. From Theorem 3.6 we 
know that the passage from T to -liT permutes the ei; more precisely, e1 and e2 

are exchanged while e3 is left fixed. Therefore we obtain: 

gI4(~ -~) = (e2 - e1)(e2 - e3) = q1/2 + 8q + ... , 

from which (4) follows. 

Theorem 4.7: The modular forms g and g in M4(ro(2)) have the following Fourier 
expansions: 

1 
g = 16 + L L (_1)dd3

• qn, 
n;?:l din 

(5) 

g= L L d3 .qn. (6) 
n;?:l din 

n/d=l (2) 

Proof: By Lemma 4.4, and since dimM4(ro(2)) = 2, E4(T) and E4(2T) generate 
the space M4(ro(2)). We have 

(7) 

= 1 + 240 L L d3
• qn (8) 

n;?:l din 
n/d=O (2) 

=1+30L L d3 .qn. (9) 
n;?:l din 

d=0(2) 

From g = 116 - q + . .. and (9) follows g = - 2!0 E4( T) + 320 E4 (2T), and therefore (5); 
from g = 0 + q + ... and (7) follows g = 2!0 E4(T) - 2!0 E4(2T), and hence (6). QtJ 

4.3 G2 and the Dedekind 'I]-function 

Lemma 4.8: The Eisenstein series 

transforms asfollows (with G2(T) := G2 (T) + 871"'~('7")): 

G212 (~ -~)(T) = G2(T) - -4
1
. 

7rZT 
(10) 
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resp. 
(11) 

for all A E SL2 (Z). 

Proof (after Hurwitz): Since SL2 (Z) is generated by (~ -~) and (~ i), and the 
transformation behavior of Gi under the latter matrix is clear, the general assertion (11) 
follows easily from (10). For the proof of (10) we consider the function G(r) := 
_471'2G2(r). From the partial fraction expansion of 71'2/ sin2 follows: 

where we have used ~(2) = 71'2/6. Consequently, 

Putting gn,k = (nr!k)2' the difference is therefore 

00 00 00 00 

n=lk=l k=ln=l 

For positive k, define 

1 1 1 
hn,k := (nr + k - l)(nr + k) = nr + k - 1 - nr + k ' 

and 
1 -1 1 

hn -k := = + -- ; 
(nr-k)(nr-k+1) nr-k+1 nr-k 

then 
h ±1 

gn,k - n,k = ( k)2 ( k ) nr + nr + ± 1 
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Proof: The identities for el and 8 follow from (1), since W2 acts as ± id on the 
one-dimensional space M 2• The sign can be determined by taking for r that element 
of ~ satisfying -l/r = 2r. Now (2) and (3) follow directly. From Theorem 3.6 we 
know that the passage from r to -l/r permutes the ei; more precisely, el and e2 
are exchanged while e3 is left fixed. Therefore we obtain: 

el4 (~ -~) = (e2 - ed(e2 - e3) = ql/2 + 8q + ... , 

from which (4) follows. 

Theorem 4.7: The modular forms e and € in M4(ro(2)) have the following Fourier 
expansions: 

1 
e= 16 + LL(-I)dd3 .qn, 

n2:1 din 

(5) 

€= L L d3 .qn. (6) 
n2:1 din 

n/d=l (2) 

Proof: By Lemma 4.4, ana since dimM4(ro(2)) = 2, E4(r) and E4(2r) generate 
the space M4 (ro (2)). We have 

= 1 + 240 L L d3 
• qn 

n2:1 din 
n/d=0(2) 

= 1 + 30 L L d3
• qn. 

n2:1 din 
d=O (2) 

(7) 

(8) 

(9) 

From e = l~ - q + ... and (9) follows e = - 2!0 E4(r) + 320 E4(2r), and therefore (5); 
from € = 0 + q + ... and (7) follows € = 2!0 E4(r) - 2!0 E4(2r), and hence (6). C!1J 

4.3 G2 and the Dedekind 7]-function 

Lemma 4.8: The Eisenstein series 

transforms as follows (with G;(r) := G2(r) + 8?r.I~(T»): 

G212 (~ -~)(r) = G2 (r) - -4
1
. 

7rzr 
(10) 
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resp. 
(11) 

for all A E SL2 (Z). 

Proof (after Hurwitz): Since SL2(Z) is generated by (~ -~) and (~ D, and the 
transformation behavior of G~ under the latter matrix is clear, the general assertion (11) 
follows easily from (10). For the proof of (10) we consider the function G(T) := 
-411"2G2 ( T). From the partial fraction expansion of 11"2/ sin2 follows: 

where we have used e(2) = 11"2/6. Consequently, 

1 11"2 11"2 00 00 1 1 
-G(-l/T)--+-+ ~~( + ) 
T2 . - 6T2 6 ~ ~ (nT _ k)2 (nT + k)2 . 

Putting gn,k = (nT~k)2' the difference is therefore 

~ 00 ~ 00 

G(T) - T-2G( -l/T) = L L (gn,k + gn,-k) - L L (gn,k + gn,-k). 
n=lk=l k=ln=l 

For positive k, define 

1 
hn k := ( )() , nT + k - 1 nT + k 

1 1 
nT + k - 1 - nT + k ' 

and 
1 -1 1 

hn k:= = +--' ,- (nT-k)(nT:-k+1) nT-k+1 nT-k' 

then 
±l 

gn,k - hn,k = --~2;:------
(nT+k) (nT+k±l) 
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is absolutely summable. Therefore the following exchange of order of summation is 
permitted: 

00 00 00 00 

n=lk=l n=lk=l 
00 00 00 00 

= L L (9n,k + 9n,-k) - L L (hn,k + hn,-k), 

k=ln=l k=ln=l 

and the difference we are attempted to evaluate is: 

00 00 00 00 

L L (hn,k + hn,-k) - L L (hn,k + hn,-k). 
n=lk=l k=ln=l 

Now the first sum is 0, since one verifies immediately that the inner sum vanishes for 
each n. For the second sum we obtain, using the partial fraction expansion for the 
cotangent: 

00 00 

k=ln=l 

00 1 OO( 1 1 1 1) 
= L -; . L: n + k::..! + -n + k::..! - n + 1£ - -n + 1£ 

k=l n=l T T T T 

7r (7r) ~(7r k-1 1 7r k 1) = - - cot - + 1 + L...J - cot ( 7r --) - -- - - cot (7r -) + -
r r r r k-1 r r k 

k=2 

= lim (-~ cot(7r~) + ~) 
k-+oo r r k 

(for r E ~). 

Definition: The Dedekind 7]-junction is defined as 

Lemma 4.9: We have 

00 

7](r) := ql/24. IT (1 _ qn). 

n=l 

d~ log (7](r)) = -27riG2 (r), 

7]( -l/r) = e-27ri/ S..,fT. 7](r), 
7](r + 1) = e27ri/247](r). 

(12) 

(13) 

(14) 
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In (13), it is Wlderstood that the root is to be taken so that the result again lies in ~. 

Proof: 

which is precisely -27riG2 (1'). From this and Lemma 4.8 we conclude that 

d(log (7]( -1/1'))) = -27riG2 ( -1/1') d: 
l' 

= -27ri(G2 (1') -1/(47ri1')) d1' 
= dlog (7](1')) + 1/(21') d1'. 

Therefore there is a constant k so that 7](-1/1') = k . 1'1/27](1') for all l' E ~. For 
l' = i this gives at once k = e-7ri / 4 . The equation (14) is obvious. d];I 

Corollary 4.10: For the discriminant ~(1') defined in Remark 3.7 we have 

00 

~(1') = 7](1')24 = q. IT (1- qn)24. 
n=l 

Proof: 7]24 is, by (13) and (14), a modular form for the full modular group of weight 12, 
without zeroes in ~ and with a zero of minimal order at 00. Therefore ~(1')/7](1')24 E 
Mo(SL2(Z)) is constant by Corollary 4.2; since ~(q) = q + O(q2), this constant is 
1. d];I 

Corollary 4.11: The modular forms e and ~ of Remark 3.7 satisfy: 

1 7](1')16 
e--· --

- 16 7](21')8 
(15) 

Proof: As already remarked in the proof of Corollary 4.10, we have ordoo (~) = 1 
and therefore (since ~ is invariant under SL2 (Z) ordo (~) = 1. For the functions 
e(1') := 7](1')8 and [(1') := 7](21')8 we therefore have: 

ordoo (e) = 1/3, ordoo (e) = 2/3, 

ordo (e) = 1/3, ordo (e) = 1/6. 

Therefore both right sides in (15) are regular at the cusps. Because 7] has no zeroes in 
~, the right hand side of the asserted identities define holomorphic functions oh ~. To 
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check their transformation law under r 0 (2) note that r 0 (2) is generated by T = (~ ~) 
and ST-2S = -(; n with S = (~ -~). By Lemma 4.9 we have: 

el4T = e27ri
/
3
e. 

el4T = e47ri/ 3 [, 

eI4ST- 2S = e-47ri/ 3e. 

[14ST-2S = eI4ST-lS(~ 1/~) = e-27ri/3eI4(~ l/~) 
= e-27ri / 3[ 

Therefore both expressions above are modular forms for ro(2) of weight 4. and a 
comparison of the first two coefficients of the Fourier expansions with those of c and e 
yields the assertion. C!1J 

5 Theta functions, divisors, and elliptic functions 

5.1 The Weierstra8 IT-function 

In the following sections we shall construct and investigate various explicit examples 
of elliptic functions (or rather theta functions or Jacobi forms). These will usually be 
given by infinite sums or products of simple analytic functions. We tacitly assume 
that the reader will verify that the products or sums converge in an appropriate way so 
that the functions defined by them have the required properties. As technical tool for 
this the following two facts are in general sufficient. Their proof can be found in any 
introductory book on complex analysis. 

1) Let :EnEN In (x) be a normally convergent series of meromorphic functions 
(i.e. for all compacta K there exists an N E N such that the function 
In has no poles on K for n > N and :En>NsuP:Z:EKlln(x)1 < 00). 
Then there exists a meromorphic function I(x) with :EnEN In(x) = I(x), 
{x I x pole of j} C Un {x I x pole of In}, and at each pole x of I we have 
ord:z: (i) ;::: minnEN{ ord:z: (in)}. 

2) Let the functions un(x) be holomorphic on C and let TIn EN (1 + Un (X)) 
be normally convergent (i.e. :EnEN Un (x) is normally convergent). Then a 
holomorphic limit value u(x) = TInEN (1 + un(x)) exists. For this function 
U holds: {x I u(x) = O} = UnEN {x 11 + un(x) = O}, and at the zeroes x of 
U we have ord:z: (u) = :EnEN ord:z: (1 + un). 
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In order to explicitly construct, for a prescribed divisor on an elliptic curve Cl L, an 
elliptic function with precisely this divisor, one needs the WeierstraB IT-function. In turn, 
one obtains the best understanding of this by considering theta functions. 

Definition: Let L c C be a lattice. A meromorphic junction f is called a theta function 
for L if d~2 log (I (x)) is elliptic with respect to L. The theta junctions defined by 
f(x) = exp (ax2 + bx + c) for a, b, c E C are called trivial theta/unctions. 

Remarks: 

1) The theta functions different from zero form a group with respect to multiplication. 
2) A meromorphic function f is a theta function with respect to the lattice L if and 

only if for each 'Y E L, f(x + 'Y)lf(x) is a trivial theta function of the form 
x H exp (bx + c). In particular, for a theta function f its divisor 

div (1):= L ord",+df)' (x + L) 
",+LEIC/L 

is therefore well-defined. By abuse of language we sometimes write (x) for 
(x + L) when dealing with divisors on the quotient CIL. 

With the notations Div(E) = {divisors on E = CIL}, eL = {thetafunctions"# 
o for L} and e L = {trivial theta functions for L} we have the following 

Theorem 5.1: For a fixed lattice L, the canonical assignment f H div (I) induces an 
exact sequence of groups: 

1 -+ eL '-t eL -+ Div (E) -+ 1. 

Proof: Clearly f H div (I) is a homomorphism. Let f lie in the kernel of e L -+ 

Div (E), i.e. f has neither zeroes nor poles, hence g:= log (I) is globally defined, so 

f = exp (g). Since ~ is elliptic, it follows that ~ = 2a, i.e. 9 = ax2 + bx + c 
for suitable a, b, eEC, hence f is a trivial theta function. We shall see in 
Theorem 5.2 that the divisor (0) has a preimage, namely the function IT. The surjectivity 
of eL -+ Div (E) now follows at once, since for D = L:~1 ni . (Pi) E Div (E) with 
Xi == Pi (L) we have 

div (0 IT(x - xiri) = D. 
~=1 

The function lT used above does indeed exist. Without loss of generality, we consider 
lattices of the form 21ri(ZT + Z), for T E ~: 

Theorem 5.2: For each T E ~, the product 

(1) 
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is normally convergent in x E C and defines a theta function for the lattice 27ri(Zr + Z) 
with div (O"(r,·)) = (0). In terms of the Eisenstein series G2k(r) of§3, equation (3), 
one has 

O"(r, x) = exp (G2(r)· x2) . ((1/2 _ C 1/2) . :fi (1- qn()(l_ f(-I) (2) 
n=1 (1 - qn) 

= X· exp(- f (2~)! G2k (r)· x
2k

). (3) 
k=2 

Proof: We have 

d 1 (1 1 X) 
- log (er) = - + '" -- + - +-dx x ~ x - "/ "/ ,,/2 

'YE2?ri(ZT+Z) 
,#0 

and therefore d~2 log (0") = - go( r, x). Hence 0" is a theta function. The assertion 
about the zeroes is also clear, since by what was proved above the product is normally 
convergent. 

On (2): For Iql < min{I(I,I(-II} we have 

d
2

2 
log (right side of (2)) 

dx 
d (1 x 00 qn( qn(-I) 

= 2G2(r) + dx "2 coth("2) + ~ (1-=- qn( + 1- qn(-I) 

= 2G2 (r) - . 1 Q:l 2 + d~ (f f (C k - (k) . qnk) 
48mh ("2 ) n=1 k=1 

=2G2{r)- 1 _~~k((k+Ck).qnk 
(
rl/2 _ 1"_1/2)2 ~ ~ 
."." n=1 k=1 

-1 00 1 00 

= 12 + 2 L 0"1 (n)qn - 2 - L Ld((d + cd)qn 
n=l ((1/2 - (-1/2) n=l din 

= -r{r,x), 

the latter by Lemma 3.3 and the definition of G2. Since also lna log (0") = 
- r( r, x), as proved above, we have 

0"( r, x) = exp (b( r)x + c( r)) . (right side of (2)). 

In addition, 0" begins with x + 0(x2) and is odd. The right side of (2) 
likewise begins with x + 0(x2) and is odd. Hence, b = c = o. 
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On (3): 

( 

00 xn x 1 x 2) 
log (right side of(l))-log(x) = L - Ln n +-+2(-) 

,#0 n=l 'Y 'Y 'Y 
00 n 

=-LL:n 
'Y:;to n=3 'Y 

~ 1 2k '" 
= - L...J 2k x L...J 'Y2k 

k=2 'YE2'1l"i(Zr+Z) 

1 

'Y:;to 

~ 1 2k 2 ( ) = - L...J 2k x (2k _ 1)! G2k r 
k=2 

= log (formula (3)) -log (x), 

where for the next to last equality we have used the identity (4) from §3. 
Therefore, (2) and (3) are equal up to multiplication by a constant, which is 
obviously equal to 1.. d1:J 

Sometimes it is better to consider the following theta function, with the same divisor (0), 
in place of the u-function; this theta function is not normalized by x+O (XS), but instead 
has a more conveniently representable behavior under translation by lattice vectors. 

Corollary 5.3: For each r E ~, 

q;(r,x):= u(r, x) . exp (-G2 (r). x2
) 

is a theta function for the lattice 211"i(Zr + Z) with div (q;(r,·)) = (0) and the normal­
ization q;(r,x) = x + O(x3

). We have thereby: 

and 

q;(r,x) = ((1/2 _ C 1/2) . IT (1- qn()(l_ r(-l) 
n=l (1 - qn) 

= x· exp(- f ~ G2k (r)· X2k) 
k=l (2k). 

d2 1 
-d 2 log (q;) = -r(r,x) - 2G2 (r) = - L . 2 • 

x 4 sinh ('Il"tnr+a:) nEZ 2 

The u- and q;-functions exhibit interesting invariance properties: 

Theorem 5.4: We have 

u(Ar, cr~d) . (er + d) = u(r,x), 

q;(Ar, cr~d) . (cr+ d) = exp(4'1l"i('::+d)) . q;(r, x), 

(4) 

(5) 

(6) 

(7) 
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for all A = (: ~) E SL2(Z), and 

q>( r, x + 27ri . (Ar + 1-£)) = q- >'2

2 

e->':z:( -1)>'+1' . q>(r, X), 

for all A, 1-£ E Z. 

(8) 

Proof: Equation (6) follows directly from the definition of the IT-function. (7) follows 
from (6) and G2(Ar)(cr + d)-2 = G2(r)- 4?ri(:'T+d) (by Lemma 4.8). One verifies (8) 
using (4), first for (A,I-£) = (1,0), resp. (0,1-£), and then by induction on A (using 
1+3+ ... +(2A-1)=A2

). CID 

S.2 The Jacobi form <p 

Theorem 5.5: Let L c C be a lattice, KL the field of elliptic junctions with respect to 
L, Divo (E) the group of divisors of degree 0 on the curve E = Cl Land Divp (E) 
the subgroup of principal divisors on E. Then f H div (j) induces an exact sequence 

1 -+ C* -+ K'L -+ Divp (E) -+ 0 (9) 

and we have 

Divp (E) = {D E Divo (E) ID = L np· (P), 
PEIC/L 

L np· P == 0 (L)}. 
PEIC/L 

Proof: The exac1l).ess of the sequence (9) is immediate except for the exactness at the 
middle place. The latter is equivalent to the fact that there is no non-constant elliptic 
function without poles (recall that any doubly periodic holomorphic function is bounded 
on a fundamental mesh, hence on C, hence constant by Liouville's theorem). 
The inclusion " C" of the asserted identity follows from the easily proved identities 

L ordp (j) = f dlog (1) = 0, 
PEIC/L 

L ordp (j). P ~ f xdlog(1) == 0 (L), 
PEIC/L 

where the integrals are taken along the boundary of a suitably chosen (not passing through 
zeroes or poles) fundamental mesh of L. For the inclusion ":>": If D = L:~1 ndxi) E 
Divo (E) (with not necessarily distinct Xi and ni E {±1}) such that L:~1 nixi EL, 
then one can assume L:~l niXi = 0 (otherwise, replace Xl by Xl - nl L:~l niXi ). 
Then the product f(x) := rr~llT(X - xit' is elliptic with divisor D, since for 'Y E L 
we have 

N ( )n. N IT X - Xi + 'Y • IT (_ "t' = IT exp (b(x - xi)ni + eni) 
i=1 IT X X, i=1 

N N 

=exp((bx+c)Lni-bLnixi) =1 
i=l i=l 
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where b and e are determined by 0-( X + 'Y )jo-( x) = exp (bx + e). 

We shall use Theorem 5.5 in the following to give an axiomatic characterization of 
various elliptic functions. 

Theorem 5.6: For r E ~, let ip( r, x) denote the elliptic junction with respect to x for 
the lattice L = 27ri(Z· 2r + Z) with the divisor (7ri) + (7ri· (1 + 2r)) - (7ri. 2r) - (0) 
and the normalization ip(r, x) = ~+O(I) for x -+ 0 (which, according to Theorem 5.5 
exists and is uniquely determined). Then we have: 

(10) 

for all A = (~ ~) E ro(2), 

ip(r,x)2 = go(r, x) - el(r), (11) 

(12) 
1 (1/2 + C 1/2 00 (1 + qn() (1 + qnC-1) (1 _ qn)2 

ip(r, x) ="2 (1/2 _ (-1/2 ·11 (1- qn()(I- qn(-I)(I + qn)2 ' 

( ) 1. (LN (-It h-(27rinr+X)) ip r,x = lm -2- cot , 
N~oo _ 2 

n=-N 

(13) 

_ q>(r,x-7ri) o-(r,x-7ri) . 
ip(r,x)- q>( )q>( _ .) = ( ) ( .) exp(27rzx.G2 (r)). r, x r, 7rZ 0- r, x 0- r, -7rZ 

(14) 

Proof: 

On (10): Choose a fixed r, and define 

1jJ(r, x) := ip(~;$~, cT:'-d) . (er + d)-1 = .!. + 0(1). 
x 

For -X, p, E Z we have 

1jJ( r, x + 27ri(2-Xr + p,)) = ip(Ar, "'+27rCi~!~T+Jl») . (er + d)-1 

= ip(Ar, cT:'-d + 27ri(-X' . 2Ar + p,')) . (er + d)-1 

= ip(Ar, cT~d) . (er + d)-1 

= 1jJ(r, x), 

where (A' p,') (i 2;) = (-X p,). Furthermore, 'Ij; has the same zeroes and 
poles as ip, as one easily sees. Since ip is ~que1y determined by these 
properties, we therefore have 

ip(r, x) = 1jJ(r, x) = ip(Ar, cT:'-d)(cr + d)-I. 
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On (11): rp(r, x + 27l"ir) = -rp(r,x), since rp(r, x + 27l"ir) + rp(r, x) is elliptic 
with !espect to L = 27l"i(Zr + Z) and has at most one pole (of order one) 
on L, and is therefore constant. The value of the constant is 0, as one 
sees by taking x = 7l"i. Hence rp( T, x)2 is elliptic with respect to L and 
has the same poles of order two as go( 1", x). Thus we have rp2 ( r, x) = 
go(r, x) + const. Setting x = 7l"i gives const. = -go(r,7l"i) = -el(r). 

On (12): Call the right side p(x). The function p is meromorphic and the various 
factors yield for the divisor: The denominator of coth (x) yields poles 
at 27l"i(Or + Z), and the numerator yields zeroes at 27l"i(Or + Z) + 7l"i. 
The product gives zeroes at 27l"i(Nr + Z) +7l"i, resp. 27l"i( -Nr + Z) +7l"i, 
and poles at 27l"i(Nr + Z), resp. (-Nr + Z). The divisors of rp and p 
therefore coincide. The invariance under x H x + 27l"i is clear; one checks 
the behavior under x H x + 27l"ir (hence (H q() as follows: 

. 1q(+1 00 (1+qn+l()(1+qn-1(-1)(1_qn)2 
p(x + 27l"z1") = - -- . IT --'-----"'-------'--'-----"-'-----'--''----=-~ 

2 q( - 1 n=l (1 - qn+1()(1 - qn-1(-1 )(1 + qn)2 

= -p(x). 

The normalization of p(x) islikewise ~+0(1). Hence p(x) has precisely 
those properties which characterize rp uniquely, i.e. p = rp. 

On (13): Let 8(X) denote the function defined by the sum. Obviously 8(X + 27l"i) = 
8(X), and one can easily show that also s(x + 27l"i1") = -8(X). The poles 
of 8 have order 1 and lie at 27l"i(Z1" + Z). Moreover, 8(X) = ~ + 0(1). 
Hence rp = 8 + const. But 8 is odd, as is rp obviously (-rp( r, -x) 
satisfies the same conditions as rp( r, x) ), hence the constant must be O. 

On (14): This follows again by verification of the properties characterizing rp for 
the right side of (14), by means of the various properties of q; given in 
the previous section. 

Note that (12) can also be deduced from (14) and (4). Similarly, one could derive (10) 
from (14) and the transformation law of cP derived in the previous section. d1J 
Exercise (expansion of rp at the cusp 0): 

rpO(r,x):= rp( ~1, ~) .1"-1 

is elliptic with respect to the lattice L = 27l"i(Zr + Z· 2) and has the expansion 1+0(1) 
:::::::: m 

for x -t O. The poles are at L and 27l"i + L, and we have 

(15) 

(16) 
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<f>( r, x - 7l"ir) -m/2 

= <f>(r,x)<f>(r,-7l"ir) e , 
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(17) 

(18) 

(for (16) verify that the right side s has the same poles and residues as <po, whence 
<po = s + const., and use that <po and s are odd functions). 

6 Elliptic genera of level N 

6.1 Tools: The <I>-function 

One obtains explicit formulas in the theory of elliptic genera oflevel N by application of 
the definitions and theorems of §5, in the same way this was done there in Theorem 5.6 
for N = 2. From consideration of formula (3) in §5 

we are led at once to the question: How do the modular forms Gk enter into these 
formulas? The answer is obtained from Theorem 3.1, which we recall here in a 
reformulation suitable to our aims. 

Theorem 6.1 For each r E ~, let 'P' (r, x) be a doubly periodic function in x with period 
lattice L = 27l"i(Zr + Z). Suppose that for a suitable number k E Z, re SL2 (Z), and 
group homomorphism c : r -t C* we have 

'P'(Ar, c ... ~d)(cr + d)-k = c(A)· 'P'(r, x) 

for all A = (~ ~) E r (briefly: 'P' is invariant under r of weight k with Nebentyp 
c). Let w = 27l"i( ar +.8) be an N -division point of L and an (r) the n-th coefficient 
of the Laurent expansion at the point w. Then we have: 

an(Ar)(cr + d)-(n+k) = c(A)an(r) 

for all A = (~ ~) E r' with r' = {A I (a, .8)A == (a,.8) (N)} " in particular, for 
w = 27l"i/N we have r' = r1(N) n r. d1) 

If A E SL2(Z), then O'(Ar, c ... ~d) . (er + d) is again a theta function for the lattice 
27l"i(Zr + Z) with divisor (0 + 27l"i(Zr + Z)), hence equal to a trivial theta function 
times O'(r, x). Indeed, as we have seen in formula (6) from §5, O'(r,x) is invariant 
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under SL2(Z). Therefore 0"/0' is also invariant under SL2(Z) (of weight 1), hence 
the k-th Taylor coefficient of to! log (0') is invariant under SL2 (Z) (of weight k + 1 ), 
and in fact it is a multiple of Gk+1 for odd k and 0 for even k. 

In view of Theorem 6.1, a formula analogous to formula (5) from §5, giving an expansion 
of <f> at a general N -division point, is of interest: 

Theorem 6.2: Let L = 27ri(Zr + Z) and let w = 27ri(ar + (3) with -1 < a,f3 < l. 
Then 

) ( 2:00 (x-w)kG(W)()) {x' ifw=O, <f>(r,x =exp -2 k' k r . "'( ) th· (1) 
• '±' r, W, 0 erwlse. 

k=l 

Here 

(2) 

where the c~w) are defined by: 

(X) (w) 

~ coth(::) = 2: ck, (x _ w)k-1. 
2 2 k. 

k=O 

Proof: From (4) of Corollary 5.3 we obtain for Iql < 1(1,1(1-1
, i~e. for IIm (x)1 < 

27rlm (r), 

Writing 

ed<ll _ e-d<ll = f(edW + (_1)k+1e-dw)dk (x ~t)k , 
k=O 

we find 

o 1 (X) ~ M (x_w)k 
ox log (<f>(r, x)) ="2 coth 2" - 2 ~ Gk+l(r) k! 

for x near w (note that by assumption IIm (x) I < 27r Im iz:1 i.e. w is in the domain 

valid for the cited expansion of ~ log (<f>(r, x)) ). Here G~11 = G~11 - const. From 
the latter equation the claimed formula can now easily be deduced. di:I 
Remarks: 

1) If w E -k L then it can easily be verified that the constant term of G~w) (r) is 
given by 



1.6 Elliptic genera of level N 151 

(8",,1 = 0 or 1 accordingly as k =f; 1 or k = 1). Here the B", (x) denote the 
Bemoulli polynomials, i.e. 

2) If w E it L, w = 27ri ar;f3 , then, by Theorem 6.1 applied to :'" log (<<p( T, x)), 
the function G~w)(T) transforms like an element of M",(r), where r = 
A-1r1 (N)A with A denoting any matrix with lower row equal to (cr.,{3). In 
fact, it is easily checked that G~w) E Mk(r): The regularity at the cusps follows 

from the fact that G1w)I",M = G1WI) with a suitable w' for any ME 8L2(Z), 
as is easily deduced from the transformation laws of «p( T, x) as stated in (7), (8) 
of Theorem 5.4. 

Example: Applying the preceding remark 2) to w = -27ri/3 one finds 

G~-27ri/3)(T) = - V; . (~ + f L (1) . qn) E Ml(rl(3)), 
n=l din 

G~-27ri/3)(T) = - V; . (- 4!6 + fLd2(~). qn) E Ma(rl(3)). 
n=l din 

Here (~) is the Legendre symbol (i.e. (~) = -1,0,1 for d == -1,0,1 (3). 
Remark: One can show that 

6.2 The function f for elliptic genera of level N 

We now want to use the methods presented above to study the function f (x) introduced 
by Hirzebruch in Chapter 7. 

Theorem 6.3: Let N E N and cr., {3 E Z, not both divisible by N. Then there is a 
unique junction f 01,(3 (T, x) with the following properties: 

1) x 1-+ /OI,{3(T,X) is a theta junction on the lattice 27ri(ZT+Z). 

2) The divisor of fa,(3(T,X) is (0) - (27ri (0Ir;{3)). 
3) fa,(3(T,X) = x + O(x2) for x -T 0 andfor all A, fl, E Z there exists an N-th 

root of unity v so that . 

la,{3(T, x + 27ri(AT + fl,)) = v· la,(3(T, x), 

i.e. x 1-+ f!:,(3( T, x) is doubly periodic with respect to 27ri(ZT + Z). 
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Remark: Obviously one has 1",,{3(r,x) = 1"",{3,(r,x) if (a,{3) == (a',{3') (N). 

Proof: By Theorem 5.1, I ",,{3 satisfying 1) and 2) certainly exists and is unique up to 
multiplication with ea.,'+b.,+c. Now 1:'{3 is a theta function with divisor N· ((0) -
(27l"i "',,:.8)), and N· (0 - 27l"i "''':.8) E 27l"i(Zr + Z). By combining Theorem 5.1 
and Theorem 5.5, we find that 1:'{3 is, up to multiplication by a trivial theta function 

e, a doubly periodic function on 27l"i(Zr + Z). Multiplying 1"".8 by const.· W, if 
necessary, one can therefore assume that 1:'{3 is elliptic with respect to 27l"i(Zr + Z) 
and satisfies I ",,{3( r, x) = x + 0 (x2) (x -T 0). Note that this 1:'{3 is uniquely 
determined (as is also implied by Theorem 5.5). This proves the theorem. d1J 
Theorem 6.4: Let 1",,{3(r,x) be as in the preceding theorem and let I(r, x) = lo,l(r,x). 
Then one has: 

(i) 

(ii) 

(iii) 

where 

(-27ri/N) 00 ( {(-27rid) 
( ) ck '"'" '"'" k-l cos--y;r-

Ik r = 2k + L...J L...J d . sin (-27rid) 
n=l din N 

E Mk(r1(N)), 

with c~w) as in Theorem 6.2. 

for k == 0 (2)) n 
for k == 1 (2) . q 

1",,{3(Ar, c7'~d)(CT+d) = 1(",,{3)A(r,x) 

for all A E 8L2 (Z), in particular for I( r, x) one has 

I (Ar, c7'~d)(cr + d) = I(r, x) for all A E rl(N). 

(7) 

(8) 

(9) 

I ",,{3(r, x + 27l"i(M + jt)) = exp (27l"i( ajt - (3).)fN) . 1(",,{3) (r, x), (10) 

for all )., jt E Z. 
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Proof: The right side of (3) satisfies the conditions 1),2), and the normalization condition 
in 3) of Theorem 6.3: One verifies (10) for the right side, using formula (8) from §5. 
Hence the right side of (3) also satisfies 3) in Theorem 6.3, and so is equal to 10I.,{3. 
TIlls also implies (10). The product representation of cp then yields (5). Further, (6) 
is a consequence of (3) and Theorem 6.2 (formulas (1) and (2». Formula (7) follows 
from (9) by logarithmic differentiation of I and Theorem 6.1. Formula (9) follows 
from (8), and (8) follows from the fact that I ",,{3 (AT, cr~d) . (CT + d) satisfies the 
conditions 1),2) and 3) of Theorem 6.3, with (a,.B)A in place of (a,.B): e.g., 3)results, 
with (A', Jl)A = (A,IL), as follows: 

I (AT ",+27ri(>.r+/L)) = I (AT ",+27ri(A'(ar+b)+/L'(cr+d))) 
",,{3 , cr+d "',{3, cr+d 

= 1"',{3(AT, cr~d + 27ri(A'AT+ IL')) 

( 27ri( I I)) ( "') = exp N aIL -.BA ·1"',{3 AT, cr+d • 

,'t, 

7 N-division points and rl(N)\~ 

7.1 Almost-Chebyshev polynomials and elliptic functions 

In the preceding paragraph we have seen that to a given elliptic curve E = Cl L with a 
fixed non-zero N-division point Q = w + L (i.e. N· wE L and w ~ L) there exists 
a theta function I ( x) for which: 

div (I) = (0) - (Q), 
IN (x) is doubly periodic with respect to L, 
I(x) = x + 0(x2

) for x -T 0, 

and that I is uniquely determined by these properties. 

From the definition it follows immediately that 

div (I(x). f(-x + w)) = 0 

and so 

for a suitable constant c. Thus (c/)N +(cJ)-N induces a function on X = (Cj L)I (T), 
where T: x H w - x. The same holds true for f'1 I since its pole divisor -(0) - (w) 
is invariant under T, and its residues are +1 and -1, respectively, whence I'I I = 
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I' / lOT + const., and const. = 0, as follows by setting x = w /2 in this equation. 
Moreover, this also shows that I' / I, as function on X, has exactly one pole which is 
of order 1, i.e. 1'/1 defines a biholomorphic map between X and Pl(C) and thus 
generates the function field of X. Thus there exists a rational function P so that 

(1) 

Clearly, P is uniquely determined by this identity. Since I-N +c2N IN, as a function 
on X, has a pole only at the same point as 1'/1, it follows that P is even a polynomial. 

As Hirzebruch observed, (1) implies that P is a normalized almost-Chebyshev polyno­
mial of degree N, i.e. 

P(x) = xN + ... , 
P'(x) = N· x· (x - 6)'" (x - ~N-2)' 
P(~i) = ±P(~j) for all i and j. 

Its values at the critical points ~i are ±2cN • 

Theorem 7.1: Let PN be the set of normalized almost-Chebyshev polynomials of degree 
N. For N ~ 3 the correspondence (C/ L, Q) H P induces an injection 

{(Cl L, Q) IN. Q = 0, Q =I- O}/isom -t PN / '" . (2) 

Remark: Here, two pairs (C/ L, Q) and (c/i, Q) of elliptic curves with distinguished 
N -division points are defined to be isomorphic if and only if there is a biholomorphic 
mapping 1 : C/ L -t C/L which carries 0 to 0 and Q to Q. The equivalence 
relation on the set of almost Chebyshev polynomials is defined by 

For the proof of Theorem 7.1 we need the following 

Proposition 7.2: Let 1: C/ L -t C/L be holomorphic with 1(0) = O. Then there exists 
a constant A E C so that the following diagram commutes: 

C 
!1l' 

C/L 
I 

--+ 

C 
!7F 

C/L. 

Proof: Since (C,7F) is the universal covering of C/L, we deduce from general theorems 
of topology the existence of a holomorphic mapping f so that the following diagram 
is commutative: 

I 
--+ 

I 
--+ 

C 
!7F 

C/L. 
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Now let 'Y E L. Then x H 1( x + 'Y) - 1( x) only takes values in L and is therefore 
constant, i.e. d~ 1( x + 'Y) = d~ f( x) for all 'Y E}. Hence d~ 1 is holomorphic and 
elliptic with respect to L, thus is constant. Hence l(x) = AX+JL for suitable A, JL E C, 
where we have JL = 1(0) E f, and can therefore without restriction assume that JL = O. 

~ 
Conversely, multiplication with a A E C for which AL C L obviously induces a 
holomorphic mapping C/L -T C/L. Therefore one immediately obtains from the 
proposition the 

Corollary 7.3: Two pairs (~/ L, Q) and LC/L, Q) are isomorphic if and only if there 
exists a A E C with AL = L and AQ = Q. ~ 

Proof of the theorem: We show first that a mapping (2) is indeed induced. Assume 
that one starts with two isomorphic pairs (C/ L, Q) and (t/L, Q) with AL = L and 
AQ = Q, and has obtained the equations P(J' / f) = f- N + c2N . fN and pCi' (I) = 
1-N + eN ·1N. Because of the uniqueness of 1, we first obtain 1 = A' f(X/A) 
and then 

Therefore 

whence P(x) = AN p{A-1 X). 

We now show the injectivity of the mapping (2). So let P(x) be given: then eN is 
uniquely determined, since the critical values of P at points unequal to zero are ±2cN • 

(Note that this argument does not hold true for N = 2. ) Thus P uniquely determines 
the differential equation P(J' / 1) = f- N + c2N fN, which in turn uniquely determines 
f. For the latter simply solve for the Laurent expansion of f' / f around O. Finally, f 
uniquely determines L and Q, its zeroes and poles. This completes the proof of the 
the~ ~ 

Proposition 7.4: The correspondence T H (C/27ri(ZT + Z), 27ri/N) induces a bijec­
tion 

rl(N)\~ -T {(C/L,Q) I Qis a primitiveN-divisionpoint}/isom. (3) 
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Remark: 

1) Recall that an N -division point is called primitive if N is its precise order in 
C/L. 

2) One can obviously combine the bijections of (3) to obtain a bijection 

U rl(N')\~ ~ {(C/L,Q) IN· Q = 0, Q =I- O}/isom. 
N'IN 
N'¥-l 

Proof of the proposition: The mapping is well-defined, i.e. for A = (~ ~) E r 1 (N) 
and 1" = AT one obtains the same image: 

(C/27ri(71..T' + 71.,), 27ri/N) = (~/27ri(71.. ~;t~ + 71.,), 27ri/N) 

~ (C/27ri(71..(aT + b) + 71..(cr + d)), 27ri(c7' + d)/N) 

= (C/27ri(71..7' + 71.,), 27ri/N), 

where we used that cr;d == -it modulo 71.,7' + 71., for A E r 1 (N). 
On surjectivity: In order to construct a preimage of (C/ L, Q) we use the following 

Lemma 7.5: For a primitive N-division point w, there exists wE Land w' == w (L) 
so that wand N· w' are a 71..-basis of L. 

Proof of the lemma: Let L = 71..w2 + 71..Wl and w = aWl t{3W2 with a, (3 E 71., and 
Im(w2/wd > O. Since w is primitive, we have (a,(3,N) = 1. Now use the easily 
checked Q[J 

Lemma 7.6: For numbers a, (3, N with (a, (3, N) = 1, there exist a' and (3' with 
(a', (3') == (a, (3) (N) and (a', (3') = 1. Q[J 

I 13' We therefore define w' by w' := a Wlt W2 and choose "li E 71., with a'li - (3', = 1. 
Then 

defines a basis Nw' and w of L with lm (w / Nw') > O. 
UsingLemma7.5,wewrite (C/L,Q) = (C/L,w+L) as (C/(71..w+71..Nw'),w'+L). 
The latter is obviously isomorphic to (C/27ri (71., NC:' + 71.,), 2;/). A preimage is therefore 
l' = w/(Nw'). 
On injectivity: Assume that 

(C/27ri(71..'T + 71.,), 27ri/N) ~ (C/27ri(71..T + 71.,), 27ri/N). 

Then there is a matrix A = (~ ~) E SL2 (71.,) so that 'T = ~~t~. Hence 

(C/27ri(71..'T + 71.,), 27ri/N) ~ (C/27ri(71..(aT + b) + 71..(CT + d)), 27ri(CT + d)/N) 

~ (C/27ri(71..7' + 71.,), 27ri(cr + d)/N). 
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The latter is by assumption isomorphic to (C/(7l,r + 7l,), 27ri/N). Therefore we must 
have (cr + d)/N == l/N modulo 7l,r + 7l" and so A E r1(N). dIJ 
The composite of the maps (2) and (3) gives a map 

This map is induced by the correspondence which associates to each r E ~ the 
pol ynomial Pr ( x) determined by 

( Im f(r,x)) ( )-N 2Nf( )N 
Pr f(r, x) = f r,x + c r,x, 

where f(r,x) = f(O,l)(r,x) in the notation of Theorem 6.3 and 

c-2 = f( r, x) . f( r, -x + 27ri/N). 

This map is holomorphic in the sense that the coefficients of Pr(x) are holomorphic. 
More precisely, one has 

Lemma 7.7: The coefficient ai(r) of Pr(X) = x N + a1(r)XN - 1 + ... + aN(r) is 
a modular form of weight i on rl(N). 

Proof: Let Ai(L, Q) denote the coefficients of the polynomial P(x) associated to the 
pair (C/L,Q). Clearly ai(r) = Ai (27ri(7l,r + 7l,), 27ri/N). By Theorem 7.1 we have 
Ai(AL,AQ) = A-iAi(L,Q). The coefficient Ai(L,Q) is therefore a homogeneous 
lattice function of degree -i. From the discussion at the end of part 3 of §2 we deduce 
that ai transforms like a modular form of weight i on r 1 (N). 
The regularity of the ai(r) follows from the fact that they are polynomials in certaill 
modular forms on rl(N). Indeed, by formulas (6)-(7) of §6 we have 

00 k 00 k 

f(r,x)=x.exp(2Lfk(r)~!-2 L Gk(r)~!) 
k=l k=l 

k::O (2) 

with fk(k odd) and fk-Gk( k even) in Mk(r1(N)). The coefficients of the Laurent 
expansion of f( r, x) and (t" f( r, x)) / f( r, x) around x = 0 are therefore polynomials 
in the fk (k odd) and fk - G k (k even). But then the coefficients of Pr (x) are 
also polynomials in these functions as follows easily from the differential equation for 
f ( r, x) and a simple induction argument. dIJ 

7.2 The genus of the modular curve Xl(N) 

In the following let Xl (N) denote the Riemann surface 
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For small values of N one has for the genus g(N) of XI(N): 

N 1-10 11 12 13 14 15 16 17 18 ;::: 19 ;::: 31 

g(N) 0 1 0 2 1 1 2 5 2 >2 > 10 

Genus g(N) of Xl (N) 

In this section we derive a formula for the genus g(N). For doing this we have to 
describe first of all the complex structure of XI(N), or, more generally, the complex 
structure of X(r) := r\(~ U PI (Q)) for any subgroup of finite index in SL2(Z) (for 
details compare [Sh71]). So let 71" : ~ U PI(Q) -+ X(r) ,be the natural projection. For 
each 'To E ~UPI(Q) we define the following function: 

t'T0(7) = (~::::;or', if70 E~, I pr 'To I = v> 1,' . 
{ 

'T - 70, if'TO E ~, pr 'To = {id}, 

e27riA'T/v, for A'To = 00, A E SL2(Z), v = [PSL2(Z)71l : pr 'To). 

We make ~ U PI(Q) into a topological space by calling a subset M open if for each 
point 7 E ~ n M an open neighborhood of 7 in ~ is contained in M, and for each 
7 E PI(Q)nM the interior of an open disc touching 7 and lying in ~ is contained in M 
(if 7 = 00, then by definition such a circle is of the form {7' E ~ I lm (7') > e > O}). 
The set X(r) is given the quotient topology. Then for each Po = 71"(70) E X(r) there 
exist open neighborhoods U of Po and V of 70 so that t(p) := t'T0((7I"IV)-I(p)) 
defines a homeomorphism of U with a neighborhood of O. We call (U, t) a chart at 
PO. One verifies easily that a complex structure on X(r) is thereby determined. 

The natural mapping 

(4) 

is holomorphic and obviously of degree f.£ = [PSL2(Z) : prl(N)). We leave it as an 
exercise (but compare formula (2) from §l) to verify that 

{
3, 

f.£ = !. cp(N) . 'ifJ(N), 
if N = 2, 
otherwise, 

where cp(N) denotes the Euler cp-function 

and 

cp(N) = Ha E Z/NZ I (a,N) = I} = NIT(l-p-l) 
piN 

'if;(N) = #PI(Z/NZ) = NIT (1 + p-I). 
piN 
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. To obtain explicit formulas for g( N) we shall apply the Riemann-Hurwitz formula to the 
covering (4). For this we need information about possible fixed points and the number 
of cusps of r 1 ( N) since these points are possible ramification points of the map (4). 

Lemma 7.8: Any fixed point r of r c SL2(Z) is equivalent under SL2(Z) to 

1) i, and pr 7" is conjugate to (( ~ - ~ )) in PSL2 (Z) and has order 2, or 
2) P = e21ri/ 3 , and pr7" is conjugate to ((~ -i)) in PSL;(Z) and has order 

3. dJ:I 
We leave the proof of Lemma 7.8 to the reader (or else cf. [Se70]). Note that the lemma 
implies in particular that any subgroup r c SL2 (Z) of finite index has, modulo r, only 
finitely many inequivalent fixed points in ~. Moreover it is clear that for any r E ~ 

one has Ipr7" 1 E {1,2,3}. 

Lemma 7.9: Let r be a subgroup offinite index in SL2 (Z), and let g(r) denote the 
genus of x(r) = r\(~ U Pl(Q)). Let p, = [PSL2(Z) : pr] and let V2 and V3 denote 
the number of inequivalent fixed points modulo r, which are equivalent modulo SL2 (Z) 
to i, resp. P = e21ri / 3 • Further, let Voo be the number of cusps r\Pl (Q) of It We 
then have: 

g(r) = 1 + J!:..- _ V2 _ V3 _ Voo 
12 4 3 2· 

Proof: Let el, ... ,et be the branching orders of the natural map S : X(r) --+ X(1) 
for the preimages of p. Since ej 13, ej is either 1 or 3 and so V3 = Hj 1 ej = 1}. 
Further, p, = 2:~=1 ej (if Ai E SL2(Z) such that AlP, ... ,Atp are representatives 
for the preimages of P then Ui=l, ... ,t Air p gives a complete set of representatives for 
pr\PSL2 (Z) and therefore 

For i and 00 we have analogously :ES(P)=i (ep - 1) = Hp, - V2) and 
2:S(P)=oo (ep - 1) = Hp, - voo ). The Riemann-Hurwitz formula therefore says 

2g(r) - 2 = p,(2g(1) - 2) + E (ep - 1) 
PEX(r) 

2 1 = -2p, + 3(P, - V3) + "2(p, - V2) + (p, - voo ), 

where we have used g(1) = 0 (since j(r) = E!(r)/tl.(r) has as sole singularity a 
pole of order one and so defines an isomorphism X l (1) --+ Pl(C). Hence the assertion 
follows. dJ:I 
According to the preceeding lemma we have to look for possible fixed points of r 1 ( N) : 
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Lemma 7.10: Let P E ~ be a fixed point of r l (N). Then either 

or 

N = 2 and P == ~(i + 1) (rl (2)), 

1 
N = 3 and P == "6 (3 + H) (r I (3)). 

or 

In particuiar,Jor N 2:: 4 the group r I (N) has no fixed point. 

Proof: For N = 1 we know this from Lemma 7.8. From this lemma it is also easily 
deduced that tr(A) E {±1,0} for matices A E rl(N)T. Now A == (~ ~) (N) and 
therefore we must have tr (A) == 2 (N). This condition cannot be fulfilled for N 2:: 4. 
In case N = 2 we must have tr (A) = 0, hence each fixed point is equivalent to i and 
of the form -~ with a == 1 (2) and c == ° (2). By Lemma 7.9 we see, since the degree 
/.t of the covering 3 is 3 in this case, that the number V2 of fixed points is equal to 1 
or 3. But since irl(2) is not a fixed point (the stabilizer ((~ -~)) of i does not lie 
in r l (2), V2 = 1 and there remains only one fixed point, namely Iti rl(2). 
Analogous considerations show that the fixed points of r l (3) are conjugate to p, and 
that likewise there is only one of them. dIJ 
For the number of cusps we have the following 

Lemma 7.11: The number cu (N) of cusps rl(N)\PI(Q) is given by 

cu(l)=l, cu(2)=2, cu(4) =3, 
1 

cu(N) = 2 LCP(t)cp(N/t) otherwise. 
tiN 

(5) 

Proof: For N = 1 this is clear. Now each element of PI (Q) can be written as a column 
vector (~) = (~ :) (~) for a matrix in SL2(Z). This representation is unique up to 
identification of (~) with (:::~). In addition, r( N) C SL2 (Z) is a normal subgroup 
and SL2(Z)/r(N) ~ SL2(Z/NZ). Therefore the cusps r(N)\PI(Q) can be written 
uniquely (up to sign) as column vectors reduced modulo N (thereby (a, c, N) = 1). 
Under the larger group rl(N), (~) and the column vector (a-t:,"'c) = (~ ~)(~) 
reduced modulo N are identified. One can therefore take as representatives of the 
cusps, up to sign, those c E Z/ NZ and a E Z/ (c, N)Z with (a, c, N) = 1. 
For fixed tiN there are cp(N/t) possible c E Z/NZ for which t = (c,N). For 
each of these c there are cp(t) possible a E Z/tZ with (a, t) = 1. Hence there are 
L-tINCP(t)cp(N/t) such pairs. Now the pairs (~) and (:::~) must still be identified. 
We therefore halve this number apart from c = ° or c = !f-. For c = 0, N =I 2 we 
must also halve this number, since (~) and (~a) are identified, although a;f:. -a (N) 
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(consider t = N and 2a =I- N, since (a, t) = 1). For c = If and N =I- 4 analogous 
considerations apply. Formula (5) follows from this for N =I- 2, 4. For N = 2, resp. 4, 
one thereby makes two, resp. one identification too many, and must therefore add 1, 
resp. 1/2 to the result of (5). d];J 

We now have 

Theorem 7.12: The genus g(N) of Xl(N) is 0 for N ::; 4, and is otherwise given 
by the formula 

1 1 
g(N) = 1 + 24 cp(N)'if;(N) - 4 . 'L cp(t)cp(N/t). (6)d];J 

tiN 

Remarks: 

1) For prime numbers N = p :::: 5 the formula (6) simplifies to 

( ) 
_ (p - 5)(p - 7) 

gp - 24 . 

2) Recall from the remark at the end of §l that g(N) equals the dimension of 
82 (r 1 (N)). So the theorem gives us an explicit formula for the dimension of 
the space of cusp forms of weight 2 on r 1 (N). More generally it is possible to 
show that for N :::: 5 and k :::: 2 one has 

dim Mk(rl(N)) = CP(N~~(N) (k -1) + ~ 'Lcp(t)cp(N/t). 
tiN 





Appendix 11: The Dirac operator 

by Paul Baum, Pennsylvania State University 

1 The solution 

Let E, F be two complex vector bundles over X, where X is a compact Coo-manifold 
without boundary. Further, let D : Coo(E) -+ Coo(F) be an elliptic differential 
operator; then the kernel and cokernel of D are finite dimensional vector spaces, and the 
index of D, ind (D) := dime ker (D) - dime coker (D) is well-defined. The Atiyah­
Singer index theorem asserts that this index can be computed by a purely topological 
formula. 

If X is complex analytic, E a holomorphic vector bundle over X, and one chooses 
Hermitian structures for TX and E, then the twisted differential operators aE and 
a ~ are defined. If one considers the differential operator 

then one obtains as a special case the Riemann-Roch formula of Hirzebruch: 

x(X, E) = (ch (E). td (TX))[X). 

An important elliptic operator is the Dirac operator. Consider ]Rn with n = 2r or 
n = 2r + 1 and matrices El,'" ,En E M (2r X 2r , q with the following properties 
(Clifford relations): Each Ej is a skew-adjoint matrix, 

EJ = -1 for j = 1, ... ,n 

and EjEk + EkEj = 0 for all j =I- k. 

Here and in the following 1 denotes the identity matrix. For odd n, we require that 

for even n the Ej are to be block matrices of the form 
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Such matrices do indeed exist, and there is a simple 

Algorithm for construction: For n = 1, El = (-i) is uniquely determined. If n 
is odd, r also increases by one when n is raised to n + 1, and 2r x 2r -matrices 
El , ... ,En+! with the desired properties are obtained from the matrices El, ... ,En for 
n as follows: 

Under passage from even n to n + 1, r does not change; the new matrices are 
determined as follows: 

E- E fi . 1 d E- (-iI 0) j = j or J = , ... ,n an n+l = 0 iI' 

Remark: All entries of these matrices consist of the numbers 0, ±1 and ±i. In addi­
tion, !:!}ese m~ces are Unique in the following sense: To any two systems El, ... ,En 
and El, ... ,En of matrices which satisfy the above properties, there exists a unitary 
matrix U E U(2r) which conjugates the sets into one another: 

{E; Jj = 1, ... ,n} = {UEjU- l I j = 1, ... ,n}. 

Example: 

n = 1: El = (-i). 

n= 2: El = ( 0 -i) 
-i 0' 

We are now in a position to define the Dirac operator for all ]Rn. 

Definition: The Dirac operator for ]Rn is defined by 

Examples: 

n = 1: D - -i.2.... - ar!) • 

n=2: D=-2i.(% -r) with 8=Ha~1 +ia~J,8*=H-a~1 +ia~J·, 
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Remark: The Dirac operator D is formally self-ad joint, that is J (D f, g) dx = 
J (j,Dg)dx for C=-functions f,g : lRn -+ <C2r with compact support (here (.,.) 
is the standard scalar product on C2r ). It is described by a Hermitian 2r x 2r operator 
matrix. D is a root of the Laplace operator .6. in the following sense: On the strength 
of the Clifford relations for the Ej , and since the &~. commute among themselves and 

3 

with the Ej , we have 

D2 = -.6. . I with 
n 82 

.6.="'-. 
L...J 8x '2 
j=l J 

In order to construct the Dirac operator on a C=-manifold X, one must place two 
further assumptions on X. Namely, the Stiefel-Whitney classes Wj E Hj(Xj 71,/271,) 
must satisfy: 

1) Wl = 0 (thus X is orientable), 
2) W2 lies in the image of the reduction homomorphism p : H2(Xj 71,) -+ 

H2(Xj 71,/271,). 

When the conditions 1) and 2) are obeyed M admits a so-called Spinc-structure. For 
each fixed Spinc-structure (e.g., complex manifolds have a canonical Spinc-structure) 
one can construct a canonical first Chern class Cl. As an example, for complex manifolds 
the above assumption holds because p(cd = W2. The ordinary first Chern class thereby 
coincides with the one obtained from the canonical SpinC-structure. We use the identity 

eg,/2. x/2 = __ x __ 
sinh (x/2) 1 - e-g, 

in the ring of formal power series in order to define a Todd class for a manifold X with 
a Spinc-structure: 

td (TX) := eC1
/

2 
. A(TX). 

In the following paragraph, this Todd class solves the problem of computing the index 
of the Dirac operator. 

2 The problem 

Definition: Let (V, (.,.)) be an n-dimensional Euclidean vector space, and let T(V) = 
lR$ V $ V ® V $ ... be the tensor algebra of V. The tensors of the form (v, v) ·1 +v®v 
generate a two-sided ideal I c T(V). The quotient Cliff (V, (.,.)) = Cliff (V) := 
T(V)/I is the Clifford algebra of V (with respect to (.,.). 
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Notice that IR as well as V is canonically embedded in Cliff (V). In Cliff (V) we 
denote the multiplication induced by" ®" simply with"· ". The sole relation between the 
elements can therefore be written as v 2 = - (v, v).1. For an orthonormal basis el,'" ,en 
with respect to (-,.) we have the Clifford relations e~ = -1 and ej . ek + ek . ej = 0 
for j =I k. The Clifford algebra has the 2n basis elements e~l ... e~" with C j E {O, I}. 
There is a canonical lR-vector space isomorphism 

of Cliff (V) onto the exterior algebra A(V). 

Definition: For an orientable manifold X of dimension n = 2r or n = 2r + 1, a spinor 
system isa triple (c,(·,·),F), where c is an orientation of X and (.,.) isaRiemannian 
metric on X. One can therefore construct a bundle Cliffe (X) of C-algebras, whose 
fibres over points P E X are Cliff (TpX, (-"}p) ®IR C. In addition, F is a complex 
vector bundle satisfying the following conditions: 

1) rkcF = 2r
, 

2) for all P E X, Fp is a Clifford module, i.e. there is a C-linear operation 
"": Cliffe (TpX) -+ end (Fp) for which 1 acts on each fibre as the identity, 

3) a Hermitian structure (-,.) is chosen on F, which defines an invariant metric in 
the following sense: 

4) each tangent vector v E Tp(X) c Cliffe (TpX) acts as a skew-Hermitian 
mapping, v* = -v. 

In addition, if n is odd and e1,'" ,en is a positively oriented orthonormal basis of Tp , 

the product i r +1el ... en is to act as the identity on Fp. For even n, this additional 
condition need not hold. 

In order to construct a spinor system, one needs precisely the assumptions on X which 
were given in the previous paragraph: W1 = 0 (orientability) and W2 E p(H2 (X;Z)). 
Such a manifold together with a spinor system is called a Spinc-manifold. The choice 
of the spinor system therefore determines the choice of a preimage Cl E P -1 (W2)' 

Exercise: Show that the condition on W2 is necessary. Find a closed simply-connected 
manifold X which is not a Spinc-manifold. 

Remarks: 

1) In the complex-analytic case, F = 2:;'0 A O,j T* defines the canonical spinor 
system. 

2) For even n, let e1,'" ,en be a pOSitively oriented orthonormal basis of T pX. 
We have (ire1'" en )2 = id. The spinors F therefore decompose under the 
action of ir el ... en into the eigenspaces F + of +1 and F _ of -1. 

3) Originally, TM had GL(n,lR) as structure group. It can be reduced to 
GL +(n,lR) by means of c, and then to SO(n) by means of the· metric (', .). 
Finally, it can be lifted to a Lie group SpinC(n) lying over SO(n) with fibre SI. 
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Choosing a spinor system is equivalent to choosing such a lifting of the structure 
group of TM from GL(n,lR) to SpinC(n). 

Definition: Let X be an n-dimensional manifold with the spinor system (c, (-,.), F). A 
differential operator D is called a Dirac operator if it satisfies the following axioms: 

1) D: COO(F) -+ COO(F) is C-linear. 
2) The Leibniz rule holds: we have 

DU, s) = (df)· s + f(Ds) 

for sections s E COO(F) and Coo-functions f : X -+ C. Here the cotangent 
vector df is considered as a tangent vector via (-,.) (and then as an element of 
the Clifford algebra by the canonical embedding). 

3) The operator D is formally self-ad joint, i.e. for compactly supported sections 
SI, s2 E C~(Flx\ax) we have: 

J (Ds), S2) dvol = J (Sb Ds2 ) dvol. 

x x 

4) For even n, D must respect the eigenspace decomposition of F: 

D+ := DIF+ : COO(F+) -+ COO(F_) 
and D-:= DIF_ : COO(F_) -+ COO(F+). 

Remark: Such operators exist. D is uniquely characterized by these axioms up to 
terms of lower order (in this case, these lower order terms are vector bundle maps). In 
particular, the s'ymbol and the index are uniquely determined. 

Definition: Let X be a compact Spin C -manifold without boundary, and E a Hermitian 
COO-vector bundle on X. Then a twisted Dirac operator DE exists, 

It is elliptic and satisfies the axioms with F replaced by F ® E. 

In particular, for X even-dimensional, the operator Dj;; : Coo (F + ® E) -+ 

Coo (F _ ® E) is defined and the solution of the first paragraph yields for its index 

ind (Dj;;) = (ch (E)· td (TX))[X]. 

Remark: For a Spin C -manifold, Cl and therefore td (T X) are determined by the 
choice of the spinor bundle. A different Spinc-structure on the underlying manifold X 
leads to a different Dirac operator (having in general a different index). 

For W2 = 0, one can choose Cl = 0; The index of the Dirac operator D for this 
Spinc-structure is simply ind (D) = A(X). Thus for a spin manifold (W2 = 0), the 
.A(X)-genus A(X) and the twisted .A-genera A(X, E) are integral. 





Appendix Ill: Elliptic genera of 
level N for complex manifolds 

by Friedrich Hirzebruch 

Corrections and improvements in sections 6 and 7 are due to Thomas Berger following 
a discussion with Serge Ochanine. 

(originally published on pages 37-63 in: K. Bleuler, M. Wemer (Eds.): Differential 
Geometrical Methods in Theoretical Physics (Como 1987). NATO Adv. Sci. Inst. Ser. 
C: Math. Phys. Sci.; 250. Dordrecht, Kluwer Acad. Pub!., 1988) 

My lecture at the Como Conference was a survey on the theory of elliptic genera 
as developed by Ochanine, Landweber, Stong and Witten. A good global reference 
are the proceedings of the 1986 Princeton Conference [1]. In this contribution to the 
proceedings of the Como Conference I shall not reproduce my lecture, but rather sketch 
a theory of elliptic genera of level N for compact complex manifolds which I presented 
in the last part of my course at the University of Bonn during the Wintersemester 
1987/88. For a natural number N > 1 the elliptic genus of level N of a compact" 
complex manifold M of dimension d is a modular form of weight d on the group 
rl(N). In the cusps of rl(N) the genus degenerates either to Xy(M)/(1 + y)d 
where -y is an N-th root of unity different from 1 or to X(M,Kk/N) where 

K is the canonical line bundle and 0 < k < N. Here Xy(M) = E;=o XP(M)yP 
with XP(M) = X(M; QP) = E~=o (-I)Qhp,q is the xy-genus introduced in [13] and 
X(M,Kk/N) is the genus with respect to the characteristic power series 

x . e-(k/N)'IIJ 
1- e- IIJ 

which equals the holomorphic Euler number of M with coefficients in the line bundle 
Lk provided K = LN (see [13]). 

For N = 2 the genus is expressible in Pontrjagin numbers and hence defined for an 
oriented differentiable manifold M. The only possible value of -y is -1 and the 
genus degenerates in the two cusps to 

Xl (M)/2d = sign (M)/2 d (dim~ M = 2d) 
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or to 

Only recently I realized that Witten in [19] studied also complex manifolds. His 
discussion includes the genus studied here, at least if one restricts attention to the cusps 
with specialization X(M,Kk/N). 

In this report I shall also try to give an account of the rigidity theorems for complex 
manifolds with circle actions which for N = 2 are due to Taubes [18] and Witten with 
a new exposition by Bott [9]. These rigidity theorems hold if the first Chem class of M 
is divisible by N, i.e. if a holomorphic line bundle L with LN = K exists. 

The results in this paper hold also for manifolds with a· stable almost complex structure 
and for circle actions which preserve this structure. For simplicity we have formulated 
the results for complex manifolds only. 

I would like to thank the students of my course Thomas Berger and Rainer Jung for 
writing the notes. Many thanks to Nils-Peter Skoruppa who lectured several times in my 
course when I was away and with whom I had helpful discussions on modular forms. 
After my course I had intensive discussions with Michael Atiyah on the rigidity theorem 
in Oxford and also with Don Zagier at the Max-Planck-Institut. 

1. In the following N is a fixed natural number> 1, the "variable" x runs through 
the complex numbers. ~ is the upper half-plane, T E ~ and q = e2

1l'iT. For a lattice L 
in C we consider the elliptic function g( x) with divisor N· 0 - N· ex where ex E C is 
an N -division point (ex (j. L, N ex EL). The function g is uniquely determined by L 
and ex (regarded as element of Cl L ) if we demand that the power series of g in the 
origin begins with xN. The function j(x) = g(X)l/N is uniquely defined if we request 
j (x) = x + higher terms. The function j is elliptic with respect to a sublattice L' of L 
whose index in L equals the order of ex as element of Cl L. For w E L the function 
j(x + w)1 j(x) is constant and equals an N-th root of unity. After multiplying L with 
a non-vanishing complex number we can assume that . 

L = 27fi(ZT + Z) and 

0# ex = 27ri(~ T + ~) with 0::; k < Nand 0::; l < N. 
(1) 

To write down a product development for j (x) in the case that L and ex are as in (1) 
we introduce the entire function t 

00 

T(x) = (1- e-:!l) IT (1- qne-:!l)(I_ qne:!l)/(I_ qn)2 (2) 
n=l 

t Note that the function T(m) equals e-"/2!J?(m), where !J?(m) is the function defined in Appendix I, §5. 
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'which has zeroes of order 1 in the points of L. The function T(x) equals the WeierstraB 
sigma-function for L up to a factor of the form exp (b l x + b2 x 2 ). It can be proved 
easily that 

f(x) = e~ "'T(x)T( -a)/T(x - a). (3) 

Namely, it suffices to check 

For this replace in (2) the exponential e'" by A and then substitute A by Aq to see 
that the factor -A -lq-l comes out. In fact, we have (for (= e21ri / N ) 

f (x + 27fi) = (k f ( x ) 
f(x + 27fir) = elf (x) 

(4) 

The function f(x) as belonging to L and a (see (1)) degenerates for q - 0 to a 
function f 00 (x). 

We have 

foo(x) = e(k/N)",. (1- e-a:) for k > 0 

foo(x) = (1- e-"')(I- eO<)/(I- eO<-"') for k = O. 
(5) 

For reasons which are apparent from the introduction we put eO< = -y for k = 0 and 
have in this case 

The involution x 1--+ -x + a interchanges the zeroes and poles of f(x). Therefore, 

f(x)f(-x+a), 

which is elliptic for L, is in fact a constant # O. We write the constant as c-2 • Then 
c2N depends only on L and the chosen N-division point as point of <Cl L. If the 
lattice and a are normalized as in (1), then 

f (x )f( -x + a) = e(k/N)O<-O<T( _a)2 = c-2 

and 
2N 'Y"( )-2N k(NN-

k
) ,.-kl (6) 

C =.L -a q .... 

The coefficients of the power series developments of f (x) I x, x I f (x) and x f' (x) I f (x) 
determine each other. If one replaces in such a series x by AX, one obtains the 
corresponding function for the lattice A -1 L and the N -division point A -la. Therefore 
the coefficient of xr in any of these series as function of the pair L, a with a E <Cl L 
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is homogeneous of degree -r. Also c2N is such a function of L and a. It is 
homogeneous of degree -2N and is related to Dedekind's 'I]-function. 

If the pair L, a is chosen as in (1), then the coefficients of f(x)lx are indeed modular 
forms of weight r on the subgroup consisting of the matrices (~ ~) of SL2 (Z) which 
satisfy 

(~ ~) (~) == (~)(N). 
Also c2N is a modular form of weight 2N on this group. (It still has to be shown that 
these forms are holomorphic in the cusps. See the next section.) 

2. The classification of pairs L, a where L is a lattice in C and a E Cl L with 
N a = ° (but a"# 0), up to multiplication by some complex number >. "# 0, leads to 
the introduction of the modular group 

rl(N) = {(~ ~) E SL2 (Z) le == ° (N), a == d == 1 (N)}. 

If we assume that the N -division point has order N in Cl L, then the classes of pairs 
L, a are in one-to-one correspondence with the points of the modular curve r 1 (N) \ £) 
where ( ~ ~) acts on £) by 

T I-t aT+b 
CT+d' 

This follows from the fact that each pair L, a is equivalent to a pair of type (1) with a = 
27ri1N (Le. k = 0, 1 = 1). The coefficients of xr in xl f(x), f(x)lx, x1'(x)1 f(x) 
are modular forms of weight r on r 1 (N). It remains to show that such a coefficient 
is holomorphic in each cusp of r1(N)\£). Transforming f(x) (taken for the lattice (1) 
with a = 27ri IN) to a cusp gives a function f (x) for some a = 27ri ( ;, T + -it) and 
the same latticet . The formulas (2) and (3) show immediately that the q-development of 
each coefficient of f (x) has only non-negative powers of q, fractional if k > 0, but 
then a suitable root of q is the local uniformizing variable at the cusp. 

The coefficients er of x l' (x) I f (x) are the Eisenstein series. Their q-developments 
(for k = ° and 1 = 1) for example can be read off from 

1'(x) 00 xqne-", 00 xqne'" 00 xcqne-", 00 xC-1qne'" 
X f(x) = ~ 1- qne-", - ~ 1- qne'" - ~ 1- Cqne-", + ~ 1- C-1qne", . (7) 

Furthermore, c2N (see (6) is a modular form of weight 2N. For more detailed formulae 
concerning these q-developments in the case N = 2 see [20]. For N > 2 and N"# 4 
the number of cusps of r 1 (N) equals 

~ L~(d)~( ~), 
diN 

where ~ is Euler's function*. Each cusp can be represented by several N-division 
points a as in (1). 
t 

* 
Cf. Appendix I, Theorem 6.4 Cii). 
Cf. Appendix I, Lemma 7.11. 
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3. Let Md be a compact complex manifold. The Chem classes Ci of Md are 
elements of the 2i-dimensional cohomology group H2i(Md; Z). Let C be the total 
Chem class of Md split up formally 

d 

C = L Ci = (1 + xI)(1 + X2) ... (1 + Xd) (8) 
i=O 

where Xl, X2, ... ,Xd can be regarded as 2-dimensional cohomology classes in some 
manifold fibered over Md (see [13], §13.3). Let Q(x) be a fixed power series in 
the indeterminate X starting with 1 whose coefficients are in some commutative ring 
containing Z. Then 

(9) 

is the genus of Md with respect to the power series Q where in (9) the symmetric expres­
sion Q (Xl) Q ( X2) ... Q ( X d) is written in terms of the Chem classes in view of (8) and the 
2d-dimensional component of this expression is evaluated on Md (compare [13], §1O.2). 
We define the elliptic genus 'PN(Md) by using the power series 

Qx _~_ x'T(x-a) 
( ) - f(x) - T(x)'T( -a) (l0) 

where a = 27ri/ N and f(x) is taken for the pair L, a with L = 27ri(ZT + Z). We 
put again ( = e2ori/ N • 

Theorem: The elliptic genus 'PN(Md) is a modular form of weight d on the group 
fl ( N) . If one represents a cusp of r I ( N) by 27ri ( .;; T + -ir) with 0 ~ k < Nand 
o ~ 1 < N, then the value of 'PN(Md) in this cusp equals 

and 
Xy(Md)/(l + y)d if k = 0 and _ y = (I. 

The theorem follows from the remarks in section 2 and from (5) by recalling that 
X (Md, Kk/N) is the genus for the power series 

and Xy(Md)/(l + y)d is the genus for the power series 

see [13]. 
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A genus can be defined also by a power series Q (x) not beginning with 1 (we assume 
Q(O) = ao :f:. 0). The definition is done by equation (9) again. Then ao1Q(aox) gives 
the same genus with a normalized power series (i.e. the constant term equals 1). We 
now define CPN(Md) using the power series 

Q-( ) = xT(x - a) 
x T(x) , a = 27ri/N. (11) 

Theorem: The elliptic genus CPN(Md) is a modular function on r1(N) if d == 0 (2N). 
We have 

The result follows from the preceding theorem and the considerations in section 1 and 2 
which show that T( _a)-d = cd is a modular form on rl(N) of weight d. 

If d is not divisible by 2N, then 

CPN(Md)2N/(d,2N) 

is a modular function (here (d, 2N) is the greatest common divisor of d and 2N). 
One simply applies the theorem to the 2N/(d, 2N)-th power of Md. 

The function CPN has poles in the cusps represented by (1) with k > O. The order of 
the pole is given by (6). Let us restrict to the case that N is a prime. For N = 2 we 
have 2 cusps represented by (k, l) = (0,1) and (k, l) = (1,0). For N odd, we have 
2· N~l cusps. There are N;l cusps represented by (k,l) = (O,l) and 1::; l::; N;l 

and 21 cusps represented by (k,l) = (k,O) and l::;k::; N 21. In the first kind 
of cusps the q-development of CPN(Md) begins with the constant term Xli (Md) with 
y = - (I, in the latter case it starts with 

X(Md' Kk/N) . q-k(N-k)d/2N 

where q is a local uniformizing parameter for this cusp of r 1 (N) \ ~. (We have qN = q 
in (6)). 

4. For a complex vector bundle W of rank r the exterior powers AiW and the 
symmetric powers SiW are well-defined vector bundles. Their Chem classes can be 
calculated from those of W. If Cl, ... ,Cr are the Chem classes of W (where Ci is in 
the 2i-dimensional cohomology of the base space) and if we write formally 

then the Chem character (in the rational cohomology of the base space) is given by 

ch (W) = e:!ll + e:!l2 + ... + e:!lr. 



m Elliptic genera of level N for complex manifolds 175 

Over the rationals c and ch determine each other. For the exterior powers we write 
with some indeterminate t 

r 

At(W) = LAiW. t i 

i=o 

and for the symmetric powers 

00 

SteW) = 2]Si W. ti. 
i=O 

Then we have for the Chem character 

r 

ch (At W) = IT (1 + te:!li), (12) 
i=l 

r 

ch (StW) = IT (1- te:!l;)-l. (13) 
i=l 

Formula (12) was often used in [13]. Formula (13) is, of course, a special case of the 
general method to calculate the Chem classes associated to given vector bundles by 
representations [7]. 

Following Witten's idea (see [19]) we write the elliptic genus 'PN(Md), or rather its 
q-development in the standard cusp, in the form 

00 

'PN(Md) = LXll(Md,Rn)q"f. (14) 
n=O 

Here, as before, -y = ( = e21ri
/

N
• Furthermore Rn is a virtual vector bundle associated 

to the complex tangent bundle of Md by a virtual representation of GL(d, q (with 
coefficients in Z[(]). 

For a vector bundle W the polynomial Xli (Md, W) is defined in [13]. We have, if T 
is the tangent bundle of Md, 

d 

Xli (Md, W) = Lx(Md,APT* 0 W)yp. 
p=O 

We now can specify the Rn in (14). Let us recall that 'PN(Md) is the genus belonging 
to the power series (11) 
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Therefore (by (12) and (13» 
00 00 00 00 

L Rnqn = IT AvqnT* . IT AV-lq"T· IT Sqn(T + T*) (16) 
n=O n=l n=l n=l 

(with -y = ( = e27ri
/
N

). 

We have 

Ro = 1, RI = (1 - ()T* + (1 - Cl)T 

Modulo the ideal (1 - () of Z[(j, the elliptic genus tpN(Md) equals the Euler-Poincare 
number e(Md). 

According to Witten's philosophy (compare also [2] and [3]) if we had a Xv-operator 
on the loop space CMd of Md, we could try to calculate (or define) its equivariant 
Xv-genus for the natural SI-action on CMd with q E SI (q = e21l'iT, T E lR) by the 
Atiyah-Bott-Singer ([4], [6]) fixed point theorem (fixed point set Md (constant loops) 
in CMd ). The result for the equivariant Xv-genus Xv (CMd, q) would be that it is the 
genus with respect to the power series 

ex> 1 + yqne-a: 

X IT 1- qne-a: 
n==-oo 

This does not make sense as a power series in q, but formal manipulations bring 
Xv (CMd, q) to the genus tpn(Md) belonging to Q(x) (see (15» provided (_y)d = 1. 
Observe that (15) is a meromorphic function in the two variables x and q where 
(x,q) E C2 and Iql < 1. 

5. The genus tpn(Md) has in the standard cusp a development whose coefficients are 
integral. They are elements of Z[(j. See formula (14). In the cusp (represented by (1) 
with 0 < k < N) this is not so. The coefficients are of the form 

X (Md, Kk/N 0Wn ), 

where Wn is a virtual vector bundle associated to the tangent bundle by a virtual 
representation of GL(d,q with coefficients in Z[(j. The Wn can be calculated 
using (3). These coefficients are in general not integral. If, however, the first Chem 
class Cl of Md is divisible by N they are integral. This divisibility condition is 
equivalent to the existence of a holomorphic complex line bundle with LN = K and 
the coefficients 

X(Md,Lk 0 Wn) 

become "Riemann-Roch numbers" [13] which are integral. 

Theorem: If the first Chern class Cl of a complex manifold Md is divisible by N, then 
the coefficients of the q-developments of the genus tpN(Md) in all cusps (given by (1») 
are integral (E Z[(j); for the elliptic genus 'PN(Md ) the coefficients are integral in a 
cusp with k > 0, in the cusps with k = 0 they become integral after multiplication 

. d 
with (1 - () . 
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6. Let Md be a compact complex manifold together with an action of the circle SI 
on Md by holomorphic maps. We write elements of the circle as >. = e21l'iz where 
Z E IR/7L. The group SI acts on the virtual bundles Rn (see (16». It also acts on 
the "cohomology group" 

(17) 

which is in fact a formal direct sum of cohomology groups Hq(Md; APT* 1)9 W) with 
coefficients in 7L((). Since SI acts, we get from (17) (considered equivariantly) a 
character of SI, i.e. a finite Laurent series in >.. Taking alternating sums over q in (17) 
gives us a character 

and finally (with -y = e21l'i/N), 

d 

Xy(Md' Rn, >.) = L X(Md, APT* 1)9 Rn, >.)yP 
P=O 

and 
00 

CPN(Md,>.) = LXy(Md,Rn,>.)qn. (18) 
n=O 

It may be more convenient to return to our elliptic genus cP N with characteristic power 
series Q( x) (see (10» and consider it equivariantly 

00 

= L Xy(Md, Sn, >.)qn 
(19) 

n=O 

where the Sn are virtual bundles (coefficients in Q((). We can calculate 
'PN(Md, >.) using the Atiyah-Bott-Singer fixed point theorem (holomorphic Lefschetz 
theorem [6], p. 566). Before doing this some remarks concerning the fixed point set 
Mt of the action are necessary. The set Mt is a smooth submanifold of Md being 
a disjoint union of connected submanifolds of various dimensions. For each fixed point 
p, the circle acts in the tangent space Tp , hence integers ml, ... ,md are defined such 
that >. E SI acts by the diagonal matrix (>. ml , >. m2 , •.• , >. mcl). For each T E 7L we con­
sider those mi which are equal to T. This leads to the eigenspace Er of Tp. Of course, 
Eo is the tangent space in p of the connected component of Mt to which p belongs. 
The numbers ml, ... ,md (well defined up to order) depend only on the component of 
Mt. Over each component we have eigenspace bundles, also denotes by Er. 
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The characteristic power series of the elliptic genus tpN is given in (10) in the form 
Q(x) = x/l(x). For the fixed point theorem we need 1/1(x). We put 

Y(x-a) 
F(x) = 1/1(x) = Y(x)Y(-a) (20) 

We shall now give a formula for tpN(Md, A) using the hOlomorphic Lefschetz theorem 
writing it down in short hand form which will need some explanation: 

Let v be an index for the connected components (Mt) v of the fixed point set Mt. 
Then 

(21) 
v 

and 
tpN(Md, A)v = (eo' F(Xl + 21l'imlz)'" F(Xd + 21l'imdz))[(Mt) J (22) 

where eo is the product of those Xi for which mi = O. Recall A = e21riz . 
Formulas (21) and (22) have the following meaning. For each component of the fixed 
point set, eo is the Euler class (highest Chem class) of its tangent bundle Eo, the formal 
roots of the total Chem class of Eo are the Xi with mi = O. The Xi with mi = r =I- 0 
are the formal roots of the total Chem class of the eigenspace bundle Er over the compo­
nent. Thus for Eo one uses in the above product xF(x) = Q(x) and for Er (r =I- 0) 
the function F(x + 21l'irz) which for rz tJ. Zr + Z has no pole for X = 0 (and we 
use a general z) and hence is a power series in x. Observe that the rotation numbers 
(ml, ... , md) depend on the component and also the meaning of the Xi which are the 
formal roots of the total Chem class restricted to the component. Then one evaluates the 
expression in (22) on the component and obtains a power series tpN(Md, A)v in q 

00 

tpN(Md,A)v = Lcv,nqn (23) 
n=O 

with coefficients cv,n that are meromorphic functions in A E C* and have possible 
poles only on SI. Considering (19) we let Cn := Xy(Md , Sm A) so that Cn is also a 
meromorphic function in A E C*, in fact it is a finite Laurent series (so holomorphic). 
From the Lefschetz formula we know that Cn(A) = 2:vCv,n(A) for A any topological 
generator of SI and so we get 

(24) 

as meromorphic functions. 

Looking closer at (22) we see that all cv,n have possible poles only at A m = 1 for 
any rotation number m. Furthermore the local term (23) converges for Iql < 1 and 
Iqll/M < IAI < Iql-l/M (M = maxi { mi} ) to a meromorphic function and this function 
has a meromorphic extension to C*. 
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According to (4) our function F (x) has the property 

F(x + 27ri) = F(x), F(x + 27rir) = (F(x) (25) 

where ( = e27ri/ N • So the meromorphic extension of ipN(Md' >')v is an elliptic function 
for the lattice ZN r + Z. More precisely 

(26) 

The exponent ml + ... + md depends on v, even the residue class of the exponent 
modulo N depends on v in general. 

Definition: The SI-action on Md is called N-balanced iffor the components (Mt)v 
of the fixed point set the residue class of ml + ... + md modulo N does not depend on 
v. If the action is N-balanced, the common residue class of ml + ... + md is called 
the type of the action and denoted by t. 

From formula (24) we immediately get that ipN(Md, >.) = 2::=0 cnqn also converges 
on some small annulus containing SI (depending on the rotation numbers) to a mero­
morphic function that has a meromorphic extension to C*. In this sense formula (21) is 
an identity between meromorphic functions on C*. In particular we see that ip N (Md, >.) 
is an elliptic function for the lattice ZNr + Z. For an N-balanced action (26) finally 
yields the 

Theorem: For an N-balanced SI-action of type t on the complex manifold Md, the 
equivariant elliptic genus ipN(Md, >.) with>. = e27riz is an elliptic junction for the 
lattice Z· N r + Z which satisfies 

ipN(Md, >.q) = ipN(Md, e27ri(Z+T») 
= (tipN(Md,>'). 

(27) 

Remark: Of course, ip N can be regarded as a function of r and z. In r it is a 
modular form of weight d. In fact, ipN is a meromorphic Jacobi form on rl(N) of 
weight d and index 0 (see [11]). 

7. We now shall approach the rigidity theorems which under certain conditions state 
that the finite Laurent series Xy(Md,Rn,>.) (see (16) and (18)) do not depend on >.. 
(Recall -y = e27ri/ N ). This rigidity means that the elliptic function ipN(Md, >.) of 
the preceding theorem is a constant (see (19)), i.e. we have to show that it has no poles. 
The rigidity results were not included in my course at the University of Bonn. When 
Michael Atiyah came to Bonn in February 1988 he explained to me Bott's approach [9] 
and that it is rather close to our old paper [5] and we discussed it in Oxford in March. I 
did not study Taubes's paper [18] in detail, but rather looked in Bott's report [9]. Then 
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I carned out the proof for the level N case during my visit in Cambridge (England) in 
March 1988 as a guest of Robinson college. 

Let us consider I{)N(Md, A) and the local terms I{)N(Md, A)v as functions of A for 
fixed q with Iql < 1. From section 6 we know that they are meromorphic for A E C*. 
From (22) we see that I{)N(Md, A)v has poles only for mz E ZT + Z where m is a 
rotation number =I- 0 occurring for the component (M f) v. Of course, . mz E ZT + Z 
means Am = qn where nE Z. So from (21), I{)N(Md,A) has possible poles only for 
A m = qn where m is any rotation number. 

Now choose Ao E 8 1 with Ao = 1 for some rotation number m. If q is fixed 
with Iq I < 1, then there is a neighborhood U of Ao in C* such that no point (A, q) 
with A E U \ Po} lies on one of the curves Am = qn and that 2:~=0 cv,nqn as 
well as 2:~=0 cnqn converge on U with cv,n and Cn as in section 6. Furthermore 
Cn = 2:v cv,n is holomorphic on U (since it is a finite Laurent series) and the only 
possible pole of cv,n on U is Ao. 

Lemma: Let U be a domain, AO E U. Consider meromorphicfunctions bv,n on U for 
v in a fmite set 8 and n E N with the following properties: 

1) bv,n is h%morphic in U \ {Ao}, 
2) bn := 2:VES bv,n is holomorphic in Ao, 

3) 2:~=0 bv,n converges compactly in U \ {Ao} for any v E 8. 

Then 2::=0 bn converges compactly in U and is a h%morphic extension of 

2:VES 2:~=0 bv,nlu\{>.o}· 

Proof of the lemma: Let K be a compact set with Ao in its interior and let L be a 
o 

small closed disc around Ao with L C K. For 0 ::; k ::; m we have 

m m 

n=k yES n=k yES 
m 

n=k yES 
m 

= I L (L bv,n) IK\L 
n=k yES 

m 

= ILL bv,nIK\L 
vESn=k 

m 

_ 0 

The first equation is due to the maximum principle, the second one comes from L C K, 
the third one is again the maximum principle, the fourth one follows from holomorphicity 
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of bv,n on K \ L. Let now be e > 0 and pute/ := eIHS. There exist nv such 
that for m, k 2: nv we have 12:;:'=k bv,nIK\L < el

• Thus we finally see that 

12:;:'=k(2:vEsbv,n)IK < e for any m, k 2: no := maxv{nv}. 

Using this lemma with bv,n := cv,nqn we immediately get that ipN(Md' >..) = 
2::=0 cnqn has no poles on Sl. . 

An SI-action is semi-freesemi-free action (i.e. the fixed point set of any >.. E SI, >.. =I- 1, 
equals Mt ) if and only if all non-vanishing rotation numbers m equal ±1. Therefore, 
for a semi-free action, Mt can have poles only for>.. = qn with nE Z. 

Theorem: For an N-balanced semi-free SI-action of type t on the complex manifold 
Md, the equivariant elliptic genus ipN(Md' >..) does not depend on >... It equals the 
elliptic genus ipN(Md)' If t t 0 (N), then ipN(Md) = O. (Compare [14] and [15].) 

Proof: By the lemma, there is no pole for >.. = 1. Because of (25) there are no poles 
for>.. = qn. The vanishing of ipN(Md) follows also from (25). 

8. Let Md be a complex manifold with first Chem class Cl E H2(Md; Z) divisible 
by N. The importance of this condition was already apparent in section 5. We choose a 
holomorphic line bundle L with LN = K. Now suppose we have an SI-action on Md. 
Consider the N-fold covering Sl --t SI with J.L f-t >.. = J.LN. Then J.L acts on Md and 
K through >... This action can be lifted to L. If p is a fixed point of the given SI-action 
with rotation numbers m1, m2, ... ,md, then J.L acts in the fibre Lp by J.L -( ml +"+md) . 

However, if J.L = , = e27r:i/N, then it operates trivially on Md. Therefore the action of , 
in each fibre of L is by multiplication with ,-t, where t is a residue class modulo N 
which does not depend on the base point of the fibre. (Assume that Md is connected.) 
It follows that the action is N-balanced of type t (see the definition in section 6). 

The condition Cl == 0 (N) implies a stronger property than N-balanced. Let Gm C SI 
be the group of m-th roots of unity. The fixed point set of Gm is a submanifold 
of Md which includes Mt and is strictly larger if and only if there is a rotation 
number divisible by m. We denote the fixed point set of Gm by Md' There is the 
map SI --t SI with J.L f-t >.. = J.LN which we considered before. Hence any J.L E SI 
with J.LmN = 1 operates trivially on Md' however it operates on every fibre Lp 
(p E Md ) by multiplication with some mN -th root of unity which only depends on the 
connected component of Md which contains p. Since J.L acts on Lp (for pE Mt ) 
by J.L -(ml +"+md) where the mj are the rotation numbers of the action in p, it follows 
that the residue class of m1 + ... + md modulo mN depends only on the connected 
components of Md and not on the components of Mt contained in them. 

Let X be a connected component of Md and (Mt)v a component of Mt contained 
in X with rotation numbers m1,'" ,md. Over X the tangent bundle T of Md splits 
into vector bundles Ek where k = 0, 1, ... ,m - 1 and the action of Gm in Ek is 
by multiplication with >..k if >.. E Gm. Of course, Eo is the tangent bun.dle of X. 
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Over (Mt)v we have 

Ek = L Er (see section 6). (28) 
r::k (m) 

We write the rotation numbers in the following form 

(29) 

Since the integer 2:1=0 k i = 2:;~1 k . rkEk depends only on X, we see that 

m· 2:1=0 Ti modulo mN depends only on X. Hence, 2:1=0 Ti modulo N depends 
only on X and not on the components (Mt) v contained in it. We put 

d 

t(m,X) := L Ti mod N. (30) 
i=o 

Of course, t(l, Md) is the type t of the action (for connected Md). 

9. Let Md be a compact complex manifold with Cl == 0 (N). We assume that we 
have an SI-action and wish to show that the elliptic function tpN(Md, A) has no poles. 
Let X be a connected component of Md (see section 8). We define 

(31) 
v 

where the summation is over those connected components (M t) v which are contained 
in X (see (21)). This is a shorthand notation. Do not confuse (31) with the elliptic genus 
of X. 1£t (Mt) v have the rotation numbers ml,'" ,md. According to (22) we have 

tpN(Md, A)v = (eOF(xI + 21rimlz)'" F(Xd + 21rimdz)) [(MttJ. (32) 

Let s be an integer and replace in (32) the variable z by z + :. r (in other words, 
replace A by A' qs/m), then tpN (Md, Aqs/m) v is again an elliptic function in z for 
the lattice Z· N r + Z. It follows from (25), (29) and (30) that 

d 

tpN (Md, Aqs/m) 1'= (st(m,X). (eo IT F(xj + 21rimjz + 27ri skj r)) [(Mt)J. (33) 
~l m 

If we write down the q-development of the right hand side of (33) (with fractional powers 
of q) we see that tpN(X,Aqs/m) is of the form 

00 

tpN (X, Aqs/m) = LXy(X,Sn,A)qn/m (34) 
n=O 

where the Sn are virtual equivariant bundles constructed from the bundles Ek over X. 
For m = 1 we come back to (19). The elliptic function (34) has no poles for IAI = 1. 
We use again the lemma in section 7. 
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10. We are now able to prove the rigidity theorem. 

Theorem: Let Md be a compact complex manifold with first Chern class Cl E 
H2 (Md; Z) divisible by N. Suppose an SI-action on Md is given. Then the equivari­
ant elliptic genus CPN(Md, A) does not depend on A E SI. It equals the elliptic genus 
CPN(Md' A) = (Md, 1). lfthe type t of the action is ~ 0 (N), then CPN(Md) == O. 

Proof: Let m be a natural number 2: 1 and A ±m = qn. Then A is of the form 
A = Aoqs/m where X(j = 1 and s = ±n. We have 

CPN(Md' AoqB/m) = L CPN (X, AOqs/m) 
x 

where the summation is over all the connected components of Md'. Since the elliptic 
function (34) has no poles for AO, the result follows. The vanishing CPN(Md) = 0 for 
t ~ 0 (N) follows again from (25). 

11. We want to point out some applications of the rigidity theorem. 

If we develop in a cusp (1) with k > 0, we get a different version of the rigidity 
theorem (compare [19]). In particular, we get that X(Md,Lk,A) does not depend on 
A for k = 1, ... ,N - 1, in fact X (Md, Lk) = 0, if the action is non-trivial. This is 
a well-known result ([12], [15]). For N = 2 and k = 1 it corresponds to the theorem 
in [5] on the A-genus. 

The elliptic genus of level N is strictly multiplicative in fibre bundles with a manifold 
Md with c1(Md) == 0 (N) as fibre and a compact connected Lie group G of 
automorphisms of Md as structure group (compare [14] and [16]). 

This we wish to apply, for example, to the compact irreducible .Hermitian symmetric 
spaces GjU studied in [7]' §16. There we gave a formula for the coefficient A(GjU) 
in 

Cl (GjU) = A(GjU)· 9 

where 9 is a positive generator of the infinite cyclic group H2(GjU). 

Take a system W1, ... ,Wd of positive complementary roots for G jU (see [7]). Here d 
is the complex dimension of GjU. The roots Wl> ... ,Wd are linear forms in Xl> •.. ,Xl 

where 1 = rk U = rk G, the Xl, ••• ,Xl can be identified with a base of HI (T; Z) 
where T is the maximal torus of U. Without proof we state the following result which 
is equivalent to the strictmultiplicativity of the elliptic genus for G jU -bundles. 

Theorem: Let F(x) = l(x)-l be the elliptic function introduced for level N (see 
section 1). Let Wb ... ,Wd be positive complementary roots for the irreducible Hermitian 
symmetric space GjU. Suppose A(GjU) == 0 (N). Then 

(35) 
crEW(G)/W(U) 
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Here W(G), W(U) are the Weyl groups. (An element (J" E W(U) permutes 
Wl,'" ,Wd. Therefore the sum over the W(U)-cosets is well-defined.) 

The formula (35) is an identity in the l variables Xl, ... ,Xl' The sum is a constant, 
i.e. does not depend on these variables anymore. 

The rigidity theorem in section 10 also gave a vanishing result. We give an example: 
Consider the Grassmannian 

W(m, n) = U(m + n)/(U(m) x U(n)). 

We use the notation of [7]. As a system of positive roots of U(m + n), we take 

{-Xi + Xj 11 ~ i < j ~ m + n}. 

The complementary roots Wr are given by 1 ~ i ~ rri and m + 1 ~ j ~ m + n. 
Their sum equals 

m m+n m m+n 

Lwr=-nLxi+ m L xj=-(m+n)Lxi+mLxj. (36) 
r i=l j=m+1 i=l j=l 

m+n 
We put - E:1 Xi = 9 and E Xj = CT1. Then 9 becomes the positive generator 

j=l 

of H2 (W (m, n); Z) whereas CT1 vanishes if regarded as element of this cohomology 
group. Therefore 

A(W(m, n)) = m + n. 

We also see from (36) that W (m, n) admits an N -balanced circle action of type m if 
m + n == 0 (N). We obtain 

Proposition: The elliptic genus 'PN(W(m,n)) vanishes if m + n == 0 (N) and 
m t 0 (N). For the complex projective spaces Pn(<C) = W(n, 1) we have 

'PN(Pn(<C)) = 0 if n + 1 == 0 (N). 

12. The elliptic function i defined in section 1 satisfies a differential equation 

i' N· i' N -1 i' 1 
(7) +a1(7) +".+aN- 1(7)+aN =iN +a2Ni

N 
(37) 

with a2N = c2N (see section 1) where the aj are modular forms of weight j for 
r1 (N), (if Cl! = 27ri/N in (1)). The polynomial 

p(e) = eN + a1eN- 1 + ... + aN-1e+ aN 

has the following properties: 

1) aN-1 = O. 
2) If p'(e) = 0, but e :I 0, then p(e)2 = 4a2N. 
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The property 2) implies that the values at the critical points € with € =j:. 0 are all 
equal up to sign. In this case, the polynomial might be called almost-Chebyshev. 
Theodore J. Rivlin wrote to me that polynomials with essentially such properties occur 
in the literature under the name Zolotarev-polynomials. Also their relation to elliptic 
functions is known (see for example [10]). I plan to write a separate paper on these 
matters. For N = 2 the differential equation is of the form 

very well known for the elliptic genus of level 2 (see [14]). 
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Appendix IV: Zolotarev polynomials and 
the modular curve Xl (N) 

by Rainer Jung, Max-Planck-Institut flir Mathematik, Bonn 

1 Zolotarev polynomials 

In this appendix we want to study the relation between lattices L in C, together with a 
distinguished N-division point in Cl L, and Zolotarev polynomials P(x) of degree N. 
These polynomials have the following nice property: If we denote the critical points of P 
by eo, ... , eN -2, then the critical values of P away from eo are all equal up to sign, 

p(ei) = ±P(ej) for i :f: j and 0 < i,j :::; N - 2. 

We normalize P to P(x) = xN + ... and to eo = 0 and restrict to the case where all 
ei are distinct. Then we get that (P'(x)lx)2 divides p(X)2 - A2 with A = ±P(ei). 
So there is a polynomial Q (x) = X4 + . .. of degree 4, such that the following equation 
holds: 

This motivates the following 

Definition: A polynomial P( x) = xN + ... is called a normalized Zolotarev polynomial 
(with critical value ±A), if there exists a polynomial Q( x) = X4 + ... such that 

(1) 

A Zolotarev polynomial P is called degenerate if the discriminant discr (Q) of Q 
vanishes (i.e. if Q has multiple zeroes). 

Remarks: 

1) For N> 2 the polynomial P determines A and Q in (1) uniquely. Conversely 
P and A are uniquely determined by Q. 

. 2 
2) If N = 2, and P is non-degenerate, then (1) reduces to Q(x) = P(x) - A2, 

so Q resp. the pair (p, A2) uniquely determine each other. 
3) If N = 1, equation (1) reduces to Q(x) = x2 (p(x)2 _A2), so P is degenerate. 
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Examples for Zolotarev polynomials are the normalized Chebyshev polynomials TN(a:) 
we already used in Chapter 7, section 7.5. They were defined by the property 

TN(a: + a:-1) =a:N +a:-N, 

and are Zolotarev polynomials for A = ±2 and Q (a:) = a:2 (a: - 2) (a: + 2). So we 
see that they are degenerate and furthermore that for the Chebyshev polynomials all 
the critical values coincide up to sign. All degenerate Zolotarev polynomials can be 
determined explicitly. By a straightforward calculation (cf. [Ju89]) one gets the 

Proposition: If P is a normalized degenerate Zolotarev polynomial of degree N, then 
either of the following two cases applies: 

(i) P(a:) = (a: - kA)k(a: + (N - k)A)N-k with A E C, kEN, and 0::; k ::; N. 
Equation (1) holds with A = 0 and Q(a:) = ((a: - kA)(a: + (N - k)A)? 

(ii) P(a:) = f-LNTN((a: - A)/f-L), with A,f-L E C, f-L =1= O. Equation (1) holds with 
A = ±2f-LN and Q(a:) = a:2 (a: - (A - 2f-L))(a: - (A + 2f-L)). 

Furthermore P' (0) = 0 if and only if N > 1 and in the first case k =1= 0, N or A = 0 
(i.e. P(a:) = a:N ), or in the second case ~ = 2 cos( ~) for any 1 with 0 < 1 < N. dJ:I 
For the following we have to restrict our notion of Zolotarev polynomials: 

Definition: A normalized Zolotarev polynomial P of degree N with critical value ±A 
is called admissible, if P'(O) = 0 and P(a:) =1= a:N for N > 2, resp. P(a:) =1= a:2 

or A =1= 0 for N = 2. For N > 2 we denote by PN (resp. PH) the set of 
admissible normalized (non-degenerate) Zolotarev polynomials P of degree N. For 
N = 2 we denote by P2 (resp. P~ ) the set of pairs (P,C), such that P is an admissible 
normalized (non-degenerate) Zolotarev polynomial of degree 2 with critical value ±A, 
where A2 = 4C. By QN (resp. Q~) we denote the set of normalized polynomials of 
degree 4, fulfilling (1) for some polynomial P E PN (resp. P E PH) for N > 2, 
resp.for some pair (P, C) E P2 (resp. (P, C) E P2 ) for N = 2. 

Remark: If P is non-degenerate, then (1) ensures that P'(O) = 0 and P =1= a:N for 
N> 2, resp. (P, A) =1= (a:2 , 0) for N = 2, so P is admissible. Therefore admissability 
is only a restriction on the set of degenerate Zolotarev polynomials that we already listed 
above. 

For the rest of this appendix we will always use the term Zolotarev polynomial synony­
mously for admissible Zolotarev polynomial. 

From the remarks 1) and 2) above and the list of degenerate Zolotarev polynomials, we 
get the following 

Lemma: The canonical map ON : QN -t PN mapping a polynomial Q E QN to the 
Zolotarev polynomial P defined by (1) (resp. to the pair (p, A2/4) for N = 2) is a 
bijection. It also induces a bijectionfrom Q~ to PH' dJ:I 
There is also a map connecting Zolotarev polynomials for different degree (we only give 
the description for N > 2, but the construction works analogously for N = 2): If Q 
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1S ill QN and P = D.N(Q) E PN so that (1) holds for some critical value A, then we 
have (A/2tTn(P(x)/{A/2)) E PnN and equation (1) holds for the same polynomial 
Q and the critical value 2(A/2t. So we have QN C QnN and if we denote by bn 
the map 

bn: PN ~ PnN 

P(x) 1-+ (A/2tTn(P(x)/(A/2)) 

we get the following commutative diagram: 

c 

Since the polynomial Q does not change when applying the map bn to P, the diagram 
induces a similar one on non-degenerate polynomials. Furthermore, since D.N and D.nN 
are bijections, the map bn is injective and the diagram also gives bn 0 bm = bnm. 

2 Interpretation as an algebraic curve 

There exists an action of C* on the set of pOlynomials F (x) of degree r, given by 

,x(F(x)) = F(,xx)/,x" for,x E C*. 

If P is a Zolotarev polynomial of degree N for the critical value A, and Q is the 
polynomial of degree 4 in. equation (1), then ,x(P) is again a Zolotarev polynomial 
for the critical value ,x-N A and satisfies (1) with ,x(Q). SO the action induces an 
action on QN, Q'1-, PN and PH' where on P2 (resp. on pn ,x acts as ,x(P,C) = 
(,x(P),,x-4C). The action is compatible with the maps D.N and bn. We denote the 
induced equivalence relation by "",". 

We want to identify the polynomials with their coefficients. Later on we will be interested 
in equivalence classes of polynomials, so we make the 

Definition: For no, ... , n" E N, the weighted projective space pno, ... ,nr (C) is defined 
by (C"+!\{O})/"" where (zo, ... ,z,,) '" (z~, ... ,z~) if and only if there exists 
,x E C, such that Zi = ,x ni z~ for all i = 0, ... , r. The equivalence class of a point 
(zo, ... , zr) E cr+! under f'V will be denoted by (zo: ... : z,,). 

As an example, choosing ni = 1 for all i, leads to the usual complex projective space 
Pr(C). Weighted projective spaces are normal, irreducible, projective algebraic varieties, 
but in general they are singular (cf. [D082]). 
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Now we have the following embeddings: 
Qlv!rv c QNI"'" '-+ p l,2,a,4(CC), 

Q(x) = X4 + qlXa + q2x2 + qax + q4 1-+ (ql : q2 : qa : q4), 

P'NI"'" c PNI"'" '-+ p l ,. .. ,N-2,N (CC) for N > 2, 

P(x) = x N + alxN- 1 + ... +aN 1-+ (al: ... : aN-2: aN), 

P~ I"'" c P2/ "'" '-+ p2,4 (CC), 
(P, C) 1-+ (a2 : C), 

where P( x) = x2 + a2 in the last map. For the Zolotarev polynomials we don't 
have to care about the coefficient aN-I, since we required them to be admissible, so 
P'(O) = 0, i.e. aN-I = O. 

The images of these embeddings will be denoted by N N (resp. N'N) for QN I "'" 
(resp. Q'N I rv) and MN (resp. M'N) for PN I"'" (resp. P'N I ""'). 

The sets N N and M N are algebraic curves in the respective weighted projective spaces. 
Their defining equations can be explicitly determined by a closer look at equation (1) 
(cf. [Ju89]): 

For i E Z we inductively define polynomials Ai E Q[ZI' ... ' Z4, N] by Ai = 0 for 
i < 0, Ao = 1, and 

4 

Ai = .( ~ .)"" (N + k - i)(2N + k - 2i)ZkAi-k for i > O. 2z 2 - z L..J 
k=1 

As one easily sees, the Ai are homogeneous of weight i (for i > 0) if one assigns the 
weights k to Zk and 0 to N. Furthermore if Q (x) = X4 + ql xa + ... + q4 E QN then 
for P = D.N(Q) = x N + alxN- 1 + ... + aN E PN we have ai = Ai(ql, ... ,q4,N). 
From this one easily derives (cf. [Ju89]): 

Proposition: The set NN C p l ,2,a,4(CC) is equal to the algebraic curve given by 
AN- I (Zb ... ,Z4,N) = 0 and A N+I (Zl, ... ,Z4,N) = O. Thus for a polynomial 
Q(x) = x4 + qlXa + ... + q4 there exists a Zolotarev polynomial P(x) of degree N 
satisfying (1), if and only if A N- I (ql, ... , q4, N) = 0 and AN+I(ql, ... , q4, N) = O. 

Examples: For the first few polynomials Ai we get: 
N 

Al = 2" ql, 

A2 = ~ ((2N - 3)qi +4q2)' 

Aa = ~ ((2N - 5)(N - 2)q~ + 12(N - 2)qlq2 + 16qa) , 

N 
A4 = 1536 ((2N - 7)(2N - 5)(N - 3)qt + 24(2N - 5)(N - 3)qiq2 

+ 32(4N - 9)qlqa + 48(N - 3)q~ + 192q4). 

CID 
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The algebraic curves N2 to N5 are given by: 

N2 = {(ql : ... : q4) E pl,2,a,4(C) I ql = 0, q3 = O} ~ p2,4(C) ~ PI,2(C) ~ PIUC), 

3 1 
Na = {(ql : ... : q4) E pl,2,3,4(C) I q2 = - '4 qi, q4 = - '2 qlq3} ~ pl,3(C) ~ PIUC), 

3 
N4 = {(ql : ... : q4) E pl,2,a,4 (C) I q3 = - "8 ql (qi + 4q2), 

5qiqa + 24qlq4 + 4q2q3 = O} 
~ {(ql : q2 : q4) E pl,2,4(C) I ql ((qi + 4q2) (5qi + 4q2) - 64q4) = O} 
~ P2,4(C) u PI,2(C) ~ PI(C) U PI(C), 

where the two components intersect in the point (0: 2 : 0 : 1), and 

1 
N5 = {(ql : ... : q4) E p l ,2,a,4(C) I q4 = - 96 (176qaql + 48q~ + 120q2qi + 15qi), 

6q4 (12q2 + 21qi) + 16qi + 36qaq2ql + 15q3q~ = O} 
~ {(ql : q2 : q3) E p l ,2,3(C) 1315q~ + 2700qiq2 + 3456q~qa+ 2448qiq~ 

+ 1536qlq2q3 + 576q~ - 256qi = O}. 

Analogously one can find the equations for the coefficients of the curve MN of Zolotarev 
polynomials (cf. [Ju89]). 

Examples: The set of Zolotarev polynomials in degrees two to five is given by 

M2 = {(a2 : C) E p2,4(C)} = p2,4(C), 

Ma = {(al : a3) E pl,a(C)} = pl,a(C), 

M4 = {(al : a2 : a4) E pl,2,4(C) I al (128a~ - 144a2ai + 27ai - 512a4) = O}, 
M5 = {(al : a2 : a3 : a5) E pl,2,a,5(C) I 

a5 = 31
1
25 (875aaa2 - 950aaai - 725a~al + 700a2a~ - 128an, 

25ai - 70a3a2al + 4a3a~ - 20a~ + 37aia~ - 8a2a1 = O}. 

For N > 5 there are N - 5 equations that express a5 to aN -2 and aN as polynomials 
in al to a4. The remaining two equations involve only the variables al up to a4 and 
are homogeneous of degree N - 1 and N + 1. 

The curves NN and MN are in general (i.e. for N not prime) not irreducible. In fact 
we already saw, that Nd is contained in NN for each divisor d of N, and that Md 
is embedded in MN. We will see later, that the curves have exactly one component for 
each divisor d of N and that the components only intersect in degenerate Zolotarev 
polynomials. 
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3 The differential equation - revisited 

In this section we want to recall the basic constructions of Chapter 7 and Appendix I, § 7 , 
to derive a close connection between pairs (L, zo), where L C C is a lattice and 
Zo E Cl L is an N-division point, and Zolotarev polynomials. 

We will often use such pairs (L, zo) as above, so we define 

C:= {(L,zo) I L C C a lattice, Zo E CIL, Zo =1= o}, 
CN := {(L,zo) E C, N· Zo = O}. 

For (L, zo) E C N there exists a well-defined function h = h L,zo ,N with the following 
properties (cf. Chapter 7 and Appendix I, §6): 

1) h is elliptic for the lattice L, 

2) the divisor of h is (h) = N· (0) - N· (zo), 
3) h is normalized by h(z) = zN + O(zN+l). 

The function h depends on N, not only on (L,zo), since we did not demand N 
to be the exact order of zoo But one easily shows that hL,zo,nN = (hL,zo,Nt. In 
the following we will also make use of the function g = gL,zo := -k h~,zo,NlhL,zo,N 
(which does not depend on N by the above). This function has the properties 

1) g is elliptic for the lattice L, 
2) its poles are in 0 and in zo, both of order one with residues 1 and -1 resp. 

In Chapter 7 we also introduced the involution 

T: z 1-+ Zo - Z 

and we saw that g is invariant under T: gOT = g. Furthermore any function u on 
Cl L and invariant under T is a rational function in g and in fact a polynomial in g 

if u has only poles in 0 and Zo. In Chapter 7, section 7.2, this was used to get the 
two differential equations 

and 

1 
P(g) = Ch+ h' 

Q(g) = /, 

where P(x) = PL,zo,N = x N + ... and Q(x) = QL,zo(X) = X4 + ... are normalized 
polynomials of degree N resp. 4 and C is a constant depending on L, Zo,. and N. 
The two polynomials were related by the equation 
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so P is a normalized Zolotarev polynomial. The discriminant of the polynomial Q does 
not vanish (i.e. Q has only simple zeroes): From the differential equation for 9 we see 
that Q(a:) vanishes for a: = g(z) where g'(z) = O. Since 9 has two poles of order 
one it takes each value exactly twice (counted with multiplicities) and its derivative takes 
each value four times. Now 9 is invariant under T, so its derivative g' vanishes exactly 
at the four distinct points Zl, ... ,Z4 characterized by T(Zi) = Zi. But the four values 
9(Zi) have to be distinct, since 9 takes them at least with order two (g' (Zi) = 0). Thus 
Q has only simple zeroes. 

Therefore the Zolotarev polynomial P is non-degenerate, and the differential equations 
for the elliptic functions h and 9 finally give us maps 

and 

for N #- 2, 
for N = 2, 

PN : .cN -+ Q~ 

(L,zo) 1-+ QL,zo' 

Since PL,zo,N is a Zolotarev polynomial satisfying (1) with Q L,zo' we obviously have 
WN = D.N 0 PN. 

If Zo is an N-division point of Cl L, then we can also take it as an nN-division point, 
i.e. .cN C .cnN • The function 9 does not depend on N as well as the polynomial 
Q, so we have 

and 

o -on L,zo,nN - L,zo,N' 

where tn is the injection from the first section. 

Now we can extend the commutative diagram of section 1 to: 

c 

c 
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4 Modular interpretation of Zolotarev polynomials 

In the last section we saw that we can associate a non-degenerate Zolotarev polynomial 
PL,zo,N = wN(L, zo) to each pair (L, zo) E CN. Now we want to prove the 

Theorem: The maps <P Nand W N are bijections. 

Proof: Since W N = nN 0 <P N and nN is a bijection, it suffices to proof bijectivity for 
the map <P N. For this we need the following 

Proposition: Let Q(a:) = a:4 + qla:a + q2a:2 + qaa: + q4 be a normalized polynomial 
of degree 4, such that discr (Q) :f:. O. Then there exists a unique meromorphic function 
g(z) with g(z) = ~ +0(1) and Q(g) = g,2. Thisfunction is ellipticfor a lattice Le C 
and with Q(a:) = Q(a: - qd4) = a:4 + i12a:2 + qaa: + q4 we have 

g(z) = _! . r'(z) + r'(zo) ql 
2 r(z) - r(zo) 4 

where r is the Weierstraj3 r-function for the lattice L with lattice constants g2 (L) = 
q4+qV12 and g3(L) = q4q2/6-q]/16-qV216 and Zo is the point on CIL with 
r(zo) = -q2/6 and r'(zo) = Qa/4. CID 

For the proof of this proposition we refer the reader to [Ju89] (see also [WhWa69], 
pp. 452-455). 

The injectivity of <PN now immediately follows from the proposition: If <PN(L,zo) = 
Q L,zo (a:) = a:4 + ql a:3 + ... , then we have Q L,zo (g) = g,2 for a uniquely determined 
function g, so g = gL,zo. But then the lattice L is the periodicity lattice of g and 
Zo is the pole of g on CIL that is different from zero. Therefore (L,zo) is uniquely 
determined by QL,zo = <PN(L, zo), i.e. <PN is injective. 
To prove the surjectivity of <PN we again use the proposition: Let Q E Q'N, so 

especially discr(Q):f:. O. Let g(z) be the function in the proposition, i.e. l = Q(g) 
and g is elliptic for some lattice L. From the explicit formula for g in the proposition 
we see that g has only two poles, namely one in 0 and one in zo, both of order one 
with residues 1 resp. -1. Now we have to show that Zo is an N-division point of 
Cl L and that g = gL,zo. 
Since Q E Q'N we know that P := nN(Q) (resp. (P,C) = n 2(Q) for N = 2) 

2 
is a normalized Zolotarev pOlynomial with QP' = N 2a:2(p2 - A2), (and A2 = 4C 
for N = 2). Denote by h and h the functions h := P(g) and h := j;, f~/g = 
1; P' (g )g' I g and by h the function h:= ;2 (h + h). All of them are elliptic for L 
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since 9 is. From (1) and the definitions we have 

fi = (~g Pl(g)glf = (~g pl(g)f Q(g) = 

= p(g)2 _ A2 = ff _ A2 . 

=> 2hf~ = 2hf~ 

=> f~ = ~! h = N 9 h· 

For the logarithmic derivative of h we get 

h' = f{ + f~ = f{ + ~ gh = N 9 
h h + h h + N 9 fi . 

195 

(2) 

Since the only poles of 9 are in 0 and Zo of order one and with residues 1 resp. -1 
we get from (2) for the divisor (h) of h: 

(h) = N . (0) - N· (zo) 

=> N.O-N·zo=OECIL 

=> N· Zo = 0 E CIL. 

Therefore Zo is an N-division point of Cl L. Since h has the same divisor as hL,zQ,N 
and 

1 A2 A2(h - h) 
h = 2(h + h) = 2(f; - fD = 

1 1 (1) =-(h-h)=-+O -2 zN zN-l 

satisfies the normalization condition, we have h = hL,zQ,N and (2) shows that 9 = gL,zQ. 
Since Q(9) = 9,2 

we finally get Q = QL,zQ= <PN(L,zo), so <PN is surjective. d1:I 
In the next section degenerate Zolotarev polynomials will show up as values of W N on 
degenerate lattices. 

5 The embedding of the modular curve 

In Appendix I, §7, we already saw that two pairs (L,zo) and (L',zb) in CN are 
isomorphic ( (L, zo) rv (L', zb) ), if and only if (L', zb) = A( L, zo) for some A E C*, 
where the action of C* on CN is given by A(L, zo) = (AL, AZo). As one can easily 
verify using the axiomatic definition of the function h L,zQ' we have 
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and so 

Therefore Q)..L,Azo = >'(QL,zo) and PAL,Azo,N = >'(PL,zo,N), and the maps <PN 
and WN are equivariant with respect to the C*-actions on £N and QN resp. PN 
(cf. section 2). Since they were bijections, they induce bijections on the set of equivalence 
classes: 

if!N Q'N/'" "" -+ N'N C p l ,2,3,4(C) 

/' 
£N/'" ~ 1 ON 

'\, 

P'N/'" 
~ 

M'N c p l , ... ,N-2,N(C) iJ!N -+ 

If we define £ N,p = {( L, zo) E £ N I Zo has exact order !f in re / L} then the set 
£N can be naturally written as the disjoint union £N = UdlN £d,p. This splitting 
is respected by the C*-action on £N. Furthermore for any divisor d of N we 
define Qd,p := <PN(£d,p) = <Pd(£d,p) and 'P.d,N,p := WN(£d,p) = £Njd(Pd,d,p)' 
Then we have Q'N = UdlN Qd,p and PH = UdlN Pd,N,p' Finally let Nd,p C N'N 
(resp. Md,N,p C M'N ) be the images of Qd,p (resp. Pd,N,p) under the embeddings 
into weighted projective spaces we discussed in section 2. 

From Appendix I, §7.1, we know that the set of equivalence classes £d,p/'" can be 
parametrized by r l (d)\~ via T 1-+ (27ri(ZT + Z), 27ri/d). Restricting the above diagram 
to primitive d-division points, we have 

Nd,p C p l ,2,3,4(C) 

(3) 

'\, 
iJ!N MO C pl, ... ,N-2,N(C) d,N,p 

Thus we get two embeddings of rl(d)\~ into weighted projective spaces with images 
given by Nd,p and Md,N,p' From Appendix I, §7.1, we know, that in the homogeneous 
coordinates of the weighted projective spaces the embeddings are given by modular forms. 
To extend the maps to the whole of rl(d)\~ (i.e. the union of rl(d)\~ and the cusps), 
we have to know their values on the cusps of r 1 (d). From Chapter 7, section 7.6 we 
know that the values of <P N on the cusps of r I ( d) are given by 

(i) Q(x) = (x - k/d) (x + (d - k)/d) for 0 < k < d, 
(ii) Q(x)=X2 (x2 +2 ~~~; x+l) for (=e2¥ and gcd(l,d)=l. 
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Thus the values of <P N on the cusps are polynomials Q that correspond to degenerate 
Zolotarev polynomials of degree N and we can combine the maps in (3), extended to 
the compactified modular curve r 1 (d) \ ~, to get 

if!N NN C pl,2,3,4(C) 

U rl(d)\~ /' 

diN 

"'" "I!N MN C pl, ... ,N-2,N(C) 

The maps <P N and W N are surjective and away from the cusps they are also injective. 
The degenerate Zolotarev polynomials of type (ii) have only one preimage, the ones 
of type (i) have ip (gcd (k, d)) preimages on the component r 1 (d) \ ~, where ip is the 
Euler ip-function. Therc;)fore the maps are embeddings away from the cusps and are also 
embeddings for components r 1 (d) \ ~ with d a prime number. Furthermore, the images 
of the different components only intersect in degenerate Zolotarev polynomials of type (i). 

6 Applications to elliptic genera 

The image of a genus on the rational cobordism ring is equal to the Q-algebra A 
generated by the coefficients of the characteristic power series x / f (x), which in turn is 
equal to the Q-algebra generated by the coefficients of the power series f' / f. In the 
case of elliptic genera of level N we have f' / f = g, where g satisfies a differential 

equation g,2 = Q(g) with Q E Q'N. SO for Q(x) = X4 + qlx3 + q2x2 + qax + q4 we 
have A = [ql,'" , q4J. Since Q(x) E Q'N the coefficients of the polynomial satisfy the 
two relations AN-1(ql, .. ' ,q4,N) = 0 and A N+1(Ql,". ,Q4,N) = 0, we described in 
section 2 of this appendix. 

For the universal elliptic genus of level N we also know that ql up to q4 are modular 
forms on r1(N), so we get 

Proposition: The rational image A of the universal elliptic genus of level N is generated 
by 4 modular forms qb .. ' ,q4, of weight 1 up to 4, which satisfy 2 weighted homo­
geneous relations AN-1(ql, ... , q4,N) = 0 and A N+1(Ql,"" Q4,N) = 0, of degree 
N-landN+l. dLJ 
For general N there will be more relations, since the algebraic curve with function 
field Q[Ql,'" ,Q41!(AN- 1,AN+1) has one component for each divisor d of N, the 
component parametrized by modular forms on r 1 (N) is the one with d = N. For N 
prime, we have only one component and there are no more relations. 

That means for large N the image of the genus will only be a small subting of the ring 
of modular forms on r 1 (N). 
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In his Diplomarbeit [Ho91], G. Hohn studies a universal elliptic genus SOell that gener­
alizes elliptic genera of all levels: 

This genus belongs to the characteristic power series x/I (x) such that 9 = 1'/1 satisfies 

g,2 = Q(g) for Q(x) = x4 + qlX3 + q2x2 + qax + q4 and qlo ... ,q4, indeterminates, 
i.e. the polynomial Q is no longer restricted to belong to a Zolotarev polynomial. Elliptic 
genera of any level N factorize over this genus SOell. After a homogeneous change of 
coordinates Hohn gets 

SOell : n ® Q -+ Q[A, B, C, DJ, 

where A,B ,C ,D are again indeterminates of weights 1 up to 4 (i.e. ql up to q4 can 
be expressed as homogeneous polynomials in A, B, C, D and vice versa), and for an 
SU manifold M, i.e. a stably almost complex manifold M with Cl (M) = 0, there 
holds IPell(M) E Q[B,C,DJ. 

Using the rigidity theorem of Hirzebruch for level N genera (see Appendix III), Hohn 
shows the following 

Theorem: The universal elliptic genus SOell is rigid/or Sl-actions on SU manifolds. dJ) 

Another result he proves is the invariance of level N elliptic genera under blow ups in 
codimension 1 modulo N. Furthermore Hohn determines the kernels of SOell and of the 
level N elliptic genera in terms of ideals of manifolds with certain kinds of Sl-actions 
and ideals generated by certain fibre bundles. 
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M*(2) , ring of modular forms on 
ro(2), 136 

M*(r) , graded ring generated by 
modular forms, 135 

MN, moduli curve of Zolotarev 
polynomials, 190 

M'N, moduli curve of non-degenerate 
Zolotarev polynomials, 190 

N>., eigenbundle over fixed point 
component, 66 

NM , normal bundle of M, 35 
N N, moduli curve of special 

polynomials, 190 

N'N , moduli curve of special non-
degenerate polynomials, 190 

ords(f) , order of f at s, 123 
( Wl , W2) , basis for a lattice, 23 
n , cobordism ring, 2 
n N, map between Zolotarev and 

special polynomials, 188 

P , total Pontrjagin. class; 4 
Pi , Pontrjagin class, 3, 4 
pno •...• nr(C) , weighted projective 

space, 189 
PSL2(lR), projective group of SL2(lR), 

121 
!p , genus, 13 
'f., universal genus, 38 
rp , elliptic genus expanded around the 

cusp 0,80 
!PQ, genus corresponding to a power 

series, 13 
!Pw , Witten genus, 83 
CPN,p, elliptic genus of level N,97 
cp(E) , characteristic class of a bundle, 15 
cp(M) , genus of a manifold, 15 
cp( r, x) , elliptic cp-function, 147 
q> N, map associating special 

polynomials to lattices, 193 
q> ( r, x) , special theta function, 103, 145 
W2 , Adams operation, 75 
W N, map associating Zolotarev 

polynomials to lattices, 193 
W (r, x) , special theta function, 149 
PE, projectivized bundle E,48 
tJ, WeierstraB tJ-function, 23, 128 
PN, set of admissible Zolotarev 

polynomials, 188 
P'N ' set of admissible non-degenerate 

Zolotarev polynomials, 188 

dLJ, end of proof, vii 
Q,N , set of special polynomials, 188 
Q,'N ' set of special non;..degenerate 

polynomials, 188 



Re, real part of a complex number, 4 
p , representation, 9 
pE , associated vector bundle, 9 

s( M) , Milnor number of- M, 42 
sk(L) , homogeneous lattice function, 

127 
sgn(s), sign of a permutation, 46 
sign(M) , signature of M,41 
sign(X, W) , twisted signature, 74 
sign(g, X) , equivariant signature, 68 
sign(q, eX), formal equivariant 

signature of loop space, 74 
Sk E, symmetric power of a bundle, 9 
StE, formal sum of symmetric 

powers, 12 
Sk(r) , space of cusp forms, 123 
8L2 (lR), unimodular real 2 x 2-

matrices, 121 
Sqi , Steenrod square, 114 
(7',. , elementary symmetric function, 7 
(7',. (n) , number theoretic function, 129 
(7'(X),(7'(7,X),(7'L(X) , WeierstraB (7'-

function, 82, 144 

Symbols 

(7'(p) (D) , p-symbolof D,57 

td, Todd genus, 59 
T n , Todd polynomial, 20 
TN , Chebyshev polynomial, 105 
TN , normalized Chebyshev 

polynomial, 105 
TM, tangent bundle of M, 35 
(}(7),(h(7) , theta series, 126, 126 
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eL, group of theta functions for L, 143 
eL, group of trivial theta functions 

for L, 143 

(Ul' ... , U,.) , virtual submanifold, 36 
Ui , Wu class, 114 
l' ( x) , special theta function, 171 

X A , bundle along the fibres, 47 
xg, fixed point manifold, 66 
Xe, component of fixed point 

manifold, 66 
Xl(N) , special Riemann surface, 158 

(( s) , Riemann (-function, 131 
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