








































































































































































































4.6 Multiplicativity and strict multiplicativity 55

‘We now proceed inductively as follows: Let ¢ be strictly multiplicative up to dimension
k. Let K be the multiplicative sequence belonging to . For the bundle M2 along
the fibres holds:

T (K (M2)) = o(F) + ap + apy1 + -,

where the a; € H7(B;Q). Now let X be a k-dimensional submanifold of B. The
fundamental group 71(X) again acts trivially on H*(F; Q). We now restrict the fibre
bundle to X. Then we have

T (K (M*|x)) = o(F) +ar + 0
restricted to X. Now we have:

0(X)- p(F) = p(r7}(X))
= (K(n*TX)- K(M"?|x)) [~ X]
= (K(I'X) - ™K (M%|x))[X]
= (14 + (X)) go) * (p(F) + ar))[X]
= (p(z) : ¢(F) - go + ax)[X]
= ¢(X) - o(F) +ar[X]  (since go[X] =1)
= ap[X]=0 forall X
= a=0. : pid

Corollary: The L-genus (signature) is strictly multiplicative in all differentiable bundles
(with w1(B) acting trivially on H*(F;Q) ). pid
Example: Let M and B be manifolds, dim M = 8, dim B =4 and let M be total
space of a fibre bundle with fibre F and base B. Then the vector bundle M4 has the
Pontrjagin classes py € H*(M;Z) and p; = e? € H®(M;Z). For the multiplicative
sequence of the signature there holds in dimension 8:

Ly = (Tpz — 1) /45.

Now m,(Ly(M*)) = 0, for in view of the strict multiplicativity of the signature we
have =, (L(M*)) = L(F)-1 € H*(B;Q), while m,(Lz(M*)) lives in H*(B;Q).
Further, m, is an isomorphism in the highest dimension, since Poincaré duality and T, :
Hy(M;Z) — Ho(B;Z) are both isomorphisms. Hence over Q we have L, (M2) =0,
$0 Tpa —p2 = 0 or

e? = p2/1,



56 4 Multiplicativity in fibre bundles

for the bundle along the fibres of an 8-dimensional manifold fibered over a 4-dimensional
manifold. '

Problem: Is there a bundle (with fibre dimension 4), for which the corresponding
equation for the Pontrjagin classes does not hold? (In base dimension 4 there is no
torsion, but in higher dimensions it is indeed possible.)

Example: Kodaira (cf. [Ko67]) has found a family of manifolds in the complex analytic
category which shows that the trivial operation of 7;(B) on F is a necessary hypothesis
for our theorem. These manifolds are called Kodaira surfaces and are of general type. As
complex surfaces, they have real dimension 4, and further they are total space of a fibre
bundle with fibre and base a Riemann surface. If the L-genus were multiplicative in these
fibre bundles, then on dimensjonal grounds the signature would be zero for these surfaces.
However, Kodaira has calculated that the signature of these surfaces is strictly positive.



5 The Atiyah-Singer index theorem

5.1 Elliptic operators and elliptic complexes

Let X be a compact, differentiable manifold of dimension %, and let £ and F be
complex C°-vector bundles over X of rank m, resp. n. Denote by I' the vector
space of all C'-sections of a bundle, and let D : I'(E) — I'(F) be a C-linear map.
Each f € I'(E) can be written over a trivializing neighborhood U of a point z € X
as f = (fi,...,fm), where the f; are C'°°-functions over U. In the same way the
image g = D(f) can be written locally as g = (g1,...,9n)-

Definition: D is called a differential operator of order p if there isan m X n matrix
(dij) with

(915-++59n) = (f1s-- - fm) - (diz),

where the d;; are polynomials in the 'a'z_, of degree (at most) p with differentiable

functions as coefficients.

Here it is not required that the order p be chosen minimally. Let 7 denote the projection
of the fibre bundle 7 : T*X \ 0x — X, ie. the cotangent bundle with the zero section
0x removed. To a differential operator D of order p we now define the p-symbol

a(p)(D) :m*FE - 7o*F

as follows (cf. [We80], p. 115):

For 0 #v € T*(X) and g a C*°-function on X with dg, =v and f(z)=e € E,
put

o(D)(z,v)e = D (5 (9.~ 9(e)) - 1) o).

In order to describe the symbol locally, we form the matrix (d(?’), in which d$?’ is the

homogeneous component of d;; of degree p. For z € X and v = (v1(v),...,v(v)) €

T;X we replace the z2- by iv, in (dg-’)) and obtain a matrix (o;}’). This is

independent of the chosen chart of the manifold, since the v, (coordinate functions
of T;X ) and the 32 (basis of T, X ) coincide. We therefore obtain the C-linear map

(agf )(D)(z,v)). Obviously, the symbol depends on the order of the differential operator.

Definition: A differential operator D of order p is called an elliptic differential operator
if o®P)(D): n*E — n*F is a bundle isomorphism of =*E onto *F.
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Remark: For an elliptic differential operator the order is therefore well-defined.

Example: On X = R¥/L, where L C R* is a lattice, the Laplace operator A :=
2 2 . . . . .

27 +---+ 27 is an elliptic operator of order two on functions, i.e. on sections of the
1 k

trivial bundle X x C, for we have c®(A)(z,v) = —(vZ +--- +v3) #0 for v#0.
For elliptic differential operators one has the following (cf. [We80]) important
Theorem: ker (D) and coker (D) are finite dimensional. pid

Remark: One obtains the statement about the cokemnel from the (difficult) statement
about the kemel, by considering the adjoint operator.

Definition: The index of D is defined by
ind (D) = dimc ker (D) — dimc coker (D).

Now let Ey,...,E, be complex vector bundles over X, and for ¢ = 0,...,m —~ 1
let D;:T'E; — I'E;+; be differential operators of degree p with D; 1 D; = 0 and
corresponding symbols o; = o®)(D;).

Definition: Such a complex

D:TE,2TE —... P~ TE,,

is called an elliptic complex if the corresponding complex of symbols
0= mEy 3 ... ey mFE, =0
is an exact sequence of vector bundles.

Remark: If one considers again az(p ) (z,v) : E; » — Ei11,0, then the complex is elliptic

if and only if the complex of symbols is exact for all z € X and v € Ty X \ {0}. For
m = 1, an elliptic complex is precisely an elliptic differential operator.

Since the composition D;D;_; = 0, one can consider the cohomology groups H* =
ker (D;)/im (D;—;). From the assertion above for the case m = 1 now follows easily
the

Theorem: For an elliptic complex, all cohomology groups H* are finite dimensional.
We shall put k¢ := dimgc H* when it is clear which elliptic complex is meant.
Definition: The index of an elliptic complex D is defined by

ind (D) = VZ: (-1)° - dim¢ H = Z (=1)° - K.

For m = 1, the index of an elliptic complex coincides with the index of the elliptic
operator Dy.
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5.2 The index of an elliptic complex

Atiyah-Singer Index Theorem: Let X be a compact, oriented, differentiable manifold of
dimension 2n and D = (D; :T'E; — TE;y1) an elliptic complex (i = 0,---,m —1),
associated to the tangent bundle. Then the index of this complex is determined by the
Jollowing formula (cf. [AtSi68I], [AtSe68II], [AtSi68IIT]):

ind (D) = (=1)" ( (E}_X_) i (~1)" - ch (1)) td (TX ® (C)) [X].

Remark: In this formula, td is the multiplicative sequence associated to the power
series Q(z) = z/(1 —e™®) (the Todd genus, cf. section 1.8). The alternating sum of
the Chemn characters is in fact divisible by the Euler class; this is a non-trivial fact. It is
convenient for calculations to factor the Euler class z; -+ z,, formally out of the Todd
class of TX @ C. The resulting expression no longer makes sense topologically; for
concrete calculations the Euler class always appears as a factor in the Chern characters
and corrects this error. We therefore use the formula

ind (D) = ((zmj (~1)° - ch (&) f[l (1 g __Z,,,.J.)) 1X].

This formula is, however, to be used with caution, since the right product is neither

symmetric in the :1:? nor an invertible power series.

Remark: This theorem gives a purely topological expression for the differentiable
invariant ind (D). In particular, the differential operators themselves make no appearance
in the formula. Interpreted differently, one now knows that the complicated expression
on the right side is integral.

The examples in the following three sections are complexes of order one.

5.3 The de Rham complex

Let X be a compact, differentiable manifold of dimension k and T its tangent
bundle. The bundle of differential forms of degree ¢ with complex-valued coefficients
is E; = AY(T*®C). The exterior derivative d yields an elliptic complex, d =
(d:TE; — T'E;1;), whose symbol o;(z,v) is the wedge-product w — v A w (as
linear map). The cohomology groups H* will also be denoted by H, Rham- BY the
theorem of de Rham, we have:

Hée Rham = Hz (X? (C)‘
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This means that not only the index of the elliptic complex d, but indeed all the individual
h* = dim Hj, gy.m are topological invariants, which we also denote as Betti numbers
b,;. Thus

k . ) k .
ind (d) =) (-1)"- Al = Z (—1)" - b; = e(X).

=0
We now compare this result with the Atiyah-Singer index theorem. For this, let X now
be 2n-dimensional and oriented. As we have seen in section 1.5, we have:

n n

Ch(z (AT 8 C)) - :‘/’) = [ (@ +ye®) (1 +ye™%)).

=0 j=1

For y = —1 this is exactly the sum in the Atiyah-Singer index formula. It cancels all
factors there apart from the Euler class, and so gives correctly:

ind (d) = (e(TX))[X] = e(X).

5.4 The Dolbeault complex

Now let X be a complex n-dimensional manifold, T the holomorphic tangent bundle.
We have

TiC=2T oT*
= AT eC)2A (T oT)

= (D (APT* @ ATT%).

ptg=i

With the notation AP? := I'(APT* ® A9T*), the exterior derivative d : AP? —
APtLagy APHYL gplits into d = 840, with 8 : AP9 — APT1Y and §: AP — APatL,
For fixed p, O yields an elliptic complex of differential operators. This is called
the Dolbeault complex. Let H?9¢ be the g¢-th cohomology group of this complex,
h?? := dimc HP9. Hence HP? is the vector space of holomorphic sections of APT*,
the bundle of holomorphic p-forms on X. For p = 0 these are the holomorphic
functions on X, which must be locally constant since X is compact. Hence h%°
is the number of connected components of X. The index of & for fixed p is also
denoted by x? :

xP 1= Z (=1)7 - hP4,

=0
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In addition, x := x° is called the arithmetic genus of X.

We shall now calculate these x* by means of the Atiyah-Singer index theorem. We
reduce the structure group of the holomorphic tangent bundle T' to U(n), hence can
identify T* with T. First we consider the case p = 0. The bundles appearing are then
AYT* = AIT. From our earlier result (cf. section 1.5)

n n

> h (A7) 47 = [] (L +y-€),

=0 j=1

we obtain, with y = —1, for the sum in the Atiyah-Singer index theorem the expression
ITj=1 (1 — €®). Hence there remains in the formula only one of the two factors in the
product:

n

¢ =11 (= ) = @)X = a x)

Jj=1
For the first three dimensions we have as examples (cf. section 1.8):
C(X ) C‘i + ¢

n=1: = [X] ’ n=2 x0=—12—[X],

All x° are integral, being the index of an operator. One therefore obtains divisibility
conditions on the Chern numbers. For n = 1, x° is half the Euler number, hence
x° =1— g where g is the usual genus (number of handles) of the Riemann surface.

For general p we must determine the weights of the representation which leads to
APT*Q® AqT* in order to be able to identify the Chem character. If we collect together
the results for different p by putting

n
Xy = Y XP - P,
p=0

we obtain the
n

Proposition: x, = [] ((1 +y- e_”")—ﬁj——z—.)[X]-
j=1 I-e™

Proof: This follows easily from the formulas in section 1.5. yid
Remark: The power series (1 +y-e™%)/(1 — e™*) can unfortunately not be taken as
the characteristic power series for a (complex) genus, since it starts with 1 + y instead

of 1. If we replace ¢ by z(1 +y), then we obtain by evaluation on a 2n-dimensional
manifold an additional factor (1 + y)", since for the evaluation only the homogeneous
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component of degree n in the z; enters. We therefore obtain:

n

xw=II(0 +§,-e-%')1—_f”';7';;)[X]

14y-e~20H)  zi(14y)
( 1+y 1 — e—2i(1+y)

W,
1l
Yt

)1x]

1

o,
il

($J(1 +y- e_a’j(l‘f‘y)))
1 — e—®i(1+v)

1
o

1

S,
Il

Hence x, is the genus belonging to the power series

56(1 +y- e—w(1+y))
Q) = e—z(1+y)

For three values of y, this x,-genus is an important invariant:

y=20:
y=-1
y=1

n

Xo=Y x-0P=x"=x (arithmetic genus).
p=0

n

X-1= Zj:xp- (-1 = Zn:((—l)p (-1 hp,q)

p=0 q=0
n

Z( 1)P*9. pP¢ = ind (8) = ind (d) = e(X)

Pg=0

(ind (§) = ind (d), since in the Atiyah-Singer index theorem the same
bundles, namely A*T{ ® C, appear).

The characteristic power series for the Fuler number can therefore not
obviously be normalized (for y = —1, the numerator and the denominator
of Q(z) both are zero). Nonetheless, an application of 1'Hospital’s rule
yields Q(z) = 1 + =.

As characteristic power series remains

z(l+ e"2) _zefte™) @
1—e 22 e*—e=%  tanh(z)’

As we already know, this even power series yields the signature of the
manifold, so- -

= Zx? = sign (X).

p=0
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Remark: For K%ihler manifolds the two formulas x—1 =37 _, (=1) e = e X)
and x1 = 27 o (=1)? - k¢ = sign(X) were already known earlier (cf. [Ho50]),

since then H™ = @, ,_,, H%.

5.5 The signature as an index

For an n-dimensional oriented vector space V, provided with a scalar product, one can
define a linear map (Hodge *-operator) * : A*V — A™™V. To do so, let eg,...,e,
be an orthonormal basis of V' compatible with the orientation. The mapping * is then
defined on a basis of A*V by

x(ej, A---Nej) =ej ., Noo-Nej,,

where the indices jii1,...,in are ordered so that e;, A---Aej;, gives the orientation of
V. This definition does not depend on the choice of orthonormal basis. The scalar product
on V induces a scalar product {-,-) on AV, with respect to which the ej, A---Aej;
with j3 < +-+ < j; form an orthonormal basis. Therefore for @, 8 € A*V and
w=-e; A+ Ae, we have:

a/\*:@=(an@)'w

Moreover, one sees easily that *x = (—l)i(""i) -id. For this reason we define a map
7 on A*V by ,

re (_l)i(i—l)/2+k*

if dimV = 4k. Then 72 = id holds.

We now compute the signature of a manifold as the index of an elliptic operator
(cf. [AtSi68III}). Thus let X be a compact, oriented, differentiable, 4k-dimensional
manifold and let T be its tangent bundle provided with a Riemannian metric. This
induces a metric on the bundles A*(T* ® C). As above (consider local orthonormal
bases) the *- and T-operators can be defined on the exterior powers of the cotangent
space and also on the sections A* = I'(A*(T* @ C)). Then for @, 8 € A® we have

= [[an

Since 72 = id, 7 has the eigenvalues +1 and —1. We can extend 7 linearly
to A(T*®C) and obtain the sub-bundles E, with eigenvalue +1 and E. with
eigenvalue —1. For oo € A¥(T*®C) we have o+ 7a € E4, a — 7o € E_ and
a=3((e+7a)+ (a - 7a)), hence A(T*Q®C)=E, ® E_. The maps o +— atTa
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are injective for o € A*(T* ® C) with ¢ < 2k, and because of the dimension shift
the rank of E. is therefore greater than or equal to 232;1 (4ik). In the critical case
i = 2k one can easily show that the rank of the bundle E4 NA%*(T*® C) is precisely
1(5%). Therefore we have

tkc By = ke E_ = 2%1,

As usual, d : A* — A™?1 is the exterior derivative. We define d* : A* — A~! by
d* = — xd* = —7dr. The Hodge «-operator is a differential operator of order zero and
d has order one. For oo € A* and 8 € A**! we have:

(da,ﬂ):Ada/\*ﬁ
=/ (-—1)i+1a/\d*_ﬁ—+/ d(c A +B)
X X

= / (—1)F =D A w(— %d%)B
X
= (o, d*B).

Hence d* is adjoint to d, and therefore the differential operator d + d* is self-adjoint,
so its index is zero. Since

T(d+d*)=7d - r7dT = 7d — d7 = —(dT — 7d)
= —(dr +d*7) = —(d + d*)r,

one can consider d +d* : TE, — TE_.

In order to determine the signature of X, we must decompose H3¥p, == H?*(X;C)
into a positive and a negative definite part with respect to the intersection form. Now in
each de Rham cohomology class there is precisely one harmonic form as representative.
These are the elements of T'(A(T* ® C)) which lie in the kemel of (d+d*)* = A
(Laplace operator) and therefore (since d + d* is self-adjoint) are in the kemel of
d+d*. Let HZ* (resp. H2*) be those subspaces of HZ*(X;C) which correspond
to the harmonic forms a with 7a = a (resp. 7 = —a). Therefore H**(X;C) =
H2* @ H?* js a decomposition into eigenspaces with respect to 7, which induces a
decomposition of H2*(X;R). For a real harmonic form o: € H2*, a # 0, we have:

0<(a,a)=/a/\*a:/a/\’ra=/a/\a.
X X X

For real o € H?*, o # 0, holds correspondingly:

0>—(a,a)=—-/aA*a:—/aATa=/aAa.
. X X X
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Since 7 is self-adjoint on H2¥, we also have [, aAB =0 if o € H¥* and g € HZ*.
Therefore we have decomposed the intersection form on H2* into a positive definite
and a negative definite part, and thus

sign (X) = dimg H3* — dim¢ H?*,

Now we consider the operator d+d* : T'E; — T'E_. This is elliptic, since (d + d*)* =
A is the Laplace operator. Its kernel consists of the harmonic forms for the eigenvalue
1 of 7. The adjoint operator is d + d* : I'E_ — I'Ey4, whose kernel consists of the
harmonic forms for the eigenvalue ~1. In the expression

ind (d + d*) = dimker (d + d*) — dim coker (d + d*)
=dimker(d +d*:TEy —» TE_) —dimker(d+d*:T'E_ - TEy),

the components of harmonic forms away from the middle-dimensional cohomology have
the same dimension and so cancel. There only remains

ind (d 4 d*) = dim H2* — dim H?*,
Hence the signature of X is precisely the index of d + d*.

Again, we compare the result with the Atiyah-Singer index theorem. For ch (By) -
ch (E.-) one can show (cf. [AtHi59a)):

2k
ch(E}) —ch(BE_) = H (€% — 7).

j=1
We recast the product term in the Atiyah-Singer index theorem slightly:
1—e % =e—%i/2, (625/2 — e—wa‘/?),
1 — ez.‘f —_ ez.‘l'/2 . (e—z.‘i/z - ezj/z)

2k

2k
T; 1 T;
= ( i__. ) — 3
jl;Il l—e % 1-—e® FHI (e2/2 — e=23/2)”

. 2k 2.
= sign(X) = ( (e —e™>) I] (e%4/2 — 2-21/2)2>[X]

(1 J(;(ffff;‘i;:fi; Nix
- (U aterm) = 21(11;—211(——))[:(1

2k
(it

j=1

=

.*:1

I
:l

il
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One obtains the next-to-last equation by replacing z; with 2z;. Since we evaluate
over X, only the homogeneous components of degree 2k in the z; must agree, and
therefore one must divide by 22,

5.6 The equivariant index

Now let X be a compact, complex manifold of complex dimension n and as before let
D = (D;:TE; - T'E;;4) be an elliptic complex. We want to generalize the Atiyah-
Singer index theorem to the case in which a compact topological group G acts on X
by holomorphic maps (cf. [AtBo67], [AtSi68II]). Let X9 = {z € X | gz = z} denote
the fixed point set under the operation of a fixed group eclement g € G. This is a
complex submanifold of X, which is not necessarily connected. We therefore decompose
X9 = |JX¢ into its connected components. The X¢ are connected submanifolds of
X of possibly different dimensions. In addition, assume that G acts on the elliptic
complex, i.e. G acts on the bundles FE; (e.g. if all bundles E; are associated to the
tangent bundle of X ) and this action commutes with the differential operators D;. Then
G also acts on the cohomology groups H* of the complex. Hence, for each element
g € G the trace tr (g, H?) of the action of g on H* is defined.

Definition: In the above situation the equivariant index ind (g,D) of D is defined as

ind (9, D) = Y0 (-1t g, H).

=0

Example: ind (D) = ind (id, D).

Example: The index of the Dolbeault complex is xP(X) = 37, (—1)? - dim HP»4.
The spaces HP? are derived from the complex structure of the manifold X. If g is
a holomorphic automorphism of X, then ¢ acts on all H?9. The equivariant index
is then:

n

XP(g,X) = (-1)?- tr (g, HP).

q=0

We now want to indicate how one computes the equivariant index as a sum of contribu-
tions a(Xg) corresponding to the fixed point components XJ. Let Y = X be one
of the fixed point components of X for an element ¢ € G. Forapoint p € Y, ¢
acts linearly on the tangent space T,X. There exists a Hermitian metric on T'X|y so
that ¢ acts unitarily on TX|y. Therefore T, X decomposes into the direct sum of
eigenspaces N, » for eigenvalues A of modulus one. Since G acts continuously on
X, one further obtains an eigenbundle N, over Y. Indeed, N, is precisely the tangent
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bundle TY to Y. Under variation of the point p in Y, the eigenvalues cannot change
since they depend only on the isomorphism type of the representation on T, X of the
subgroup generated by g, and the representation ring of this subgroup is discrete. With
d) = rk N, we therefore have:

d,
TXIY = @NA, C(NA) = f[ (1 + :BEA))
A i=1
d n
= TX|y)= Hf[ (1 + z?)) =TI+ ).
A =1 =1

This means that each of the formal roots z; can be identified with one of the formal
roots :cg’\) belonging to a definite eigenvalue . The recipe for the calculation of a(Y")
is now as follows:

We consider the original index formula

ind(D):((Z( 1) E))cn(X)H( —zi'l_lez;))[xl-

In this formula, we replace X by Y, e® by A~1.e% and e~® by A-e~® (where
z; belongs to the eigenvalue X ). We apply the same process to the terms ch (E;). This
can obviously be done if the E; are associated to the tangent bundle of X. For A =1,
the term 1 — A~1.e® is not invertible; but those z;, which belong to the eigenvalue
1, originate from the tangent bundle to Y and so cancel with the factor cn(Y)

Example: Applying this recipe to the xy-genus, we obtain from
—ay ;
EXP(X)!/” = xy(X) = (H (1+y-e )m)[X]
=1

the equivanant formula

D xP(g, X) 9P = xy(g,X) =Y a(X9),

p=0 v
where we have for each fixed point component ¥ = XJ:

o) = (HE2) T (e ) 50w

A#1 i=1 i=1 —e

If we assume in addition that such a fixed point component consists of a single point,
ie. dimY = 0, then all eigenvalues are distinct from 1; and for the evaluation on Y
only the zero-dimensional component is relevant, hence

A =1
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Since the denominator is exactly the characteristic polynomial evaluated at 1, it does
not vanish (1 is not an eigenvalue).

For the equivariant Euler number of X we have in the general case

e(9,X) =x-1(9, X) = Za(X )y=—1

- Z(H m(l)) [X9] = Ze(Xg),

v =1

and in the isolated fixed points case

Y)y——l HH

A 1—1

what we expected from the above since it is the Euler number of the point Y. For the
equivariant signature (n = dimc X ) we have (again assuming isolated fixed points)

1+ /\ " char. polynomial (—1)
(Y )y=y = HH char. polynomial (1) °

A 7,-1

5.7 The equivariant x,-genus for Sl-actions

Now let G = S and let ¢ € S* be a topological generator, i.e. the subgroup of S*
generated by ¢ is dense in S*. Every torus has a topological generator, Then we have

X4=X51={:c€X|g:c=:cforallgESl}.

In this situation, the whole group S* acts on the restriction of the tangent bundle of
X to X9, not merely a group element. The irreducible representations of S are all
one-dimensional, elements g € S! acting as multiplication by ¢* for fixed k € Z. If
S acts on a vector space, then one also writes

o0
V=) %
k=—00

which means that V is a direct sum V = @j._ Vi and g acts on V; as
multiplication by g¥. As in section 5.6, we obtain a splitting of TX |y (where ¥ = X5
is a connected component of X5 ):

o0
TXly = Y, ¢*Ny

k=—o0
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The eigenvalues A of g are now all integral powers ¢* of g.
The equivariant x,-genus is then (dy = rk Ny )
1
xy(@X) =) a(X})
v
with
)

z£1) _gle
a(X5") = (H (1)1+y e L P (HHHy g*e (ql, )>[X51].

i=1 1-e k#0j=1 1—gke %

Because xy(g,X) is a finite (alternating) sum of traces of the action of q on finite
dimensional vector spaces for which g has only eigenvalues of the form g¢*, x, (g, X)
is a finite Laurent series in g. On the other hand, the expression on the right side is
a rational function of ¢. Since this holds for all ¢ € S*, this is in fact an identity in
the indeterminate gq.

We therefore can consider the limit ¢ — 0. For positive & the factors on the right
side all tend to 1, while for negative k we multiply by ¢~* and see that the factors
converge to —y. We therefore have

o2 o = (0L (T T -0) s

=1 1 k<0 j=1

(H (1)}_‘*;;1‘/__6(_31_)[)(-31] IT (=%

k<0

= xy (X5) - (g) oo ®

Now for the limit ¢ — oo. This time we obtain the factor —y for positive %k, and the
factor 1 for negative k, so that

a(X;’gl)lFoo =Xy (Xfl) : (‘Z‘/)E’“>o e

Therefore x,(g,X) has a value for ¢ = 0 as well as for ¢ = co. Since it is a finite
Laurent series in ¢, it must be constant in ¢ and

xy(g, X) = xy(id, X) = xy(X).

In particular, the values of xy(g,X) and so the sum of the a(XS") coincide for ¢ — 0
and for ¢ — oo.

These considerations are essentially due to Lusztig [Ln71], Kosniowski [Ko70], and
Atiyah and Hirzebruch [AtHi70].
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Remark: This is also clear directly for a Kéhler manifold. The spaces H?? are then
direct summands of the cohomology. Because S is connected, each element acts
homotopically to the identity, hence acts trivially on the cohomology and so on H?9.

Examples:
y=-l: (¥)
e(X) = T e(X5") 120 %
= e(x)
y=1

sign (X) = Zsign(Xfl) . (_1)Ek>o a
el
=Y sign(X$") - (-1) Drcats”
Now assume that all fixed components X 51 are zero-dimensional. Then
xu(X) = Y ()2 4= 3 (~y)Zeso &
STt
because the eigenvalue 1 (k = 0) does not appear. Therefore we have

xy(X) = (-9)" %y (X) = (-1)"9" - xy-1(X).

This relation means that the polynomial x,(X) is symmetric in the coefficients of the
y-powers (up to sign). Of course we could have derived this also from the well-known
duality hp)q = hn—ptn_Q:

xXP = Z (=1)ThPe = (=1)" D (~1)" IR Eme
= (=1)"x"7%.

Example: The circle S acts on P,(C) by

2-22).

(z0:21:22) V> (z0:q-2z1:¢
This action has three fixed points, namely

Pp=(1:0:0),P,=(0:1:0),P,=(0:0:1).
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In affine coordinates S' acts at

Py by (ZI)ZZ)'_q') (q'zl,qz'ZZ)
P, by (z0,2)%> (7' 20,9~ 22)
P, by (20,21) ¥ (¢7% 20,97 - 21).

Hence we have

Xy (P2(C)) = x,(id, P2(C))
= xy(P2)(—9)* + xy (P1) - (=¥) + xy(Po)
= xy(P2) + Xy (P1) - (~9) + xy(Po) - (-9)*
=y’ —y+1

In the same way one obtains for P,(C) the formula

n

xy(Pa(C)) = > (-9)’,

=0

which we could also obtain from consideration of the Dolbeault complex.

5.8 The equivariant signature for S'-actions

We can only define the x,-genus for complex manifolds. But for several values of y itis
already defined for differentiable manifolds. These are for ¥ = —1 the Euler number (not
a genus) and for y = 1 the signature. For the Euler number we have already seen that
its equivariant analog is simply the sum of the Euler numbers of the fixed components.
This also holds for differentiable manifolds. What happens for the signature?

Now let X be a 2n-dimensional compact, oriented, differentiable manifold (up to now
we have only considered the signature for even n). If we want to apply the equivariant
Atiyah-Singer index theorem, we must again consider the decomposition of the bundle
TX|y 51 with respect to the action of a topological generator ¢ of S*. The irreducible
representations of S* on real vector spaces are obtained from the complex representations
by identification of R? with C. The multiplication with ¢* then corresponds to a
rotation in R? through the k-fold angle of g. By suitable identification one can always
take k& > 0. We therefore obtain a splitting

TX|ys =Y ¢*Ne =TX5 0 "N
k30 >0 -
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The bundles NN are real bundles, which for £ > 0 obtain a complex structure through
the identification with a complex bundle. This identification yields a unique orientation
on Ny, in view of the condition k& > 0. Since the fixed component X ;?1 is orientable,

= TX;,gl can now be oriented so that all orientations taken together yield the
orientation of X. In particular, according to this rule X 51 must sometimes be counted
negatively when it is a point.

Having made this splitting, the equivariant index theorem yields:

sign (¢, X) = z (sz)
1 @‘-1 1 k _"’5 *)
XSI (H mlte” e (HH +q~e (qk))>[XSI]
—e% E>0i=1 L — g¥e™

Since the equivariant signature sign (g, X) does not depend on g (S is connected, so
acts trivially on cohomology), we can put ¢ = 0 and have

(1) d 21 (1)
1 14e % 1 3 €% 12 4 e /2 1,
o(X,) (H 2 ————m){XS]—( o S X2
i — e i

i=1 1-

=1
= (ﬁ ag) >{ xst = L (ﬁ 2“’51.)_)[)(51]
i1 tanh(z(" /2) T2\ e ®y )
= sign(X5").

The next to last equation is obtained by replacing wgl) by 2:c§1) and correcting the
error by division by 2%,

We again assume that S acts with isolated fixed points. Then the signature is

o
sign (X) = sign (¢, X Z:I:HHitg Z (£1).
v k>0 i=1 v

The Jast equation holds again, since we know that the sum does not depend on ¢ and we
can therefore put ¢ = 0. Here a fixed point receives the sign plus if T, X = @, Nk
holds with the correct orientation, otherwise the sign minus.

Example: The circle S? acts on $2” C C" x R (coordinates (z3,...,zn,z)) by
rotation around the axis through the poles (z; +— g-z; for ¢ € §* and 1< j < n).
The fixed points are the north and south poles. The Euler number is 1+ 1 = 2 and the
signature is 1 — 1 =0 (the direction of rotation is once compatible with the orientation
and once not).
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6.1 Motivation for elliptic genera after Ed Witten

Let X again be a compact, oriented and differentiable manifold of dimension 4k. The
free loop space of X is the infinite dimensional manifold

LX = {g:8' - X | g differentiable }.

There is a canonical action of the circle S! & R/Z on LX. If g € LX is a
loop, ie. g(z) € X for z € S, then the action of ¢ € S on g is defined by
t(g)(x) := g(x — t). The fixed point set (LX )s1 under this action is the manifold X
itself, considered as the submanifold of constant loops in £X. The tangent space at
aloop g € LX is T,(LX) = I'(¢*(T'X)), where as usual T' denotes the sections
of a bundle. For a constant loop ¢ = p € X the bundle ¢*(T'X) is isomorphic to
S x Tp,X, so that

Tp(LX) 2 T(S" x T, X) = L(T,X).

This decomposes into eigenspaces with respect to the $'-action. Since s € L(TpX) is
a mapping of R/Z into a vector space V, s has a Fourier expansion:

s(z) = “2—° + 3 (n cos (2mna) + by sin (2mna)) € LT, X).
n>0
Here the coefficients a,, b, are elements of Tp,X. The circle S* = R/Z acts as
follows:

t(s)(z) = %’ + Z (@n cos (2mn(z — t)) + by sin (27n(z — t))) € L(TpX).

n>0
Moreover, we have

an cos (2rn(z — t)) + by sin (27n(z — t))
= @y, cos (2rnx) - cos (2nnt) + a, sin (27nz) - sin (27nt)
+ by, sin (27nz) - cos (2wnt) — by, cos (2wna) - sin (27nt)

= @, cos (2na) + b, sin (27nz),
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where _ .
Gn + by, = (an, +1iby) - €™ = (a, +ib,)q" € L X ®C

with ¢ = €2™. We shall denote the bundle X ® C by T¢. Hence we have verified
that
TLX)x =TX® Y T
n>0

So we have bundles of finite rank, but infinitely many of them. It is probably possible to
define directly an equivariant signature sign (g, £X), under certain assumptions (such
as orientability of the loop space). We shall achieve this indirectly: we apply the Atiyah-
Singer index theorem and define the result to be the equivariant signature. With

pX)=14p1+-+pp = (1+a]) - (L+a}),
c(Te) = (1+:c1‘)"-(1+$2k)(1‘-$1)"'(1—$2k),

our recipe in section 5.8 applied to the loop space gives the

Definition: The equivariant signature of the loop space is

sign (g, LX) 1= ﬁ (mi 1 j- e ™ ﬁ ((1 +q e %) (1 + q"e”""))> [X].

i Tem Bl =) (oo

2

R

This power series is symmetric in the z
in g with rational coefficients.
Definition: Let X be a differentiable manifold of dimension 2k and W a complex

vector bundle over X. Then the signature of X with values in the vector bundle W
is defined as

and after evaluation on X is a power series

k ;
i 1 -
sign (X, W) := (H ?—1(—_3%2 +ch

=1

(W) 1x].

Remark: This is the index of an elliptic operator, from which follows the integrality
of sign (X, W): Recall the signature operator d + d* : By — T'E_, with the
eigenspace bundles E, = (A*T@(C)+ and E_ = (A*T®C)” of the Hodge *-
operator (on A*T @ C). By means of a connection on- W, the signature operator
can be extended to a twisted operator I'(Ey ® W) — TI'(E- ® W) whose index is
sign (X, W) (cf. [Pa65], IV, §9).

In order that the power series under the product begin with 1 (stable notation), we replace
x; by 2z; and correct the error by dividing the factors by 2. If W has rank r, total
Chern class ¢(W) = (14 y1)--- (1 +y-) and Chern character ch (W) = e¥+-- - +e¥r,
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then the passage from y; to 2yJ corresponds to the topological construction of a bundle
U,(W) (Adams operation), i.e. we have

ch (‘I’z(W)) = e2¥1 Fee 4 62y".

Hence b
sign (X, W) = (1:_[ t—a:l%i(;;:j ch (\I’Z(W))) [X]

is stable and integral, and the first factor yields the L-class of the tangent bundle.
All powers of two in the coefficients of the exponential function are canceled by the
replacement of y with 2y. The Adams operation therefore yields the vanishing of the
powers of two in the denominator of the twisted signature; the absence of the other
primes in the denominator remains an interesting matter.

Example: For X a sphere S$2* and an arbitrary vector bundle W over S?* we have
sign (S%F, W) = ch (¥3(W))[S?*] € Z, since p(S?*) = 1. Further,

en (B (W) [5%] = (32 20 54

=1

This sum can be expressed in the Chern classes of W. Since the cohomology of the
sphere vanishes away from dimension 2k, it suffices to compute the contribution of
cx(W). This is (consider the multiplicative sequence for Q(z) = 1 + z* and the
Cauchy lemma in section 1.8)

(Zr: _(2:_?)) [$74] = (~1)F+! %ﬁ cu(W)[5?*].

=1
Hence for each vector bundle W over S2k
2F . cx (W) = 0 ((k — 1)1).

At the end of section 6.2 we shall see that even cx(W) = 0 ((k — 1)!) holds.

Making use of the previous definitions A;T = Y2, A*T -t and ST = Y ;o) S'T- ¢,
we now represent the equivariant signature of the loop space of a 4k-dimensional
manifold as an expression in twisted signatures:

Theorem: We have
oo [o o]
sign (¢, LX) = sign (X, (X) 5o Tc: ® (X A T).
n=1 n=1

Therefore sign (g, LX ) is a power series in q with integral coe]ﬁaents and constant
term (coefficient of ¢°) sign (X).
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Proof: It must be shown that

) ) 2k oo |
14 q"e %) (14 q"e®)
(@ 5 Tes @ e Te) = [ T (S s )
n=1 n=1

i=1n=1

However this is clear from the definitions of the bundles and the formulas for the Chem
characters given in section 1.5. pid

Remark: It is well-known that a product [] (1 + ;) converges absolutely provided that
the series ) |u;| converges, hence in our case only for |g| < 1. We have therefore only
defined an equivariant signature formally, but it is meaningful as a power series.

We now consider the connection with elliptic genera: The constant term in the (not yet
evaluated) expression for sign (g, LX) is

) 2\ 2k
1 n
(2_ II (L+ qn)2>
n=1 (1 -9 )
we have therefore not formulated the expression stably. But sign (X, LX) is, up to this

normalization factor, the genus associated to

z

f(=)

% @ H(1+qe)(1+q"e'”’) (1+q)2>

tanh (z/2) (1-gre®)(1—gqre) " (1- qn)

As discussed in Appendix I, Theorem 5.6, this is precisely the expansion of
z+1/p(z) — €1, where ¢ = €?™7 and p is the WeierstraB p-function for the lattice
L = 2ni(Zr + Z) as described in section 2.1. We therefore immediately deduce the

Corollary: We have

o ny\2\ 2k
sign (¢, LX) = ¢(X) - 2%F (1;_[1 %%Z;%;) . pis

Here ¢(X) is the elliptic genus of X, hence a modular form of weight 2k on T'o(2)
as described in Appendix I. We now investigate whether the correction factor is also
a modular form. For the following, cf. Appendix I, §4: The Dedekind %-function is
defined as

=g/ [J-q"
n=1

and is holomorphic in the upper half-plane §. Further, 7?¢ = A is an element of weight
12 in M;™P(T), the ring of cusp forms on the modular group I' = SL,(Z). Hence 7
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is a “modular form” of weight 1/2 (the quotation marks being due to a problem with
24-th roots of unity).

Lemma: The infinite product
o 2y —4
(2 11 (l+g )2>
n=1 (1 - qn)

is a modular form of weight 4 on T'4(2), and is indeed precisely our modular form .
Proof: We have

oo

fi (-¢) _fj -0 _ o
pmi (L") o5 (L=g2)® ()
The rest follows from Appendix I, Corollary 4.11. B

The reciprocal of the correction factor has the same weight 2k as the modular form
¢(X), but is only a modular form when 2k = 0 (4). We therefore have the

Theorem: The equivariant signature is sign (q, LX) = ¢(X) - e~*/2, and is a modular
function on Ty(2) for dim X = 4k =0 (8). pid

Remark: By considering X x X if dimX = 4 (8) it follows that in every case
sign (¢, £X)* is a modular function on T(2).

Example: Since ¢(P(C)) = 4, it follows that sign (g, LP;(C))? = 6%/e.

Corollary: For the quaternionic projective spaces we have:

. 0, fork=1(2 »
sign (¢, LPx(H)) = { 1, fork=0 Ezg

For the Milnor manifolds H;; we have (taking j > i as we may):

0, fori=1(2)ori=j(2),

sign (¢, LH;;) = { 1, fori=0(2)andj =i+ 1.

In particular, for these manifolds the considered twisted signatures vanish (apart from
sign (1, X) = sign(X)).

Proof: Compare sections 1.7 and 3.2. 3ig]

6.2 The expansion at the cusp 0

Let a lattice I C C be given and let h(z) = z? + --- be an elliptic function with
divisor 2. (0) — 2 (P) (then P must automatically be a two-division point of L);
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then f(z) = 4/h(z) with the normalization f(z) = z + --- defines an unbranched
two-sheeted covering (C/L — C/L. Here LcLisa sublattlce of index two with
respect to which f is elliptic. Since P = —P (L) we have div (h(z)) = d1v( ( z)),
s0 h(z) and h(—z) coincide up to a constant factor. Because h(z) = z% +---, this
factor is 1 and A is an even function. Since f(z) = \/h(z) =z +---, f is odd
and therefore Q(z) = z/f(z) =1+ .- is an even power series, which we can take as
the characteristic power series for a genus.

This power series depends on the lattice (L, P) with distinguished two-division point.
If f belongs to (L, P), then f(Az)/A belongs to the lattice (}L,%P). Hence the
coefficients aj of Q(z) in the power series expansion Q(z) = Y po, axz” are lattice
functions of weight —k for marked lattices. We shall now consider only lattices of
the form 27i(Zr + Z). The passage from lattices Zw; + Zw, to these special lattices
corresponds exactly to the passage from homogeneous lattice functions to modular
forms We thereby lose (up to a stretching factor) no information, since Zwz + Zw; =
32 - 2mi(Z22 + Z). In addition we suppose that 7 lies in b = {z € C|Im(2) > 0},
which we can always attain by permuting w; and wi.

In our construction of the elliptic genus, for a lattice L = 2mi(Zr + Z) we take the point
P =i and h(z) = (p(z) — e1)™*; the function f(z) = (p(z) — e1)” /% iselliptic for
the lattice 274(Z - 27 + Z). We then obtain the Fourier expansion (cf. Appendix I, §5):

).
e 2 _1 z = (1-}-q”e‘”)(1+q”e_w)/(1+q”)2
)= 75 = s mm /D L (e i-gren)/i-g)

For this choice of two-division point the passage from lattice functions to modular forms
yields precisely modular forms on the congruence subgroup

To(2) ={(5 ¢) €5La(Z) | c=0 (2)}

(cf. Appendix I, §4 and notice that I';(2) = I'o(2) ). Applied to a pair of basis vectors
(wg,w1) of a lattice, for such a matrix we have

a by w2\ _ awy + buw,
(c d) (wl) - (cwz + dwl)
and the two-division point w;/2 goes to the point (cws +dwi)/2, which is always

equivalent to w; /2 modulo L (since ¢ is even and d must be odd due to the determinant
condition).

If we take f(z) = (p(z) — ez)_l/2 in the construction of our elliptic genus, then we
obtain (the product runs over all m > 0):

1 = ¢™/2e%) (1 — g/ 2e—® - 77./22
. 22 L (-aPet) (1-g72e7) /(1 - g"F%)

f(z) ~ sinh(z/2) [T (1 — g*/2e) (1 — g*/2e==) /(1 — qn/2)2

n=2m+2
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The shift of indices under the translations z +— z + 27¢7 and z — z + 274 (for which
the sign changes) shows, that this function f is elliptic for the lattice 27i(Zr + Z- 2).
Furthermore an analysis of the zeroes and poles shows that it has the demanded divisor.
In addition the normalization is correct. The congruence subgroup I'g(2) has two cusps,
which can be represented by oo = () and 0= (7). Modular forms F on this group
must have a Fourier expansion without negative exponents at each of these cusps. At the
cusp 0, one obtains this expansion by means of a matrix A € SLy(Z) with A(}) = ()
(say A= (_2 (1,) ), through the Fourier expansion of F|pA at the cusp oco. This new
modular form is now invariant under the action of

ATTo(2)A=T°(2) = {(° %) € SLa(Z) [ b= 0 (2)}.

Notice that T'g(2) and I'°(2) are not normal subgroups of I'(1) = SL;(Z), since
they are conjugate and do not coincide. Both have index 3 in T'(1). The matrices
S=() 73) (r= =1/r)and T = (j ;) (7~ 7+ 1) generate T'(1). In the
following figure, fundamental domains for I'o(2) (parts labelled Id, S, ST') and I°(2)
(parts labelled Id, S, T') are indicated, which we shall take as standard fundamental
domains. Both have two cusps, 0 and oo, which are exchanged by 7+ —1/7.
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Some fundamental domains on the upper half-plane

Now our exchange of two-division points corresponds exactly to an exchange of the
cusps (see Appendix I, Theorem 6.4). Only powers of ¢*/2 enter into our expansion of
f(=), since (} 2) € A71T4(2)A =T°(2), so f|x4 is invariant under 7 + 7+2.
The coefficients aj of the Taylor expansion of =/f(z) are therefore modular forms of
weight k on I'°(2) and have a Fourier expansion in ¢'/? at the cusp co. Since we shall
later compare the elliptic genera for different two-division points with one another, we
attempt to return to T'g(2) by a further conjugation, which leaves the Fourier expansion
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essentially unchanged. The groups I'°(2) and T'¢(2) are carried into one another by
conjugation with the matrix (3} I):

b

(0 1)( ) : 0) (;c Z) € To(2)

if b is even. This corresponds to the passage from 7 to 27, hence from ¢ to ¢2. Our
expression above therefore becomes

z/2 (1-g"e® (1—— me®)\ (-1
sinh (z/2) H( q —qn)? : ) ’

which is elliptic in « (after division by =z) for the lattice 4mi(Z7+ Z) and has
coefficients which are modular forms on I'o(2).

Exercise: What happens for the third two-division point, ie.

1
fe) = p(z) —es k

For f(z) = (p(z) — ez)_l/2 we have obtained (product over m > 0)

H (1 - qn/Zew) (1 _ qn/ze—w)/(l - q'n/z)2

T - -'17/2 n=2m+1
f(z) sinh(z/2) [T (1- g"/%e) (1 - g/%e=2) /(1 - qn/2)2
n=2m+2

The corresponding genus for a manifold X** is then a modular form of weight
2k on I'°(2), whose Fourier expansion is that of the usual genus ¢ for f(z) =
(p(z) — el)_l/ 2 at the cusp 0. If we replace T by 27, we obtain a genus $ which
again yields modular forms on Tg(2):

2k

~ z; ad — g™ )(1 — gme—%4)\ (1)1
P(X) = (g sinh ({03/2) g((l ! 1 i(zn)zq )) )[X]

We consider the normalization factor (product over m > 0):

I (1-¢ I (1-¢

4
n=2m+2 _ n—2m 2 ﬁ 1 Zn)
5 =
—an
n=}:‘[n+1 (1 1 ) Hl (1 - qn) n=1 1
n=

= g~1/4 1_7(2_7)4 3
T
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Here 7 is ¢/24-T], (1 —¢") and n** = ¢ - [[2, (1 —¢™)** = A is again a cusp
form of weight 12 on the full modular group. For a manifold of dimension 4k the

normalization factor is
2k
—k/2 (77(27')4)
q 2
n(r)

the expression inside the parentheses is a modular form of weight one, up to an
indeterminacy in fourth roots of unity, since we have (cf. Appendix I, Corollary 4.11)

2r)*'\t_ . 6% -—¢
(17;5(?))2_) =f=—¢ M4(To(2)).

For k even, if one divides our expression for the genus by the modular form £*/2, the
resulting quotient of two modular forms of weight 2k is the modular function

2k

- (H sm}"fz(/wf/?) H (1—g"e™) qne_w,))(—l)"'l)[x].

We now return to the fl—genus:
2k

Ax) = (g Elhi(fﬁ)) [X].

Definition: Let X be a differentiable manifold of dimension 2k and W a complex
vector bundle over X. Then the twisted A-genus A(X,W) is defined as

A(X,W) : = (ch (W) - A(TX))[X]
k
= (Ch w)- H sinh 1(/2/2)) X1

Remark: For a spin manifold X, A(X,W) is the index of a twisted Dirac operator
and so is integral (cf. Appendix II).

Example: Let X = S%* be a sphere (so spin) and W a vector bundle over S2*. Then
A(S7*, W) = (A(TS?) - ch (W))[$%*] = ch (W)[$?*],

since A(T'S?*) =1 (spheres have stably trivial tangent bundles). As in section 6.1 it
now follows that

( 1)k+1

Ty (WS € Z,
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so that we indeed obtain
(W) =0 ((k—1)).

In our expression above (product over m > 0)

~k/2 2k zi/2 n=;-:[n+1 (1 —qg"e™)(1 - ge™)
q (g sinh (2:/2) n=I11n+z (1= gme®)(1 — g"e—=) X1,

we can recognize with a practiced eye that we are dealing with a twisted fl—genus,
namely with

PX) _ k2. 4
g("’/z) =gq k/2. A(X’ ® AgTc® ® San(c)-
n=2m+1 n=2m+2

However, there is so far no interpretation for this expression as thé index of an operator
on the loop space. Its meaning for us is simply the expansion at the other cusp of the
equivariant signature of the loop space

) _ (X (2 >
o7 = sign(X, Q) 5, Tc ® Q) Ao Tc)
n=1 n=1
= sign (g, LX).

6.3 The Witten genus

Let L ¢ C be a lattice, and let
2

a@ =2 [] ((1-2)-em(Z+55))

weL\{o}

for z € C be the WeierstraB o-function for the lattice L. The infinite product
converges uniformly on compact sets, due to the exponential convergence factors. These
convergence factors are determined by logarithmically differentiating (1 — %)

(1—%)I= _ZwE_l,(1+g)E_(l+_$_) ($2)

1-2 1-£2 w w o w?
W w

The function oz(z) is odd, so that the power series Q(z) = z/or(z) = 1 + az2? +
agx* + .-+ is even. For this we have

Az z
or(Az)  oppn(z)’
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i.e. the coefficients a, of z" are multiplied by A" if the lattice is divided by A. They
are therefore homogeneous lattice functions of weight —r, and so modular forms with
respect to L = 2wi(Zr + Z) of weight = on the full modular group SL;(Z) (one must
still argue that the a, are holomorphic and determine the form of their Fourier expansions
at the cusp oo ). Since there are no modular forms of weight 2, we have ay; = 0.

This power series. @(z) has a beautiful logarithm. Before giving this, we recall some
important modular forms (cf. Appendix I, §3 and section 2.1; as usual, ¢ = €™ ).

4k
EZk(T)—l-i-—-—z—-ZO'Zk 1n) q",

n=1

~B -B
Gun(r) = P2 B = T2 4 S omena(n)
n=1

_ (2k—1) 1 (2k—1)!
= L me g e
weL!
Here L' = L\ {0}. For k > 1, these are modular forms on the full modular group;
G2 (and so of course E,) also converges,

oo

1
+q+3¢°+-

Gy = 24

We now have (cf. Appendix I, §5):

oo

901 = ea( gyt ).

As we have seen in section 1.8, the genera of complex manifolds for which all Chern
classes apart from the highest vanish can be given precisely in terms of the logarithm of
the characteristic power series. In this way, the so-called Witten genus ¢w associated
to the characteristic power series Q(z) = z/o(z) yields Eisenstein series for such
manifolds. The notation pw was proposed.by Landweber, since the “ W ” reminds one
of WeierstraB and/or Witten. For a compact, oriented, differentiable manifold X 4k we
therefore have:
2k
pw(X) (g oL (wi))[X]
is a modular form of weight 2k,

Proposition: The power series Q(z) has the following product representation
(cf. [Za86)):

_ .’I)/z (1 - ) ~Ga(T -2
Q(x) Slnh .’I)/2) H (1 —q ez . 1 qne—z) e~ Ga(r)=*
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Idea of the proof: Consider the zeroes and poles of both sides, for fixed 7. The o-
function has simple zeroes at all lattice points, and no poles. The function sinh (z/2)
has zeroes at all multiples of 274; the denominator vanishes if x modulo 27:Z is a
proper multiple of 2miT. Together, on both sides we have simple poles at all non-zero
lattice points. The functions are of course not elliptic, but rather are theta functions
with respect to the lattice L. Therefore, they coincide a pr10r1 only up to a trivial theta
function. The correct factor to yield equality is e~(D®* (cf. Appendix I, §5). (T

In the product representation of Q(z) some well-known terms appear, but the factor

e~Ga(1)=" is wroublesome. For this reason, in Appendix I, §5, we consider a function ®
without this factor. Here we shall instead make the assumption that the first Pontrjagin
class py(X) of our manifold X vanishes in H*(X;Q), soif p(X) = I35, (1 + «?)
then p1(X) = EZkl x? = 0, up to torsion. Then we obtam for the Witten genus:

2k

ow® = (I 77555) 0
2k ‘ o i 2
= (H(sinhi({pzi/m H (1 ” nS‘; I _) pr—n —-Ga(‘r)-w,-))[X]
2k z; - —Gz(-r)-ik: o?
= (H(smh(g/z nil ). q"’*e-m))e = )[X]

s
2k o _
- (H(smhﬁﬂ I;I 1- nil 1_) ne_z))>[X]-

As in the last section, we now consider the A-genus with coefficients in a vector bundle

2k .
A(X,E) = ((I_]l EE(”QE/T)) .ch (E)) [X].

We recognize the denominator in the product expansion of the Witten genus from the
section on representations. In terms of the previous notation 5. F = E°° STE " we
have (only for p;(X) = 0!):

o0 [ <]
= A(X, Q) STc) - [] (1 - a™)**
n=1 n=1

As always, T¢ denotes the bundle TX ® C. We shall rewrite the product on the right
side. For this we again use the famous cusp form

A:q-ﬁ(l

n=1
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of weight 12, whose coefficients are the Ramanujan numbers. We already know two
modular forms of weight 12, namely E} and FEZ. Both begin with constant term 1
and are integral (since the Bernoulli numbers B, and Bg have a 1 in the numerator);
hence E} — E? is a cusp form, and we have after normalization:

A E; - E2).

T 1728 (
Here we have :

Ey=1+240-¢+2160-¢* +---,
Eg=1-504-q—16632-¢% +---.

Despite the 1728, A has an integral Fourier expansion, as we see from the product
expansion above. We substitute A into our expression for the Witten genus and so
obtain:

4k

[ <]
ow(X)=q 5. A(X, Q) SpTc) - A%,
n=1

As we have already seen, ow always yiclds a modular form; A% is a modular form
for ¥ = 0 (6) and then

g A(X, Q) S Tk)

n=1

becomes a modular function, otherwise we have difficulty with sixth roots of unity. The
fi-genus is always integral up to powers of two in the denominator. For a spin manifold
(this is equivalent to the vanishing of the second Stiefel-Whitney class) the fl—genus is
the index of the Dirac operator and is therefore integral (cf. Appendix II). This also holds
for the A-genus with coefficients in suitable vector bundles (such as our Qe STt
Since the Fourier expansion of ¢~% - A% = [[°°, (1 —¢™)** is also integral, we
conclude the following

Proposition: For a 4k-dimensional compact, oriented, differentiable manifold X with

p1(X) =0 and wy(X) = 0, the Witten genus ow yields a modular form of weight 2k
with integral Fourier expansion. ‘ pig

Example: Let X be as above, with dim X = 24, The vector space of modular forms of
weight 12 is spanned by E? and E2, and so also by A and E} ~744-A. The Witten
genus pw(X) of X is therefore a linear combination of these two modular forms:

(o]
pw(X)=q7"- A(X,Q) 5 Tc) - A

n=1

=a-A+b- (B} —744-A).
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Why have we chosen precisely this basis?
There is the integral modular function

E 1
i(r) :=—Ai=a+744+196884-q+.--,

ie. j:SL2(Z)\h — P,(C). If we identify SL2(Z)\h with Py(C), then j becomes
a fractional linear transformation on P;(C), which is determined by its values at three
points, For the j-function we may take these to be j(¢) = 1728, j(e*™*/3) = 0, and
j(o0) = oo.

Dividing the above expression for ¢w(X) by A, we obtain:

oo
a+b-(j—744)=§+a+---=q‘1-A(X,®Sq»Tc)

=¢71 (AX) + A(X,Tc)g +_ o)
= a=AX,Tc), b= AX).

For A(X) # 0 we now have the following formula:

- A(X, é o) jox 1)
A(X) T TAX)

+j — 744,

The coefficients of j — 744 are very interesting. Here are the first four:

j—T44 = ¢! + 196884 - ¢ + 21493760 - g% + 864299970 - ¢* + - --.
These coefficients are in fact special sums of the dimensions of the irreducible represen-
tations of the Monster (see below). This is the largest sporadic finite simple group.

We now come to the

Prize Question: Does there exist a 24-dimensional, compact, orientable, differentiable
manifold X with p1(X) =0, wa(X) =0, A(X)=1 and A(X,Tc) =07

Why are we interested in such a manifold? Under the above assumptions we have:

oo
j—T44=q"" A(X, Q) S Tc)

n=1
¢t A(X, (1 + qTc + ¢*S°Te + ¢ S°Te) (1 + ¢*Tc) (1 + ¢° 1)) (¢°)
= ¢ (A(%) + A(X, Te)g + A(X, 8Tt + Te) ¢

+A(X, ST+ Te o Te + Te)d)  (¢°)-
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We therefore would have:

A(X,8?Tc + Te) = A(X, §*T¢) + A(X, Tc)
= A(X, $*Tc) = 196884,
A(X, 8T+ Te ® Te + Tt) = A(X, $*Tc) + A(X, Tc  Te) + A(X, Tt)
= A(X,$%Tc) + A(X, Tc ® Tc)
= 21493760.

Now for each Riemannian metric on X there is a canonical nowhere vanishing section
of S?T¢. For a Riemannian metric on X yields a positive definite, symmetric bilinear
form on each fibre of the tangent bundle of X, therefore a section of S2T*. But T* is
isomorphic to 7 by means of this metric, and we obtain a section of $27" and so also
of $2T¢. This section therefore defines a trivial line bundle E lying in S2T¢, hence
we can split S2T¢ with respect to the metric:

$*Te=S*Tr 0 E
= A(X,8Tc) = A(X,5T¢) + A(X, E)
= A(X,8°Tc) + A(X)
= A(X,S5Tc) = 196883.
This number 196883 is the dimension of the smallest (non-trivial) representation of the
Monster.
For the next coefficient 21493760 we have

Te @ Te = A%Te + 8T,
and so
A(X,8%Tc) + A(X, A*Tg) = 21296876.

This is the dimension of the next largest irreducible representation of the Monster.

It would be marvelous to find a 24-dimensional manifold as in the prize question, on
which in addition the Monster acts by diffeomorphisms. Such an action would lift to
an action on the tangent bundle and its symmetric and exterior powers. In addition, the
Monster would then also act on the cohomology of the twisted Dirac operators, whose
indices are given by the twisted A-genera Hence one would have a relation between
the Monster (more precisely, it§ irreducible representations), certain bundles on X and
the coefficients of j — 744. Above all, one would possess a key to construct a great
many representations of the Monster.

Example: Following Landweber and Stong, we shall consider the Witten genus of
complete intersections. Thus, let V ) .,V( ") be hypersurfaces of degree d; in
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P+ »(C). Assume the Vz-(d") are smooth and intersect transversely (then their intersection

is also smooth). The complete intersection V,, = V,Sdl""’d’) then has complex dimension
n. Denote by z € H?(Pny.(C);Z) the canonical generator, the Poincaré dual of
Prir—1(C) C Prpyr(C). Then the total Chem class of V,, is (cf. section 3.1):

c(Vo)=1+42)" " (14+diz) ™ - (L4 dpz) Yy, .

For the Witten genus of V,, we obtain the formula:

$n+r+1 . O'(d]_ w) e a‘(drw)
Va) = v
(PW( ) ( O'(a;)n+7'+1 . d1$- .. d,.w )[ ’n]
n+r+1 | .
= coefficient of z™*" in (w i (dﬁzﬂ U(dn:c))
o(z)

= res (AR

We shall now determine this residue when p;(V,) = 0. We have :
p1(Va) = (n+r+1—(d] +--- +d7)) - 2%y, ,
as one easily concludes from the formula for the total Chern class. Hence we obtain:
p1(Vn) =0 isequivalentto n+r+1=d3+---+d2

Now o(dyz)---o(drz)/o(z)" ™ is an elliptic function if the number of zeroes and
poles of the numerator is equal to that of the denominator, and the sum of the zeroes
is equal to the sum of the poles (modulo the lattice). Now the o-function has only
simple zeroes at the lattice points, hence the factors of the numerator have zeroes at all
d;-division points, giving a total of d? + -.- + d2 simple zeroes. The denominator
has an (n+r +1)-fold zero at all lattice points. In case p;1(V,) = 0, we have
n+7r-+1=d2+..-+dZ% in addition, the sum of the zeroes is zero for each factor.
Therefore the above quotient is an elliptic function, having a pole only at the origin
(modulo the lattice). Hence its residue at the origin is equal to zero, since for elliptic
functions the sum of the residues is always zero. Therefore:

p1(Vn) =0 implies ow(V,)=0.

In particular, the prize question cannot be answered with complete intersections, since
for p1(V») = 0 the twisted A-genera above vanish.
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6.4 The Witten genus and the Lie group Fjs

We shall assume that M isa 4k-dimensional compact, orientable, differentiable manifold
for which all composite Pontrjagin numbers vanish, i.e. with p=14p1+--- + pr we
have:
(piy -+ pi,)[M]=0  foralléy +---+i, =k withr > 1.

The only remaining Pontrjagin number is px[M]. In addition, as earlier we shall require
that p; = 0. In this situation, as expected, we obtain a much simplified formula for the
Witten genus, since we can calculate modulo the Pontrjagin classes py,...,pr—1 and so
can simply apply the Cauchy lemma of section 1.8 for the calculation of the genus. We
recall that the characteristic power series has a representation as

;I%.)- = exp (Z #?—22:—)7 Eorn(1) - :1:21-);

r=2
hence pw (M) is a constant multiple of Eyj. The constant term of Epj is 1, while
for pw(M) itis A(M); therefore
ow (M) = A(M) - By, .

This is not very surprising, since under our assumptions on the Pontrjagin numbers every
genus is a multiple of A,
Example: For k& = 2, so that M is an 8-dimensional manifold, we have :
ow(M) = A(M)- E, |
‘PW(M)_ i By 4 -1/3

Al/3 T A(M) ' INYER A(M) ) /

=A(M)-¢/*(1+248- g +4124 - ¢* +--1).

The power series for the cube root of j (normalized as here) could have rational
coefficients, having a three in the denominator, but the cube root of j is in fact an
integral power series.

Suppose that we had an 8-dimensional manifold M with p;(M) =0 and A(M)=1.
Then the above conditions are fulfilled, since the only Pontrjagin numbers in dimension
8 are p? and p,. For such a manifold we have

pw (M)
Al/3
so by the previous formula (for p; = 0):

ew(M) i i
Xl(/s) =q7* AM, Q) S Tc)

=

=g 314248 g +4124- ¢ +--.),

n=1
=  AM,Tc) =248, A(M,Tc)+ A(M,STc) = 4124,
= A(M,S?T¢) =3876 and A(M,S5Tc) = 3875.
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Here one could again conjecture a relation to the irreducible representations of a group.
For this we shall consider the exceptional Lie group Eg (despite a close connection, the
identical notation with the Eisenstein series FEjg is accidental). It has dimension 248 and
therefore possesses a representation in this dimension, namely the adjoint representation
on its Lie algebra. At the same time, this is the smallest irreducible representation of
Eg . The next dimension in which an irreducible representation exists is precisely 3875.
However, one cannot hope that Fg acts non-trivially on our manifold, since then an
S! c Es would also act non-trivially (each element lies in a maximal torus, hence also
in an S). But this contradicts A(M) = 1, since we have (cf. [AtHi70]) the

Theorem (Atiyah-Hirzebruch): If the circle S acts non-trivially on a connected spin
manifold, then A(M) = 0. pig

But one could still hope that perhaps a large discrete subgroup of Fg acts on a manifold of
the type assumed to exist in this example. As already noted above, under our assumptions
on the Pontrjagin numbers of the manifold, each genus is a multiple of the A-genus; in
particular, we have (by the Cauchy lemma):

sign (M) = —226+1 (2261 _ 1) . A(M).

Since the A-genus is always integral up to a power of two in the denominator, 22¥~1—1
must divide the signature of M. If in addition M is a spin manifold, so that the second
Stiefel-Whitney class wq (M) is equal to zero, then the twisted A-genera are integral;
since this is likewise true of A*/6, also

g ks A(M,@Sanc) - AMS = pow (M) = A(M) - B,

n=1

is integral. We therefore obtain from
Ezk(’l') =1 + s Za’zk 1(7’L

for n = 1 the divisibility condition:
A(M)=0 (numerator of the reduced representation of By /4k).

For k = 2,3 this numerator is equal to one (E,; and Eg are integral modular forms),
but for larger % this represents a proper divisibility. If we combine this with the above
condition on the signature, then we have:

sign (M) =0 (22k+1 (22k_1 - l) . numera,tor(%%h)).

In the derivation of this result we have proceeded very crudely. More precisely, we have
only used the integrality of the coefficient of ¢ in @w(M); hence it suffices to require
A(M,Tc) € Z instead of wa = 0 to deduce the divisibility statement.
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We can obtain a small improvement of this result: For a spin manifold M, the A-
genus A(M) is always even if the dimension of M is divisible by 4 but not by 8
(cf. section 8.1). Putting ar = 1 if k is even and ar = 2 if %k is odd, we therefore
have:

sign (M) =0 (a;2%*1(22%~1 — 1) . numerator (5)).

Example: For k =1 this means that sign (M*) = 0 (16). This result is sharp, since
e.g. a K3-surface has signature 16.

Now that we have derived a lovely result under strong assumptions on the Pontrjagin
numbers of the manifold, obviously the question remains whether such manifolds exists.
Milnor and Kervaire have reported on this problem at the 1958 International Congress
of Mathematicians (cf. [MiKe58]). They investigated a particular kind of manifold:

Definition: A manifold is called parallelizable if its tangent bundle is trivial, it is called
almost-parallelizable if its tangent bundle is trivial on the complement of a point.

For an almost-parallelizable manifold M** we obviously have w, = 0, since w, can
be defined via obstruction theory on the 3-skeleton of a triangulation of the manifold,
and this triangulation can be chosen so that the tangent bundle of M is trivial on the
(4% — 1)-skeleton, hence there is no obstruction to a section over this skeleton. The same
argument also yields p; = O for ¢ < k. Moreover, such a manifold is automatically
orientable, since also the obstruction w; to orientability is zero.

Since all our conditions on characteristic classes are fulfilled by almost-parallelizable
manifolds, our divisibility theorem holds for such manifolds. The condition of being
almost-parallelizable is in fact stronger than we requite, but Milnor and Kervaire have
constructed almost-parallelizable manifolds whose signature not only satisfy the above
divisibility relation, but in fact yield an equality:

Theorem: There are almost-parallelizable manifolds ME* with

sign (Mg¥) = a;,22%+1 (22%~ — 1) . numerator (53). pif

The divisibility statement is therefore sharp. For the Witten genus of M3* this means
that:
00 Afardk
_E Ao gk A(MGF) - Bap

¢ ¢ AMGH, Q) S Te) = =g
n=1
Ear
AR/6 "

= —ay, - numerator (5 )

For M§ we get j1/3, hence for M x M§ x M¢ we obtain the modular function j;
but this does not answer our prize question, since we want to attain instead j — 744.

Now to the construction of Mg*, by means of plumbing!
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6.5 Plumbing of manifolds

The manifold MEF of the last section will be constructed by judiciously gluing together
several copies of the disk bundle associated to the tangent bundle of S™. The gluing
instructions are given by a suitable graph. This method of construction is called plumbing
(cf. [MiKe58], [KeMi63], [Br72]).

We therefore consider D(S™) = {z € TS™ | |z| < 1}. One is given a graph as plan
for the construction, such as the diagram for Fjs:

*—e *—@ @  J

Diagram for Eg

For each node (or vertex) one takes a copy of D(S™), and joins together two of these
copies if there is an edge in the graph between the corresponding nodes. The manner in
which the copies of D(S™) are joined is shown here in the case m = 1:

Plumbing of disk bundles

The boundary of the new manifold in this example is obviously an S, and the manifold
is orientable. In the general case plumbing also yields an orientable manifold X2™
with boundary. One can now easily determine the signature of this manifold. We
recall that the signature of a 4k-dimensional, oriented manifold X with boundary is
defined as the signature of the quadratic form belonging to the intersection form on
H?*(X,0X;Z) = Hu(X;Z), ie.

a € H*(X,0X;Z) — (a- a)[X,0X].
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In D(S™) a canonical basis for the middle homology is given by the zero-section of
the tangent bundle:

Zero-section of the disc bundle D(S')

Let Xﬁ{;" be the resulting manifold in the construction using Eg. The cycles si,...,88
intersect one another exactly as indicated in the FEg-diagram (: # j ):
. { 0, if no edge joins vertices ¢ and 7,
+ +1, otherwise.

The signs can be determined by the choice of an orientation of the s;. The resulting
matrix is symmetric for even m, aati-symmetric for odd m. We now consider the self-
intersection numbers. For the S the zero-section can be deformed so that it is nowhere
zero, hence we obtain self-intersection number zero, This is not the case for 52, since
the deformation of the zero-section is given by a vector field on S2, which is well-known
to always have two zeroes (the Euler number) when counted correctly. We therefore have

self-intersection number 2 here. In general, the Euler number of a sphere S™ is equal
to 2 for even m and to 0 for odd m, hence:

siss = 2, if mis even,
e 0, otherwise.

For the diagram Fg we obtain the following matrix when m = 2k:

21
121 \
1 21
1 21
1 21 1
1 21
1 2

1 2/

It follows that the intersection form is positive definite with determinant 1.
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In our example with S we obtain a 2-dimensional manifold X% whose first
(i.e. middle) homology is generated by eight cycles, i.e. by = 8. If we collapse the
boundary, an S!, to a point, a Riemann surface of genus four (Euler number —6)
results. In other words: X% is a Riemann surface of genus four with a hole.

In the general case, the boundary V2™~! of X?™ is a homology sphere if the
determinant of the intersection form of X is equal to +1. For m > 2 the boundary
is also simply connected, hence for m # 2 is even a homotopy sphere (all homotopy
groups of V2™~ are the same as for the sphere $2™~1). Now in 1960 Stephen Smale
proved the following theorem (cf. [Sm60]):

Theorem (Smale): Each homotopy sphere V* with k > 4 is homeomorphic to the
sphere S*. pif

For us this means that the boundary V2™~1 for m # 2 is therefore homeomorphic
to the sphere S?™~1. Now the disk bundle D(S™) is a parallelizable manifold: If
7 : D(S™) — 8™ is the projection we have T(D(S™)) = »*(T(S™) ® T(S™)) and
T(S™) @ T(S™) is a stably-trivial bundle over §™ with rank 2m, so it is trivial.
Hence the manifold X% obtained from D(S™) by plumbing is again parallelizable.
We have thereby found an example of a so-called exotic sphere, i.e. VZ™~1 is home-
omorphic, but not diffeomorphic to S$2™~1! For if V?™~! were diffeomorphic to
§2m-1_ then

X%:n Ugzm-1 D™

would be a 2m-dimensional manifold which is parallelizable in the complement of a
point, hence almost-parallelizable. However the signature does not change when one
attaches a disk, and so for m = 2k it remains equal to 8. From our earlier considerations
on the divisibility properties of the signature of almost-parallelizable manifolds we obtain
the result:

az22%+1(2%%~1) . numerator (33&) divides 8.
But for k& = 2 the left side is 8. 28. Contradiction!
The Milnor spheres V2*~1 are therefore not diffeomorphic to S**~1, and
X%T USZm—l D2m

only has a differentiable structure on the complement of a point. We now denote by
bPy; the set of diffeomorphism classes of oriented spheres 4~ which bound compact
parallelizable manifolds (respecting orientations). This is a group with the connected sum
as group operation. One forms the connected sum of two manifolds by joining the two
manifolds with a handle. For k > 2 this group is generated by the V4*~1, The order
of the group is ‘precisely

(ak22k+1 (22’““‘1 — 1) . numerator(%%“)),

0o

N =
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hence the boundary connected sum of ni copies of the manifold X }*g’: has the standard
sphere as boundary, to which one can glue a disk smoothly. Since the signature of two
manifolds adds under the formation of -their connected sum, the resulting manifold is
therefore the desired manifold Mgk,






7 Riemann-Roch and elliptic genera in the complex case

7.1 Elliptic genera of level N

Let 7 € b and L = 2mi(Zr + Z) be a lattice. We seek a function h(x) on C, which
is elliptic with respect to L and on C/L has a zero of order N at the origin and a
pole of the same order at a point P. In order that such a function exist it is necessary
that N-0— N- P =0 (L), hence the point P must be a non-zero N-division point of
C/L. These N-division points are precisely the points P of the form:

k
P=2mi" 40 forklcz

If we normalize the function h by h(z) = z¥ + ..., then it is uniquely determined
for a fixed N-division point P (cf. Appendix I, §6) Under these assumptlons, we can
extract a unique N-th root f with the normalization

@)= Va) =z +-
This is elliptic with respect to a sublattice L of index N in L. For fixed k, ! the
power series

Qz) = e )-—1+biw+bzw2+---

is therefore uniquely specified. The coefficients b, depend on r; they are modular
forms of weight » for a certain modular group (cf. Appendix I, §6). This is not the full
modular group SL2(Z), since the chosen N-division point P must transform correctly.
For k=0 and (I, N) =1 (P a primitive N-division point) one obtains as modular
group for the b, the group

L) ={(¢ §esl(@)| (¢ 2= 1) (M}

We now consider the genus defined by this power series Q. Thus let X be a complex
manifold of dimension d, with total Chern class given by:

(X)=1+ca(X)++ea(X)=1+21)---(1+za), ¢ €H¥X;Z)

The genus ¢y, corresponding to *Q is then

op(X) = (H Ty
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This is an expression in the coefficients of @Q(z) of weight d, hence a modular form
of weight d, on I't(N) if £k =0, ie. if P = 2mil/N with 0 <! < N. In fact,
if (I,N)=mn # 1 then we obtain the larger modular group I'y(N/n) D I'1(N). For
k # 0 different modular groups arise.

This genus is called an elliptic genus of level N. For N = 2 this is our original elliptic
genus; the generalization to arbitrary N was already proposed by Witten.

In the case N = 2 one has the involution z — —z on C/L. This leaves the origin
and P fixed and so also h, since we have normalized h to begin with z2. Hence
h is even, as well as also Q(z) = z/+/h(z). For the calculation of the corresponding
genus one therefore needs only the elementary symmetric functions in the squares of
the z;, hence the Pontrjagin classes. Therefore one can also define the elliptic genus
of level two for differentable manifolds. For £k = 0 one obtains in this case modular
forms on T'1(2) = To(2).

7.2 The values at the cusps

For the elliptic genera of level two the values at the cusps of T'o(2) are the well-
known signature ( L-genus) and fi-genus. We are therefore also interested in the values
at the cusps of T';(V) for the elliptic genera of level N. One obtains these values
by introducing the local uniformizer ¢ = e*™7 for the cusp oo, for example, and
considering the Fourier expansion oo +a;¢-+--- of the modular form at co. The value
at oo .is then ap. For modular forms of odd weight this is only well-defined up to sign
(cf. Appendix I, §1). For the values at the other cusps, one transforms them to co and
then proceeds analogously. We shall now investigate these values.

Thus let X be a compact, complex manifold of complex dimension d. Then the
Hodge numbers hP'? are defined (cf. section 5.4), and as previously considered the p-th
holomorphic Euler number is defined as:

d
xP = Z (=1)7 - hPY,

=0

x° is just the arithmetic genus, and we have x? = (—1)dxd‘P. We have already shown
that x? is the index of a suitable elliptic complex (the Dolbeault complex). We further
defined :

d -
xy(X) =Y _x(X) -9
p=0
the Atiyah-Singer index theorem yields

00 =11 (o S5

g==]
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Since the power series on the right side does not begin with 1, we must normalize it
in order to obtain a genus:

Xx(X) Yy, lty-e=
(1+y)"’_,-I=11(m’ L—em® 1+y)[ -

Unfortunately we no longer obtain x_;(X), the Euler number e(X) of X. For y =1
we have x1(X) =sign (X) which is already defined for differentiable manifolds.

We now consider a different genus. Let K = A%T* be the canonical line bundle of X,
and D an arbitrary divisor on X. We define

d
x(X,D) =Y (-1)' dim H' (X; Q"(D)),

i=0

where Q°(D) is the sheaf of meromorphic functions f with (f)+D > 0 (resp. germs of
holomorphic sections of the line bundle associated to D). The Riemann-Roch theorem

yields:
x(X, D) = (ch (D) -td (TX))[X]

- @ o

Since c1(K) = —(z1+ -+ + zq), we have:

X(X,K") = (H e X].

Hence x(X,K") is the genus associated to the power series

z
1—e2’

Q(w) —e 7T,

One can also consider » € Q formally and so obtains a genus from the same formula,
which is in general no longer integral. Sometimes K is the N-th power of a line
bundle (which holds precisely when ¢;(X) = 0 (N)). In this case, the genus x(X,K")
corresponding to r = k/N is obviously integral. For N = 2 this means the purely
topological condition wz(X) = 0, but for N > 2 we need the complex structure.

We now turn to the values at the cusps. Let P # 0 be a fixed N-division point
in C/L, L = 2ni(Zr + Z). Without restriction we may assume that P = 2mi/N.
For a different N-division point we obtain a different modular group. Just as is the
case for level two, the choice of a different point P corresponds to the expansion at a
different cusp (cf. Appendix I, §6). Given L and P, we have defined a power series
f(z) = X/h(z) in the above discussion. The elliptic genus of level N corresponding
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to Q(z) = z/f(z) yields modular forms on I'y(IV) of weight d. For the values at the
cusps, we can formulate the following assertion:

Theorem: The values of the elliptic genus of level N at the cusps of T1(N) are:

1) x(X)/(1+73)*, where —y = 2™UN £ 1 isan N-th root of unity with
0<l!<N.
2) x(X,K*7™) with 0 < k < N.

Proof: The expansion at some cusp of the elliptic genus for a fixed N-division point P
corresponds to the expansion at the cusp oo for some other choice of N-division point.
Therefore the set of values at the cusps for a fixed N-division point is the same as the
set of values at the cusp oo for all N-division points P = 2mi(k7 +[)/N.

These can be easily obtained from Append1x I, Theorem 6.4 (). For £ = 0 ie. P =
2mil /N we get the value x,(X)/(1+y)®, where —y = e?™/N, for 0 < k< N and
! arbitrary we get x (X, K*/V). pil

Remark: The values at the cusps are in general not all distinct, since the number cu (N)
of cusps of I'; (V) is given, for N =3 or N > 4, by (cf. Appendix I, Corollary 7.11)

cu(N) =3 3 plm)p(N/m),

m|N

where ¢ denotes the Euler o-function. Hence for a prime N = p # 2 there are p— 1
cusps, but we have listed 2(p — 1) values. This comes about since these values are only
well-defined up to sign. For N = 2, in case 1) only y = 1 occurs, i.e. the signature;
in case 2) only k = 1, the A-genus, is possible. These are the genera which we have
already obtained at the two cusps of I'j(2) = To(2):

7.3 The equivariant case and multiplicativity

There are several classical results about these values at the cusps. Assume that the
circle 8! acts non-trivially by holomorphic automorphisms on our complex manifold
X. Then S! acts on the finite dimensional vector spaces HP4(X). We thereby
obtain a representation of S. The corresponding character is a finite Laurent series
in ¢ = 2™ ¢ §, 7 € R. Taken together, these representations yield as character a
finite Laurent series X,(g, X) in g with x,(id, X) = xy(X). As we have seen in
section 5.4, x,(¢,X) = xy(X) is constant.

If ¢;(X)=0(N), ie. K =L" for aline bundle, then x(X,K*/N) = x(X, L*
integral. If S acts non-trivially on X, then the character satisfies x(q, X, L )
(cf. [Ha78] and Appendix III). ‘

HI —
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Example: For N = 2, ¢;(X) = 0 (2) is precisely the condition wa(X) = 0, which
means X has a spin structure. Then A(X) = x(X,L) where K = L?, so L is aroot
of the canonical bundle of X. Now the theorem of Atiyah-Hirzebruch (cf. [AtHi70])
states that the character associated to A(X ) is zero if S acts non-trivially on X.

Now we shall observe that the values at the cusps vanish on the projective spaces of
dimension *N — 1, r > O:

If X = P4(C) is a complex projective space and E is the line bundle determined
by the divisor Py—1(C) C P4(C) (so that E = H*), then the canonical bundle is
K = E-(¢+1)_ Ag a special case of a simple residue calculation we obtain (cf. [Hi54]):

_ G+ (+d)
d! )

x(Pa(C), EY) = ()

This is a polynomial of degree d in ¢ with the zeroes —1,...,—d. For d=7rN -1,
so that N = (d+1)/r, we then have .

x (Pa(C), K*¥/) = x(P4(C),E™*") =0 forall0< k< N.
In addition, we have (cf. section 5.4):

X!I(PrN—l((c)) =1l-yx---+ (_y)rN——l

since the hP? are all zero for p # ¢, i.e. h?P is the 2p-th Betti number, so is one.
From this it follows that

Xy(Pry-1(C)) =0 for —y =¥ 0< 1< N.

Theorem: The elliptic genus vanishes (identically as a modular form) for complex
projective spaces of dimension rN — 1, indeed it vanishes for all manifolds which are
total space of a bundle with fibre P,.y_1(C).

Proof: The correct proof follows the same lines as for the corresponding theorem about
elliptic genera of level two in section 4.6 (use the fact that f(z — z1)-- f(z — z,n) is
elliptic for L = 2wi(Zr + Z)).

The vanishing on P.ny_1(C) was to be expected, since as we have seen all values at
the cusps vanish for P,y_1(C). We therefore have a cusp form, but one does not come
by cusp forms so cheaply.

For a result on multiplicativity in fibre bundles with fibre having first Chern class divisible
by N we refer to Appendix IIIL
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7.4 The loop space and the expansion at a cusp

We shall now attempt to define the expression x,(g, LX) for the loop space £LX. We
shall proceed by analogy with the case of elliptic genera of level two. On the loop
space LX there is a canonical S$*-action having as fixed point set (£X )S ' precisely
X ¢ LX, the space of constant loops. A tangent vector to a constant loop p € X
is a loop in T,X. This can be regarded as a periodic mapping of R into a finite
dimensional complex vector space, and so has a Fourier expansion with coefficients in
T,X. We obtain the splitting

T,LX = Y ¢"T,X,
n=—00

where ¢ € S acts on the n-th summand as multiplication by ¢™.

We now apply the equivariant Atiyah-Singer index theorem formally. The x,-genus is
the index of the Dolbeault complex, computed as the sum of local contributions which
are determined by the normal bundle to the fixed components. Hence we should have
the formula:

co —z;
o0, £X) = (Hm,( [T 20
n=——oo
For ¢ = 0 this expression certainly yields x,(X), but since ¥,~° _ ¢™ does not
converge there is evidently a serious problem with convergence. The product cannot
even be multiplied out into a formal power scries. We therefore separate the factors for
positive and negative n, multiplying the latter by ¢™e®# to obtain:

o £X) = (ﬁm 1+ye~:i(H (1+yqe = )(q”em,~+y)))[X]_

e qne——a:, ( NeTi — )

For ¢ € S this expression still fails to converge; instead we shall consider ¢ =
e?™7, 7 € h. Then Im(7) > 0, hence |g| < 1, and the product does indeed converge.
Since for the values at the cusps —y is always an N-th root of unity, we shall also
consider —y = g with 9% = 1.

to 0= ({220 (e ey

To cancel the 7-factor we multiply formally by n—d'znzl L= par2 (¢(0) = —1/2). If
in addition d = 0 (2N) so that %2 = 1, with 7 = e* we obtain:
d

_ - sinh ((z; — @) /2)
(@, £X) (IZI1 sinh (z:/2)

) (H (1 - qne_(iﬂi—“)) (1 - q”e(wi—a)) )) [X]

(1 — qne—m,-)(l _ qnea;g)

n=1
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We can write this more simply in terms of the ®-function. The ®-function is defined by

nem)(l — qne—a;) '
(1-q)°

&(z) = 2 - sinh (z/2) - 1:[ (1-g

For |g] < 1, this product yields a holomorphic function in z with zeroes of order 1
at 2mi(Zt + Z). We have

(a£3) = ([[ewer 25 0

with —y = e®, (—y)N = 1.

For the elliptic genus of level N we have as Fourier expansion (see Appendix I,
Theorem 6.4)
&(2)%(-0)
&)= o

The normalization factor e%*/2 . @(—a)d is a modular form of weight d on I';(NV)
when d =0 (N) (for N odd) resp. d =0 (2N) (for N even). Hence for (—3)" =1,
Xy (g, £X) is a modular function for T';(N) under these assumptions.

7.5 The differential equation

The function h = f¥ is elliptic with respect to a lattice L. Hence also f'/f = 4 -h'/h
is elliptic with respect to L. This function has precisely two poles, namely a pole of
order one at the origin as well as at the chosen N-division point P. Hence f'/f
defines a double covering of P;(C) by C/L. On the curve C/L there is the involution
T: 2~ —z + P. The function f(z)f(—=z + P) is elliptic with respect to L (under
translation by lattice vectors inverse factors from f(z) and f(—z + P) cancel) and has
no poles or zeroes, hence it is constant:

f@)f(-z+P)= f(P/2)* = c™2 #£0.

Here P/2 is any of the four points P in C/L with 2P = P. Logarithmic differen-
tiation then yields:

f'@) _f(=2+P) _,
@ fwth)




104 7 Riemann-Roch and elliptic genera in the complex case

Hence f'/f is invariant under the involution 7. We thereby obtain an isomorphism
f'/f:(C/L)/r — P,(C), so that each function on (C/L)/7 is a rational function of
f'/f. Now the function

1 + 1 1

@Y e+ PV (=)

is certainly invariant under 7 and also is elliptic with respect to L, since f~ is; hence
it is a rational function of ¢ = f'/f. Furthermore it has only poles at the origin, and

at the point P, both of order V. Since the pole at the origin has leading coefficient 1,
while £ has a simple pole with residue 1 there, we even have an equation of the form

= + CZNf(ZD)N

1 -
FV—+G2N'fN=§N+a1'§N Y4+ tanoi-€tan,

for we can choose the coefficients a;,...,any so that both sides have the same principal
part at the origin. Since they are invariant under 7, they also have the same principal
parts at P; since they are both elliptic with respect to L, they therefore coincide. Here
we have put asy = c2V, so that asn # 0. The coefficients @,,...,ay and azy can
be determined directly from the coefficients of £. Hence they are modular forms (on
I'1(N) if P = 2ri/N) of weight equal to their index (cf. Appendix I, §7).

We shall denote the polynomial of degree N on the right side by Py. We claim that
in this polynomial the coefficient ay—1 is equal to zero. Equivalently, we must show
that the derivative of Py has a zero at the origin. We differentiate the above differential
equation and obtain

Pi(@)-€ =€V (aan - 1Y~ 75):

Since the function & is elliptic with respect to L but is non-constant, there is a point
in C/L at which it vanishes to an order e. Since the factor in the parentheses on the
right only has a pole where £ = f'/f does not vanish, the order of the zero at this point
for the right side of the equation is at least e, since &’ only vanishes to order e — 1,
we conclude that Pp(0) = O.

Example: For N = 2 the differential equation has the following form:

FP4as 2= (f'/) +a
2
> =l-afPrafh
With a; = 26 and a4 = ¢ this is the well-known differential equation for elliptic genera

of level two. For arbitrary ¢ and § with ¢ # 0 and £ — 6% #£ 0 this determines an
elliptic function.

Each differential equation as above yields a unique (up to normalization) power series
f(z). For arbitrary coefficients a,, f(z) will not be an elliptic function. Our a,
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were in fact modular forms of weight r, depending on a lattice with N-division point;
evidently they must satisfy several relations, since there are not so many algebraically
independent modular forms. What relations must the a, for an arbitrary NV satisfy, in
order that one obtain an elliptic function?

The function 7 = (cf )_1 + cf is not elliptic for L, but rather for a sub-lattice L of
index N in L. However the involution 7 exists on (C/Z as well as on C/L, and 7
is likewise invariant under 7. If one divides both these curves by the involution, then
both become rational curves, i.e. isomorphic to P;(C). The function

n: Pi(C) = (C/L)/r — (C/L)/ = P(C)

is an N-fold covering. It defines the extension of degree N of the function field on
(C/L)/T to the function field of ((C/LR/T' In particular, as can also be established
on elementary algebraic grounds, (cf)™ " + (cf)N is a polynomial of degree N in
n = (cf)_1 + ¢f; we denote this polynomial by Tw.

Example: The first polynomials TN are:
z‘2+z2=(z*1+z)2—2 = fz(m)zmz—Z,
27348 = (z"1+z)3-3(z_1+z) = ﬁ(m)=m3—3az,
Tty 2t = (z‘1 -+-z)4 — 4(z_1 +z)2 +2 = fZ~"4(zv) =gt — 422 + 2,
We therefore obtain, from the above differential equation, the equation
Ty(n) = ¢V - Py(£).

The curve in the (z,y)-plane defined by the equation Tn(z) = ¢V - Py(y) is
parametrized by £ and 7, hence is isomorphic to (C/L)/7 and so is rational. Since
it is given by an equation of degree NN, it must have a large number of singularities.
A point (z,y) _on this curve is singular if and only if  and y are critical points of
¢~V Py resp. Ty and the critical values coincide.

The critical points and values of TN are easily obtained using the so-called Chebyshev
polynomials T. These are defined by the equation

cos (N9) = Ty(cos(9)).
Here is a list of the first few Chebyshev polynomials:

Ti(z) = =, Ty(z) = 22% — 1,
Ti(z) = 42° = 3z, Ta(z)=82*—8z% + 1.

The Chebyshev polynomials always start with Ty =2V ~*a" 4 ..., Since cos(f) =
(e +e) /2 and

TN(2 - cos (0)) = ’fN (eia + e“ie) =Vl L e~N8 — 9. ¢og (N9),
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we obtain the relation
' Tw(z) = 2+ Tn(z/2).

From the defining equation of Ty we see, that the zeroes of Ty, are z; = cos(mj/N)
with 0 < § < N. At these N — 1 points, T has local maxima or minima, all with
the values +1; more precisely:

Neven = (N —2)/2times value 1, N/2 times value — 1,
Nodd = (N -—1)/2times value 1, (N — 1)/2 times value — 1.
For N = 8§ we obtain the following figure:

[
'
n
<
L=

-1+

Chebyshev polynomial T3

For the polynomials T (z) = 2 - Tw(z/2) the N — 1 critical points are ; =
2cos(mj/N) with 0 < j < N and the critical values are +2; the distribution of
signs is the same as for the Chebyshev polynomials.

So we expect that most of the critical values of the polynomials Py arising in our
differential equation are equal to +2¢M. The following discussion will give a more
precise result.

The function 5’2 is elliptic with respect to L and invariant under the involution 7.
It has a pole of order four at the origin and at the point P and its Laurent series at
the origin starts with 51-;,- + ---. Therefore there is as above a normalized polynomial
Qz) =z +q -2 + g2 -2+ g3z + ¢4 with

2

QE)=¢".



7.6 The modular curve 107

The curve given by the equation y*> = Q(z) is therefore parametrized by C/L, by
means of £ and £’. The function £ assumes each value twice on C/L (at points which
are exchanged with one another by the involution 7); its derivative ¢ has different
signs at the corresponding points. Therefore this parametrization is an isomorphism apart
from the poles of & (at 0 and P).

There is a close relation between the polynomials ¢ and Py:

Py =f""+aw- Y
= Py)-¢=N-¢ (~f"+aww-F")
2
= Py(©)-¢ =N ¢ (P +aan - V)" ~ dazn)
= Q@) (Py(2)/2)’ = N*- (Pn(a)’ - 4asn).
As one easily sees from this equation, away from the origin Py has only critical points

of order precisely two with critical values &+/4azy = +2¢”. So all the polynomials Py
occurring in the differential equation for f are so-called almost-Chebyshev polynomials.

Definition: A polynomial Py(z) = z¥ + .-+ is called a normalized almost-Chebyshev
polynomial if Py(z) = N -z - (z—&)---(z—E&n—2) and the critical values
Py(&1),....Pn(En—2) are equal up to sign.

7.6 The modular curve
The existence of the equation
Q- (Py/z)* = N*(P% — dazn)

relating the polynomials Py and @ gives us conditions for their coefficients. By
differentiating it we obtain:

Q' - (Py/z)’ +2Q - (Py/z)- (Py -z — Py)/2® — 2N*PyPy =0
= Q' (Py/z)+2Q-(Py-z— Py)/z?—2N?Py-z2=0

(here both Py /z and (Py -z — Py)/z* are polynomials in z!).

-This yields N + 2 equations for the coefficients ¢1, g2, 93, g¢ of @ and ai,...,ay of
Py . Since the polynomial @ is monic, the equation of highest degree is always satisfied.
The next equations successively determine the a, as homogeneous polynomials of weight

¥ FH.: This terminology was used during my course. I did not know that these polynomials exist in
the literature under the name Zolotarev polynomials, I wrote to Prof. Rivlin about the almost-Chebyshev
polynomials and got from him the information on Zolotarev polynomials.



108 7 Riemann-Roch and elliptic genera in the complex case

r in the ¢i1,...,94 (of weights 1 to 4). Since for our construction of the elliptic
genus ay—1 = 0, one obtains a homogeneous equation of weight N —1 in ¢1,--- ,qa.
There still remains the equation for the constant term, which yields a second condition
of weight N + 1 on ¢; to qs. These two equations determine those polynomials @)
for which a polynomial Py with @ - (Py/z)’ = N? - (P% —4ayy) exists (with
ay = (an/2)’ — gs(an—2/N)*).

Example: For N = 2 we have

(4:1:3 +3q1:v2 + 2¢az +q3) -242Q-0- 8:1:(:1:2 +a2) =0 and
as = (az/2)" — qa(1/2)".

From these equations we get

q1:05 'I3=0,
a2 =q2/2, a4=q§/16—q4/4.

With a; = 26 and a4 = £ we have

Py(z) =2®+26 and
Q(z) = z* +46-2* +4(6* — ).

At the signature cusp we have 6% = ¢. Hence @ has a double zero at the origin in this
case. Atthe A cusp we have €= 0, hence @ has two double zeroes.

For N = 3 we have:

(42® + 3q12? + 2g22 + g3) (32 + 2a1)
+6(2* + q12° + @22° + 3z + ¢4) — 18(2* + 012® + a32) = 0

In this case we get the equations

a1=3/2"I1, ‘I2=“‘3/4qi°',
az=(2-q3 — qi’)£4, 9 = —143/2,
as = (2-¢s — ¢3) " /64.

The two homogeneous equations satisfied by the coefficients ¢; through ¢4 determine a
curve Cy in the weighted projective space with the weighted homogeneous coordinates
g1 through g4, g¢; being of weight i. Each elliptic curve with distinguished primitive
N-division point gives rise to a point on this modular curve Cpy. If one parametrizes
such elliptic curves by 7 € I';(N)\h (cf. Appendix I, §7), then this mapping is simply
given by (g1(7) : ... : ga(7)); this is well-defined since g¢; is a modular form of weight
¢+ and the coordinates are weighted homogeneous. The modular curve is in general not
irreducible, but the extension of the mapping to I'y(N)\h is surjective on individual
components for dimensional reasons, which then parametrize our lattices.
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Now each elliptic curve with an N-division point is also a curve with an N - d-division
point. What happens to the polynomials Py, and how does the embedding ¢ of the
corresponding modular curves look?

We consider the differential equation
¢V - Py (&) = Tw(n).
In order to bring it to the form
¢ . Pan(€) = TdN(T]),

we must apply the polynomial 111 (it follows immediately from the definition of the
Chebyshev polynomials that Ty(Tw) = T4n ). We therefore obtain

PdN - CdN . Td(C_N . PN)
This polynomial Pgy is again almost-Chebyshev, and satisfies
2
Q- (Piw/z)’ = N?- (Ply - 4*%™)

with the same polynomial @ as in the corresponding equation for Py. For the poly-
nomial @ it is immediately clear that it does not change when an N-division point is
re-interpreted as a dN-division point, i.e. on the modular curve Cy the embedding into
Cgay is simply the inclusion of some components.

Example: For N = 4 the equations for ) are given by

3
g3 = —g'lh(qf + 4qa),

1
919 = 57" @1 (4g2 + 5¢7) (42 + ¢).
These equations encompass the case N =2 (gqq,93 =0). For ¢; #0, ¢; and ¢, are
arbitrary while g3, g« depend on ¢, ¢a.

The modular curve Cy has in general many irreducible components; those which belong
to an elliptic curve with a primitive NN-division point are not in the image of an embedding
as above. Since for a prime N = p all N-division points are primitive, this should be
the entire modular curve. Hence for a prime there should be only one component.

The map from T'y(N)\h to Cny can be extended to the cusps of I'y(N). What does
the differential equation at the cusps look like?

One of the values of the genus at the cusps is the normalized x,-genus
xy(X)/(1 +y)™™%, where —y must be an N-th root of unity different from 1.
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Hence the Todd genus xo(X) never arises. However, this is the only genus which is
invariant under all birational transformations. For we have

dim X dim X

x0(X) = z_: (—-1)%%9 = Z: (—1)7A9°

when X is Kihler, and the numbers h%° are birational invariants (including the
geometric genus A4™X.0)  Hence yo is invariant under birational transformations.
Since in the cobordism ring  ® Q each manifold X is equal to a sum of products of
projective spaces, which in turn is birationally equivalent to a multiple of P; (C)dlmx,
each genus with this property is determined by its value on P;(C), hence is a multiple
of Xo-

The power series

fo) = 1Y

=Tryes 177

belonging to the normalized x,-genus satisfies the differential equation

£@)= (1- 1354@) - (1+ 2 f).

If we bring the differential equation to our form, then with ¢ = 31E we have:

+y
a1 (=g -1
cl-(7+m)—(Cf) +cf
= Pl(a:)=a:+1—:_—g-.

But in this differential equation the coefficient of f//f is non-zero.

We return to the embedding ¢ of modular curves. What follows for it from our condition
ay—1 = 07 The formula for Pgy yields

Pin(0) = ™ - To(c™ - By(0)) - ™V - Py(0).

So if Py(0) is zero, this remains true for Pjy(0); if Py (0) is not zero, then
¢V . Py(0) must be a zero of T). In the differential equation of the normalized
Xy-genus we have N =1 and ¢ = 31_‘_@!, . This forces —y to be a d-th root of unity
(check this!). Then we have

l1-y

P;= chd(Q_l (:Z! + m ))9
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i.e. Py is essentially a Chebyshev polynomial. Hence the value at the critical point 0 is
the same as at the other critical points, a = 4a,4. In addition, we find the polynomial
Q to be

1-—

)= wz((“ ;—z)z —402) = wz(ac2+21+zw+l);

in particular, we have g3, g4 = 0, i.e. @ has a double zero at =z = 0. We have
therefore handled one kind of cusp.

For the derivation of the differential equation we have always assumed that ¢ 3 0, hence
also azy # 0. If now axy = 0, i.e. apart from the origin only the critical value zero
appears, then it follows by taking into account the other conditions on the coefficients
a, that the N-fold covering has only two branch points and the roots are rational. The
genera which now arise are x (X, K*/V) for 0 < k < N. The corresponding power
series is

T1-e=
= f(z)= (1—6_”) LeN 7,

Q(:c) .e"NT
)

What differential equation does f(z) = (1 —e™®)-e¥?® satisfy?

eV ® =

poo (N=R) FH N _won,  —kf+Nf

N N

(F) " () =1

A,

One easily concludes that in fact we have ay_; = 0. Apart from the origin there are
now two critical points, an (N — k — 1)-fold one at k/N and a (k — 1)-fold one at
k/N — 1, both with the critical value 0. The polynomial @ is then

Q(z) = (z = k/N)* - (= — (k/N - 1))?,

so it has two double zeroes. In this case, the functions f'/f and f parametrize an
N-sheeted covering of the Riemann sphere having these two branch points.

We have therefore found an interpretation of the modular curve which parametrizes
elliptic curves with a non-zero N-division point by almost-Chebyshev polynomials (for
a more detailed discussion of this relation between elliptic curves and almost-Chebyshev
polynomials we refer to Appendix IV). If N = p is a prime, then this curve has only
one component. The entire family of elliptic curves then forms an elliptic surface, which
is known as a Shioda surface. Over each point of the modular curve lies an elliptic curve
in the surface; over the points of the modular curve corresponding to the cusps of I'; (V)
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the elliptic curves degenerate. For p > 3, the x (X, K*/P)-genus yields a rational curve
with a double point, the double point yielding precisely the two branch points. For the
xy-genus the elliptic curve degenerates to a cycle of p rational curves. These possess
a natural involution. Dividing by the involution, we then have (p + 1)/2 components.
These are precisely represented by the genera. For —y is permitted to run through all
primitive p-th roots of unity, but y and 1/y yield the same genus.

Exercise: Calculate the Euler number of this elliptic surface.



8 A divisibility theorem for elliptic genera

8.1 The theorem of Ochanine

In this chapter we will use the (cf. [AtHi59b])

Theorem: Let W be the complex extension of a real vector bundle (hence W =2 W* )
over a compact, oriented, differentiable spin manifold M with dim M = 4 (8). Then
A(M,W) € 2Z. pif

Remark: For a complex manifold X of dimension d, we have
. d . _
A(X, W) = X(X, K1/2 ® W) = E (_1)1 dimHt(X; K1/2 ® W).

=0
We may transform these summands by Serre duality (dim X = d):

H(X;K'?@W) 2 H"H(X; K@ K~/ @ W)
o Hd—i(X; K1/2 ® W*)
=~ HY( X, KY2 @ W).
We therefore see that modulo 2 all summands apart from the middle one (¢ = d/2)

cancel. Now Serre duality is given by a bilinear form, which is skew-symmetric for odd
i = d/2. Therefore H4/?(X; K'/? ® W) must have an even dimension.

For the proof of the theorem in the real case, one uses the Dirac operator and the Afiyah-
Singer index theorem.

Now we want to discuss the following (cf. [Oc81])

Theorem (Ochanine): Let M be a compact, oriented, differentiable spin manifold with
dim M = 4 (8). Then we have:

sign (M) = 0 (16).

We shall give the proof of the theorem in the next section.

Remark: Since in dimension four only the Pontrjagin number p; exists, in this case all
genera differ from one another by a constant factor; in particular (cf. section 6.4)

sign (M) = -8 - A(M).
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Using the above theorem on twisted fl—genera (with W a trivial line bundle), we obtain
the theorem of Ochanine in dimension four. Rohlin proved this by different methods in
1950. The result is sharp in dimension four, since the K 3-surface has signature 16.
For k > 2 we obtain by the plumbing construction a topological manifold M** with
intersection form Es. The manifold therefore has signature 8. In additionitis (2k — 1)-
connected, hence all its cohomology groups vanish in dimensions below 2k. Following
Thom and Wu, the Stiefel-Whitney classes can also be defined for topological manifolds
(cf. [AtHi61a]). In our case, we have w;(M) = wa(M) = 0, since there is no
cohomology in dimensions-1 and 2. If this manifold had a differentiable structure,
all conditions of the above theorem would be satisfied, hence the signature would be at
least 16. We therefore conclude that M has no differentiable structure, and on the other
hand that the theorem of Ochanine actually makes use of the differentiable structure.
As we have seen, the theorem cannot be rescued for topological manifolds. We shall
nevertheless investigate this case further. On the cohomology ring of a topological
manifold M of dimension n there exist natural cohomology operations (cf. [StEp62]),
the so-called Steenrod squares, with:

1) S¢': HI(M;Z/2Z) — HIY{(M;Z/2Z),
%) S¢° = id,
3) Sq¢i(z) = z? for =z € H'(M;Z/2Z),
4 Sqi(z) =0 if ¢ € HI(M;Z/2Z) with j < i,
5 Sqi(zy) = Xise Sdi(2) - S¢*(y).
In addition there is a cohomology class U; € H*(M;Z/2Z) with

Sq¢i(z) =U;-a forz € H*(M;Z/2Z).

The Stiefel-Whitney classes can also be defined for topological manifolds, and we then

have:
w = Sq(U), ie.

1+wy+--- =Sq0(1+U1+---)+Sq1(1+U1+---)+---.
For the first three classes this means:
wy = S¢' (1) + S¢°(U1) = Uy,
wa = S¢%(1) + S¢*(U1) + S¢°(U2) = UE + U,
ws = S¢°(1) + 5¢*(U) + 8¢*(Uz) + S¢°(Us)
= Sql(Uz) + Us.
More is implied by our assumptions wj, we = 0. For one obtains the odd Stiefel-

Whitney classes wa;+1 as the modulo 2 reduction of the image of wg; under the
Bockstein operator for the coefficient sequence

0-232-2/2Z—0.
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Since we have we = 0, it follows that also w3 = 0. As we have already seen, these
three Stiefel-Whitney classes are zero if and only if Uy, U; and U; vanish, that is the
Steenrod squares Sqt, Sq? and Sq® are identically zero in codimensions 1, 2 and 3,
resp. We shall now exploit this in order to learn something about the intersection form
of the manifold, which is defined on the integral lattice of the cohomology in the middle
dimension. For this we make use of the so-called Adem relations which are general
relations on the Steenrod squares. Two special cases read (with ¢ > 1 and coefficients
modulo 2):

Sq?Sq% = (41’2—1) . Sgtit? 4 (41‘0—2) . Sgit2Sqt
= Sg**? 4 §qtHiget
S¢3S5¢ki—1 = (41’3—2) . Sqt? 4 (41';-3) . Sgti+1gg!
— Sq¥itlgg!,
= Sqg¥t? = Sg28qY + Sq°Sgt 1.

The right side is zero when applied to cohomology classes of codimension 4: + 2,
since Sg* and Sq¢® vanish in codimension 2 resp. 3. Therefore Sg**2 is zero in
codimension 4:¢ + 2.

Definition: The intersection form of M*" is called even if
2?[M]l=0 (2) forallze H™(M;Z).

As we have seen above, we obtain for any 8% + 4-dimensional topological manifold with
vanishing w; and wp that z -z = S¢***%(z) =0 for x € H***+?(M;Z/2Z). So our
intersection form is even. By Poincaré duality it is always unimodular, i.e. nonsingular.
Now the signature of an even unimodular quadratic form is always divisible by 8. For
topological manifolds with w; = ws = 0, Ochanine’s theorem therefore still holds in
the weaker form

sign (M®**4) =0 (8).

Just as the Stiefel-Whitney classes w; can be expressed in terms of the U; by means of
the Steenrod squares, one can express the U; in terms of the w;, indeed as polynomials
in the w;. We shall consider these polynomials in greater detail (cf. [Wu50]):

Theorem (Wu): There exists a weighted homogeneous polynomial U, (w1, ...,ws) of
degree n. where w; has degree 4, such that for each compact topological manifold M*"
with Stiefel-Whitney classes w; there holds

2% = (z - Un(wyy...,w,)) forallz € H*(M;Z/2Z). pif
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The polynomials U; form a multiplicative sequence in the Stiefel-Whitney classes, having
the characteristic power series

1+E$ =-1—_—-;—_-§; (2)

=0

The power -series on the right side yields precisely the Todd polynomials, up to a factor
2* in front of z'. We therefore have

Up = 2" Ty(wy,...,w,) (2).

The factor 2™ is needed to cancel the powers of 2 in the denominator of the coefficients
of the power series z/(1—e™®).

Example:
T c2+¢c2 2
2 = D = Uy = wp + wi,
Ts‘%%‘ = Uz = wiws,
—c4 +c3e; + 3¢ + depc? — 4
Ty = 4T ,723 211 1 = U4='w4+'w3w1+'w§+'wi4.

Hence we see that, when wi,wy; = 0, the polynomial U, vanishes. Since in addition
wz = 0, we also have :

2 2 3 2
Us = waws + wawy + wi + wawawy + wawi + wzwf =,

Here we are fortunate, since theoretically wg could also appear as a term in Us.
However, the coefficient of ¢g in T is even. As we have seen, multiplication by
the polynomial Uy;,o on the cohomology in codimension 4: + 2 of any manifold
with wy, w2, w3 = 0 is the zero mapping. Since this multiplication originates from a
non-degenerate pairing of the corresponding cohomology groups, Uysi+a is zero in the
cohomology rting of every such manifold. Nevertheless, as a polynomial Uy, o need
not vanish modulo the indeterminates wy, wa, w3,

Example:

Uo = wi (w1, w2, w3), Urs = waw? (w1, w2, w3).
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8.2 Proof of Ochanine’s theorem

Having already formulated the theorem in the last section, we shall now prove it. For
this we shall recall once more some of the general theory of elliptic genera of level N.

Let L = 2mi(Zr + Z) C C be a lattice, and let » be the elliptic function for this lattice
with divisor (h) = N -(0) — N - (&) and the normalization A(z) = z™ + ---. Here
a is an N-division point of the lattice L, which we take as a = 27i/N. In addition,
we have denoted by f the N-th root of h, normalized by f(z) = z+ ---. Fora
complex manifold X of complex dimension d, the elliptic genus ¢uy,o of level N
is then given by

owat0) = ([T 725) 3.

The power series f can be explicitly determined. With

oo

®(r,z) = 2 sinh (z/2) - U (1= qn(imz(zn—)zq"e‘”’)

we have
-2t

The elliptic genus ¢py,o(X) of X is a modular form of weight d on T';(N) (T'y(N),
in view of our choice of a ). As the expansion of the elliptic genus at a ) ,-cusp we

X0 LX) = py,a(X) - (1, —a)® - (=) ¥

with —y = e®. The normalization factor (e®/2.®(r,~a)) " is a modular form of
weight 1 on I';1(N), up to 2N-th roots of unity. If 2N divides the dimension d, then

(e*/2- ®(1,~a)) = s likewise a modular form of weight d (cf. section 7.4). Hence
Xy(¢, £X) is a modular function on I'1(N) if 2N | d.

We also have derived a product representation:

d o0
1+ e~ Ti 1+ ne—Ti 1+ -1 neTi
wla,£3) = ([ oo S ([ FRLES L0 Yy

ey 1—em® A 1—gre™™ 1— gme®
= (X Q@ hsrT* 8 R 50 T* © @ 81T ® R) 54oT)
n=1 n=1 n=1 n=1
= X/(X)+ .

The representation in terms of the twisted x,-genera follows once again from the formulas
in section 1.5. The coefficients of ¢* are therefore algebraic integers in the cyclotomic
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field Q[y]. For y = 1 one can combine the terms for T and for 7™ and express them
using 7o = T & T*. In order to arrive at our genus from this expansion, we must still
divide by ®(r,—a)%(—y)%2. Now we have
®(r,—a)® = (2- sinh (—a/2) - (integral g-expansion) )’
d

= (e_"‘/ 2 e/ 2) - (integral g-expansion)

= e %/2(1 — ¢*)*. (integral g-expansion)

= ( )_d/ (14 y) - (integral g-expansion),
where “integral g-expansion” always starts with 1 + O(g). Hence it is invertible in
Z[[q]] and we have
(integral g-expansion)

(1 +y)° '

How does the expansion look at one of the other cusps?

pne(X) =

Instead of expanding the genus at another cusp, we can also change the *N-division point
(cf. Appendix I, §6). We now choose a = 2mikr/N with 0 < k < N. The power
series f then takes the form

- Bl v

and for the genus we obtain:

J ,
z; 1—-g" Ve e
‘PN,a(X)':(H(l_e—zi' 1—g*/N rem (b

e (e gy
(1_ ne—a:, 1_ new,)(l_q(n+k/N)) (1_q(n k/N)) .

n=1

In this expression ¢'/" appears; @n,o(X) is a modular form on I'*(XV). In order to
obtain a modular form on I'; (V) we must replace g by ¢"; the g-expansion of this
modular form Gy,o(X) has integral coefficients:

#x,a(X) = (Norm.)

X(X,Kk/N® (0% Aan*®éSan*® X Aan®®Sqn(T)).

n=k (N) n=1 n=—k (N) n=1

Here the normalization factor “Norm.” has integral coefficients, and the integrality of the
coefficients of the Riemann-Roch expression follows from that of x(X, K*/Y @ W) for



8.2 Proof of Ochanine’s theorem 119

c1 = 0 (N). Therefore our genus ¢y, has an integral g-expansion for a = 2mwikr/N,
provided that c¢; is divisible by N.

We now specialize these considerations to the elliptic genera of level two. Let X be
an oriented differentiable manifold of dimension 4k. The elliptic genus of level two
then yields a modular form of weight 2k on I';(2) = I'o(2). There are two cusps. At
one cusp (the signature) the expansion is integral up to the factor 272k (for d = 2k
and y = 1), at the other cusp (the A-genus) the g-expansion is integral if ¢; = 0 (2),
i.e. wy = 0. The coefficients of this g-expansion are twisted A-genera A(X,W). The
bundles W which occur are complex bundles associated to T, hence satisfy W* = W.

For this genus we began with the differential equation
Fr=1-2.f24e. .

From the product representation of f at the signature cusp one can easily determine the
coefficients of f'(x)/f(z), and then use the differential equation to obtain the following
formulas for 6 and ¢ (cf. Appendix I, §§3,4):

5:1/4+6§: > d-g,

n=1 djn
dodd

e=1/16+ i > (1% g™
n=1 djn

If one expands f at the other cusp, one must obviously also do this for 6 and ¢ in
the differential equation. We shall denote by a tilde the conjugate expansion for I'y(2)
at the other cusp,

P19t 45 .

Under this passage, we must replace 7 by —1/7 and then = by 27, in order to arrive
at the modular group I'y(2). We then have (again, cf. Appendix I, §§3,4):

[>o)

~ 1 1
F=—Z.6=---3. d-qm,
2 8 2 da
n=1 dn
dodd
. - & 3 m
E=—g—=> 2. 4
n=1 djn
n/d odd

Now each modular form on TI'g(2) is 2 homogeneous polynomial in  and e, hence
also a polynomial in 85 and &:

FX*®)Y = Y cap- (88)° -8 = P(85,5).
Za-i-i’f:Zk
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If wy(X) = 0, we know that $(X) has an integral g-expansion, and then the
coefficients ¢, must likewise be integral (proceed by induction, noting that 86 =
—1+4.-- and € = ¢+ ---), hence

F(X*F) € Z[86, 2]
= o(X*) € Z[86,¢].

Now at the signature cusp 22* . o(X) is integral,

sign (¢, LX) = o(X) - 2%* - (integral g-expansion)
= 2?*. P(86,¢) - (integral g-expansion)
= P(326, 16¢) - (integral g-expansion),
326 =8- (1+ 24g- (+-)),
166 = 1+16g-(---).

If our manifold has dimension 4k with % odd, then the polynomial P is divisible
by 326, since otherwise the weight could not be 2k. Hence all the coefficients of the
modular function on the left side are divisible by 8:

sign (¢, LX) =0 (8).
We are now just a factor of 2 away from Ochanine’s theorem. By the theorem at the start
of section 8.1, the expansion at the A-cusp is not only integral, indeed its coefficients
are all even. It follows at once that all the coefficients ¢, of the polynomial P must
likewise be even. We conclude that

sign (g, LX) = 0 (16).

In particular this holds for the constant term, the signature of X. pid



Appendix I: Modular forms

by Nils-Peter Skoruppa, Max-Planck-Institut fiir Mathematik, Bonn

1 Fundamental concepts

Let h = {T € C|Im(7) > 0} be the upper half-plane of the complex numbers. The
group SL,(R) acts on h by

(A,7) > Ar =2 for A= (2 }) € SLy(R) and 7 € b.

This action is the restriction to b of the natural action of SLy(R) on P;(C), if one
regards b as a subset of Py(C) via 7+ [7]. Because Im (A7) = Im(7)/]er +d|%,
b is in fact invariant under SL,(R).

Remark: This action factorizes to an action of the group PSL;(R) = SL»(R)/{£1};
PSL,(R) is isomorphic to the group of biholomorphic transformations of §.

For a subgroup I C SL;(R), T'\h becomes a topological space by means of the quotient
topology. If T' is a discrete subgroup, then a unique complex structure exists on I'\p
so that the natural projection 7 : j — I'\p is holomorphic.

Each compact Riemann surface of genus greater or equal to 2 can be obtained in
that way. For if X is a Riemann surface and X its universal covering, then by the
Riemann mapping theorem X is isomorphic to either Pi(C), C or b; Therefore we
have X = P(C), or X = C/L for a lattice L in C (and X has genus 1), or
X = T'\h for suitable T' C SLy(R) (and X has genus greater or equal to 2). In the
last two cases L, resp. PT' := T'/({£1} NT) is isomorphic to the group of covering
transformations of the covering X — X, ie. is isomorphic to 7;(X).

Examples: Examples of discrete subgroups of SL,(R) are provided by SLz(Z) and
each subgroup I' C SL(Z). In particular, for n € N we define the following subgroups
To(N):={AeSLy(2z)| A= (5 I) (M)},

I(N) = {AeSL(Z) | A= (I 1) (M)},

Ty (N) == {A€SL(@) | A= (} ]) (M)},
I'(N):={AeSLy(Z)| A= ((1) g) (N}

The group T'(N) is called the principal congruence subgroup of level N. The following
sequence is exact: .

1 - T(N) — SLy(Z) — SLz(Z/NZ) — 1,
A A mod N,
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Hence T'(N) is a normal subgroup in SLz(Z), and has finite index in SLz(Z) (so
therefore do T'g(IN) D T'1(N) D I'(N) etc.). In terms of the Euler ¢-function

=N- ][ (1-97)

pIN
p prime

and

P(N):= N - H (1+p71)
pIN
P prime

we have more precisely:
[SL2(Z) :T(W)] = N°- [ (1-27%) = N-p(N) - $(), M

pIN
p prime

[SLa(Z) : T1(M)] = N2+ J[ (1-27%) = o(N) - 9%(I), @)
p|N

[SL2(Z) : To(N)]=N- J] (L+p7") =9(). 3)
pIN
p prime

For k € Z, SLy(R) acts to the right on functions f: § — C: For A = (‘c’ Z) € SL;(R)
and k € Z we define
(FlrA)(7) := (e + d) 7% - f(AT).

That (f,A) — flzA in fact defines an action follows from the following cocycle relation:
With AA’ = A” we have

(cA'r+d)- (T +d) = ("T+d"),
where c, d, ¢/, d’ etc. denote the lower entries of A, A’ etc.
Remark: SL;(Z) acts transitively on P1(Q) C Pi(C). For a subgroup I’ C SL;(Z)

of finite index, the orbits with respect to the action of ' on P;(Q) are called the cusps
of T, or the cusps of T'\h.

Definition: Let k € Z and T' C SLy(Z) be of finite index. A function f :f — C is
called a modular form of weight k on T' if:

(i) f is holomorphic on ¥,
() flgAd=Ff foral AT,
(iii) for every S € SL2(Z), f|xS has a Fourier expansion of the form.:

f}kS) T) Z an 27ri1'n/N @)
n>0
for suitable a, and suitable N € N.
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Let M(T') denote the complex vector space of all modular forms of weight k on T

Remarks:

D

2)

3)

Let f be a function on §. satisfying (i) and (ii). Then, for each S € SL(Z),
fleS is invariant under S™IT'S. Since S™IT'S has finite index in SL3(Z),
there exists an N € Z, N > 0, such that (; 7)S™I'S = SIS,
ie. (3 ¥) € S7ITS. Therefore (f|xS)(r+N) = (f|xS)(r), so there ex-
ists 2 holomorphic mapping g : {t € C|0 < |t| < 1} — C with the property

(FkS)(7) = g(¥™/V), ie.

(fIkS)(T) = Z @ - eZ?ri'rn/N

n=-—0o

for suitable a,. Thus we see that the restriction in (iii) of the definition of modular
forms only consists of the requirement that a, = 0 for n < 0, and not in the
condition that a Fourier expansion exists. The expansion (4) is called a Fourier
expansion at the cusp I'Sco.

Let f be a modular form of weight & on T, let s € P;(Q), s = Soo fora
suitable S € SLy(Z) and f|xS as in (4). Then one puts ord, (f) := no/N,
where no denotes the smallest integer with a,, # 0, and, for k& even, one puts
f(s) := ap. The quantities f(s) and ord, (f) are independent of the special
choice of S and only depend on s modulo T. For if » € I'Sc0, Roo =7,
then there exists a G € T' with G- Roo = Sco. Since now S™IGR leaves
the point co fixed, it is of the form (%' * ) and so there are € € {*1} and

0 1
ny € Z with G-R=§-(; ™). Therefore we have:

>4

(FleB)(r) = (F1GR)(7) = (xS (§ 72))(7)
=e® (f|sS)(T +en1)
— €k A Z an ea-27rinn1/N . eZwin‘r/N‘

n>0

Modular forms f which vanish at all cusps, i.e. which satisfy ord, (f) > 0 for
all s € P1(Q), are called cusp forms. The space of cusp forms of weight &k on
T is denoted Si(T).

As mentioned above, the space X := I'\h can be given a complex structure so
that 7 : h — '\ is holomorphic. By adjunction of the cusps T'\P1(Q) one can
make X into a compact Riemann surface X. For even k, the conditions (i) and
(ii) correspond to the fact that there exists a holomorphic differential form w of
weight £/2 on X with 7*w = f(r)(dr)k/ 2. Condition (iii) then implies that at
the cusps w has at most a pole, whose order is bounded by k/2. In particular,
for k=2 and f a cusp form, the differential form w is holomorphic on all

of X, and vice versa any holomorphic differential on X can be so obtained.
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Thus, one can interpret modular forms as sections of certain line bundles over
X; from general theorems on Riemann surfaces, the finite dimensionality of the
spaces My(T') then follows immediately (cf. [Sh71]). For k = 2, it follows
from this point of view that the dimension of S»(I') is equal to the genus of X.

For general background on modular forms see, for example, [Sh71], [Se70], [Ap76],
[Sch74] or [Gu62).

2 Examples of modular forms

2.1 Eisenstein series

Let g: b — C be a mapping, then f =73, A€T g|xA transforms formally as a modular
form of weight & on I'. It naturally remains to investigate the convergence of such
an expression. A series defined in this manner is certainly divergent if the stabilizer
Ty = {A}glxA =g} of g has infinite order (and g # 0). A better definition for f
is therefore in general:

fi= Z gl A.

AET AT

For g a constant function and T' = SL»(Z) this construction yields, as an example, the
so-called Eisenstein series:

1
Ee=g- Y, k4 ©)
4e(§ N\sL2(2)

Note that for & odd M (SLz(Z)) = 0, since any f € Mi(SL2(Z)) satisfies f =
fle(=id) = (- 1) f. The same argument holds of course for any I' containing —id.
Thus we can restrict to even k, and here one has:

Theorem 2.1: For k > 2 even, Ej, € M(SLy(Z)). More precisely, the sum (1) is
normally convergent on V), thus defines a holomorphic function on Y, is invariant under
SLo(Z) with respect to the “|i,”-action, and one has

Ex(t) =14 0(e*™") for Im (1) — oo.

Proof: To show that the series in (1) is normally convergent, it suffices to show that it
is absolutely and uniformly convergent in each region of the form B:



I.2 Examples of modular forms 125

Region of the form B

From this it will also follow that :
. . 1 . .
Jim Ey(i-v)= 3 Z ullbnéo (1 A)(-v)=1.
Ae(§1)\sL2(2)
For the last identity note that lim,_, (1|¢A4)( - ¥) is different from 0, and then equal
to 1, if and only if A € £(] Z). To prove the asserted convergence note first of all

that two matrices A and A’ lie in the same left coset with respect to ((1) ?) if and
only if their lower rows are equal, Thus we can write

1
Ek(T)=— > ——. ¥))
2 ¢,d€Z (CT + d)
ged (¢,d)=1
Set

pi= inf leT + y)*:
e 4y?=1
T€EB

Then p is positive, since the continuous function (r,z,y) — |:1w+y|2 attains its
minimum on the set of all (r,z,y) with 7 € B and z? + y® = 1. Using this p one
has for all ¢, d € Z and T € B the inequality

ler +d* > p(c® + d?).
Thus the sum in (2) is dominated by

1
—k/2
H > 2 L)

caez (€
(e,d)#0
which in turn is dominated by
27 o0
dz d dr df
const - / - l yk/2 const - //T TP < oo pid
relgoy (O YY) 0

We have M3 (SLz(Z)) = C - Eap @ S2x(SL2(Z)). This follows easily from the facts
that Fax(oo) = 1 and oo is the only cusp of SLy(Z) (i.e. SL2(Z) acts transitively
on Pi(Q)).
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2.2 Theta series

Definition: Let k be even and let I C R* be a lattice, i.e. there is a basis (e, ..., ex)
of R* sothat L = Zey + -+ + Zey, assume that L is integral and even,ie. ©-y €7
and z2 € 27 for all z,y € L. Here = -y denotes the standard scalar product on R*.
The determinant of L is defined by det (L) := ${L%*/L}, where L = {y € R* |
y+L CZ}. Thelevel N of L is the smallest natural number N for which Ny* € 2Z
for all y € Ll

Definition: For a Dirichlet character x modulo N we define:

M,(To(N),x) = {f € Mu(T1(N)) | £l (2 3) =x(d)- f forall (2 }) € To(N)}.

Let -
BL(T) = Z e1ri‘r;z:2 - z ﬂ{«’B el | .’BZ/Z = n} . eZwi‘rn_

e€L n=0
Theorem 2.2: We have

05(7) € My (To(V), (CLEEHB)),

where () denotes the Jacobi symbol. pig
For the proof the reader is referred to [Sch74] or [Og69].
Example:
o(r):= > e2mit(2"+v")
z,y€Z
— Zﬂ{(w>y) € ZZ I wz +y2 = n} . eZwi‘rn-

n=0

Hete § = 0p for L = V2. (ZxZ). We have L® = 57 x 57, N = 4,

det (L) = 4, k = 2; therefore 8 € M; (I‘o(4), ('—4)) Moreover, from theorems of
number theory one knows an explicit formula for the number of representations of an
integer by the quadratic form z? 4 y%. More precisely one has:

6(ry =1+4- i (Z (.—f)) . g2mitn

n=1 ‘din

For further information on theta series see [Sch74] and [Og69].
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2.3 Lattice functions

Let F : {lattices L C C} — C be a homogeneous function of degree —%, i.e.
. F(AL)=F(L)- 27" for all A € C*.
An example for k > 2 is: sp(L) = 2 .
yeIL\{0}
Now define f(r) := F(Zr + Z); then flxA = f forall A= (% }) € SLy(Z), for
we have:
(FlrA)(r) = (er +d) ™" F (L&) = (er +d) ™" - F(Z 2 + Z)
=F(Z-(ar +b)+ Z- (cT +d)) = F(Zr + Z) = f(7)
(note that with (7,1) also (ar +b,er +d) is a basis of Zr + Z).
On the other hand, if flzA = f for all A € SLy(Z), then
F(Zws + Zwn) := wi* - fwa/wr) (with Im (wa/w;) > 0)
defines a lattice function, homogeneous of degree —k. This connection can be gener-
alized:
Lemma: Let the function
F : {(L,@,) | L lattice, @y primitive N-division point of C/L} — C
be homogeneous of degree —k, i.e.
F(AL,X@o) = A\~% . F(L, @),
let f be defined by '
57):= F(Er+2, 4);
then flyA = f for all A € T1(N).
Proof: Here the second argunient is always regarded as a class modulo L:

(Fled)(r) = P2 +2, %) - (er + )™

= F(Z(ar +b) + Z(cr + d), <t9)

=F(ZT+Z, %T—l—%)

=F(Zr+Z, %) = f(7).
For the next to last equality observe that ¢ = 0 (N) and d = 1 (N), hence
Er+d =1L (Zr+2). pid
On the other hand, if f transforms as a modular form on I'y(N) of weight k, then one
can define a function F : {(L, W), Wo as above} — C by F(L, Do) := wi *- f(wy/wi).
Here w; = Nwy and wy is chosen so that L = Zw; + Zw; and Im (wz/w;i) > 0.
That one can find such an w, for a suitable choice of representative wy of @, is left
to the reader as an exercise (or cf. Lemma 7.5).

Lemma: This function F is well-defined and homogeneous of degree —k. pid
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3 The WeierstraBB p-function as a Jacobi form

If one considers further the last two examples of the previous paragraph, one is led to
the theory of the so-called Jacobi forms (cf. [EiZa85]). We shall not define Jacobi forms
in complete generality, rather we shall consider only some special cases of interest to
us. We consider the following situation;

(J) For T &b, let z — &(r,z) be a meromorphic, periodic (hence elliptic) function
with respect to the lattice 27i(Zr + Z). Further, let k € Z, T' C SL(Z) of
finite index, and assume that:

B(Ar, z25)(cr+d) * = @(r,z) forA= (1) el
Such functions on § x C are called Jacobi forms on I' of weight k& (and index 0), if

certain additional regularity conditions are fulfilled.
Example: The WeierstraB gp-function is defined as

w=de ¥ (1)

2T 2
y€27i(Zr+Z) (.’B - 7) v
170

and fulfills J) with I' = SLy(Z) and &k = 2.

Theorem 3.1: Let & : h x C — P1(C) be a function which satisfies the assumptions (J).
Let n€Z, o,B €R andlet g,(1) be the n-th coefficient in the Taylor expansion of
®(r,-) at 27wi(ar + B). Then we have:

Orlktnd = gn forall A € T with (o, B)A = (o, f) mod 72,

Proof: By the Cauchy integral formula,
1 f &(7,z + 27i(ar + B))

gn(7) = oi Zntl dz

and therefore

(gn|k+nA)(T) =g, (AT)(CT + d)—(k+n)
L f B(dn, (afer + ) + 2mila'r + )/ (o7 +))

(et + d)_k d(z(cr +d))

-~ 2mi (a(er + )™
with A= (¢ Z) and (o/,p') = (o, 8)A. By substituting z for z(cr +d) and using
(J), the assertion follows. pi
Example: Put e;(7) := gp(r,7i). This therefore transforms as a modular form of

weight two with respect to {A € SLz(Z) | (0,4)A = (0,2) mod Z?}. The latter set
is nothing else than the group T'o(2).
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More generally, we want to consider the Taylor coefficients of (7,z) around any
expansion point. For this, we prove the following
Theorem 3.2: We have
1 1 1
T, Z2) = — -+ R a—— ) P |
p(7:2) 1% (gn/2¢1/2 _q~n/2<‘—1/2)2 < 12 Zz (q7/? _q-n/z)2> @
n#0

Here we make the convention, for now and the following, that:
g=¢e"™" and (¢ =¢"

Proof: As is easily checked, the first summand is normally convergent, and, for fixed
T, it is periodic in 2 with respect to 2mi(Z7 + Z). It has poles precisely at the lattice
points, each of order two; therefore for fixed 7 the function defined by the first sum is
p(7,-) up to addition of a constant. The asserted identity now follows from the facts
that p(z) = % + O(z) and that the function defined by the first sum is equal for =
tending to 0 to

1 1
(¢i/2 - C—l/z)2 * ;} (g7/? — —n/z)2 +0(z)

___.’I-)—_—-l-z n/2 —n/2)2+0() . =

With the help of the identity

1
k- 1
(a1/2 — a—~1/2) (1- a,) ; a* (Ja| < 1)

we obtain immediately from (1) the
Lemma 3.3: For |g| < min{|[¢],[¢7|} we have

[o¢]

p(r,z) = —-———1—?———2 + Z(Z d(¢t + C—d))qn + 115(1 - 24ial(n)q").

(¢72=¢2)" s
Here
op(n) = Z dr. il
din
At this point we shall introduce the Bernoulli numbers B;, which are defined as follows:

_1_2 z'

=0
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In particular, By = 1, By = —% and Bagyq = O for k > 1. Moreover, one has
the following table:

k 1 2 3 4 5 6 7 8 9 10
B 1 -1 1 -1 5 | —691 | 7T | —3617| 43867 | —174811
2k | § 30 12 30 66 2730 3 510 798 330

a4k _ _ _ 65520 | __ 20 | —28728 | 13200
F‘:Z —24| -240| —504 | 480 | —264 691 24 1366317 43867 | 174611

Bernoulli numbers

We further have

coth(z/2) 1 Bai 91
2 T(¢-1 z (Zz)' @
and therefore
1 _ 1 _ 4 gcoth(z/2)
-4 (o)

(Cl/2 - C-—1/2)2 " 4sinh (:1:/2)2 T dz

) 252
= .l — B2’ z @)
z?2  Le 2 (2%-2)°
=1

By means of the Fourier expansion of the gp-function we now obtain the

Theorem 3.4: For k > 1,

o0

E _1__ d2k 1 n
woie g ST
=1—1;1—:; ';Uzk—l(n) q"

Proof: Consider the Laurent expansion of p(r,z) around = = 0. On the one hand,
directly from the definition of the gp-function and the Taylor formula, we find the
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(2k — 2)-nd coefficient to be

(2k — 1)! v L _2%-1 3 1
(2k - 2)! ye2mi(ZrT) ez (MT+n)
770 (min)£0

2%-1 X1 1

2k
) (e +d)

(c,d)#0
ged (¢,d)=1
2k—1
= __(27ri)2k - €(2k) - 2Eai(7),

the latter directly from the definition of Egp (cf. §2, formula (2)) and the definition of
the Riemann (-function ((s) := ¥, 5, n"".

On the other hand, it follows from Lemma 3.3 and (2) that the (2k — 2)-nd coefficient
of the p-function is none other than

2k—1
Ry By + 2k 21 Zldzk 1(n) - "

A comparison of the two expressions yields

2k-1 2k—1
W C(Zk)ZEzk = —W Bz 2k 2)' Zdzk 1 n) q

Since E2r = 1+ O(g) by Theorem 2.1, the assertion follows at once, as does the
following corollary. i

Corollary 3.5 (Euler): For the Riemann (-function, we have

~2k
o=,

Remark: This also holds for k£ =1, on the basis of other considerations.

We now define

Ey(r):=1- 2420‘1(71) -q"

and
B > :
Gar(T) := ~ 5 By = —4—2]: + Z Oak-1(n) - g7, ] 3)
n=1 N
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or equivalently (in view of Theorem 3.4 and its corollary)

¢(2k)
Ga(7) 1= on )2k (2k — 1)! - Eqy,
hence for & > 2
2k — 1)1 1
Gax(T) = L—z—)— oy ol @)
ye2mi(Zr+Z)
¥#0

We thereby obtain as an alternative formulation of Lemma 3.3:

2k—-2

( —+22sz _z_k_-éj—

As a further consequence of Lemma 3.3 and as an illustration of Theorem 3.1 one has

Theorem 3.6: The constant terms ey(T) = p(7,7%), e3(7) = p(r,mir), and
e3(1) = p(mi(r + 1)) of the Taylor expansion at the primitive two-division points are
modular forms of weight 2 (with respect to different groups). They are permuted by the
“|o”-operation of SLy(Z), ei(r) being invariant under T'¢(2). We have:

el(7) = (L+24- za°dd (n)q") € M2(To(2)),
ex(T) = (1+24. za°dd (n)g"?) € M>(T°(2)),

ex(r) = o - (1424 32 o8 () (=1)"07) € (1 DTo@) (2 ).

n=1

Here 0334(n) = ¥ 4 d.

d=1(3)
Proof: That e;, ez, and ez transform as modular forms for To(2), T'°(2), etc.,
follows from Theorem 3.1. That they are holomotphic on § and at the cusp oo can
be derived from their Fourier expansions, which in turn are given by Lemma 3.3, That
they are permuted by SL,(Z) follows from p(Ar, -25)(cr+d)™> = p(r,z), for
A= (% 1) €SLy(Z), whence for p(qp(7) 1= p(r,ar + B) we have

P(a,8)|2(A)(7) : = p(AT, AT + B) (e + d)
= p(r, o7+ ')
= p(al’ﬁl)
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for (o, ') = (a, B)A. The regularity at all other cusps also follows from this property
of being permuted.

Remark 3.7: In particular we have, as will be frequently useful for the study of elliptic
genera:

3 1 —~ odd n
51=—§€1=Z+6'ZU1 (n)e
n=1

1
=16 (040 +4¢° +¢* +60° +4¢° + ) € Ma(To(2)),
~ 3 . 1 = o n
FimGer = g = ot € M)
g.=(e — 62)
1
= —q+ 7q® — 28¢° + T1q* — 126¢° + 196¢° + - -- € My(To(2)),
- 1
.= -]E(ez—es)Z

= g+ 8¢% + 28¢% + 64¢* + 126¢° + 224¢° + -+ € My(To(2)),
s = (e1 — ez)(e1 — e3)(ez — €3)’
=g —8¢% +12¢° + 64q¢* — 210¢° £ - -+ € S5(T0(2)),
A= 16-H(ei—ej)2
i<g
= q — 24¢% + 252¢% — 1472¢* + 4830¢° — 6048¢°% & - - - € §15(SL2(Z)).

o~

In each case, the property of being a modular form or cusp form for I'o(2) follows from
the permutation statement of Theorem 3.6.

One can immediately derive the following relations, also useful for the study of elliptic
genera:

e1+exte3 =0, &)
| '5:--;-5, § = —26, ©)
5=i(§2—e), s=4(32——5’), )

L= 1668 = 4¢ (82 — ¢) = 648(8% - &), ®)

A = 256625 = 16¢1 = 646 (6% — ) = 40962(3% — §)°, ©)

e1(r) = —2e,(27). (10)

Formula (5) follows from the Fourier expansions of e, ez and e3; (6) directly from
the definition; (7) directly from the definition and (5); (8) and (9) directly from the
definitions, resp. (7); (10) is clear. '
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4 Some special functions and modular forms

4.1 The valence formula

For the derivation of the explicit description of the modular forms on I'o(2) given below,
we first need a formula for dim M} (T'4(2)). One obtains this by means of the valence
formula, valid for arbitrary subgroups I' C SL2(Z) of finite index.

Theorem 4.1 (valence formula): Let f € Mg(T), f # 0, then
1 k
3 [PSL2(Z), : PTy]-orda () + Y ] O () = 75 [PSLa(2) : PIL
s€T\P1(Q) rem\p 70T

In the first two sums, one is to add over a complete system of representatives for the
orbits of P1(Q), resp. b, modulo T'. Further, PSLy(Z), PT, etc. denotes the image of
SLy(Z), T, etc. under the natural map SLy(R) — SLp(R)/{%1}, and PT,, PT; are
the subgroups of those elements in PU' which leave s and T invariant.

Remarks:
(i) The first sum is finite:

HT\P1(Q)) < #(SL2(2)\P1(Q)) - [PSLy(Z) : PT]
= [PSLy(Z) : PT] < o0.

(i) In the second sum, almost all terms are equal to zero (compare the proof-sketch
below). ,

(iii) The index [PSLy(Z), : PT's] depends only on the class T's. It is finite as is easily
deduced from the fact that [PSLy(Z): PT} < oo.

(iv) We have |PT;| < oo, for as one can easily prove (cf. Lemma 7.8), we have
(with p = e21ri/3)
If PI'; # 1, then either

T =1 mod SLy(Z) or

T = p mod SLy(Z).
Further, PSLy(Z); = ((] ~5)) (with order 2) and PSLy(Z), = ((; 1))
(with order 3).

Sketch of proof: The proof of the valence formula is essentially obtained by an
application of the formula of Rouché:

1
N-P=5=- [dlog(s),

aaq

where N is the number of zeroes and P is the number of poles of the meromorphic
function f in the region G. As region G one takes a fundamental domain for b
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modulo T' (the analog of the fundamental mesh of a lattice), from which one has removed
neighborhoods of the cusps which are so small that they contain no zeroes and poles.
This is possible since f has a Fourier expansion at each cusp. Moreover, one has to take
care of possible zeroes of f on the boundary of G. To compute the integral of dlog (f)
along OG one chooses a fundamental domain whose boundary consists of finitely many
pairs of curves so that for each such pair there exists a transformation in I' identifying
the curves of this pair with reversed orientation. The integral of dlog(f) along each
such pair is then easily computed by using the transformation law of f under I'..

For the sketched computation one may restrict to the case of a modular form on SLy(Z).
This is due to the following observations: Let k& be even. Then

g:= H fleA

A€EPT'\PSL3(Z)

(A running through a complete set of representations for the PT'-left cosets in PSLy(Z) )
defines a modular form of weight k- [PSL2(Z) : PT| on the full modular group SLy(Z).
" Hence the right hand side of the valence formula for f on T' equals the right hand
side of the valence formula for g, considered as a modular form on SL»(Z), and, as
can easily be checked, the same holds true for the corresponding left hand sides. Thus
the valence formula for g implies the one for f. This argument can be modified to
include the case of odd k. For a complete proof of the valence formula for I' = SLy(Z)
cf. [Se70], or, for the general case, cf. [Ra77], Theorem 4.14, pid

As a first consequence of the valence formula, we have the following
Corollary 4.2: '
1) Mi(T) =0 forall k<0O.
2) dimMp(T) <1+ % [PSL2(Z) : PT| for k > 0, in particular My(T) = C.

Proof: Part 1) is a trivial consequence of the valence formula since its left hand side is
always non-negative. To prove 2), note that for =y,...,75 € § pairwise inequivalent
modulo I', each having trivial stabilizer in PT', the homomorphism

My(T) = CV
Fe (f(m),---, (7))
is injective, as soon as NN is greater than the right side of the valence formula. Indeed,
<if f # 0 then the left hand side of the valence formula for f is greater or equal to the

number of ¢’s with f(r;) = 0, on the other hand it is strictly less than N, whence f
cannot vanish for all the 7;. il

4.2 The ring M.,(2)

If f and ¢ are modular forms on a group I' of weight k& and I, respectively, then
f+g is a modular form of weight £+ on I'. Hence, the subspace M, (I') of the space
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of all functions on § which is spanned by all modular forms of all weights on T' is a
ring. Moreover, as can be easily checked, it is a graded ring, i.e.

kezZ

In this section we determine the structure of this ring in the case I' = T['o(2). We
write M, (2) for M,.(To(2)). For T = T'y(2), the space I'\h has exactly two cusps
(ie. T\Pi(Q) has two elements), having representatives 0 and oo (cf. Lemma 7.11
below). Each 7 € h with PT'; # 1 is equivalent modulo I' to e := (1+41¢)/2 with
T. = ((3 Z1)) (cf. Lemma 7.10 below). Finally, we have [PSLy(Z):PT(2)] = 3
(cf. §1, formula (3)). Therefore the valence formula for T' = I'g(2) can be written as:

20rd0(f)+ord°°(f)+%orde(f)-i- Z ord,(f):%.

TET\§
T7#e mod I

Using the special modular forms on I' = T'g(2) introduced in Remark 3.7, we now
conclude:

1) My(2) = C, Ma(2) = C-6, My(2) = C- 62 C-¢ as a consequence of
Corollary 4.2. From the Fourier expansions it follows that (o), §(c0) # 0 and
ordg (¢) = 1/2 (cf. Theorem 3.6 and Remark 3.7). From this and the valence
formula one deduces that §(e) = 0 but €(e) # 0.

2) Mip(2) % Sk+s(2) is an isomorphism. The injectivity is clear. The surjectivity
follows from the fact that by Remark 3.7 ¢ vanishes at the cusps, and has there
the minimal vanishing orders for T, namely ordg () = 1/2, ords () =1, and
that it has, by the valence formula, no further zeroes, whence any cusp form on
T'y(2) is divisible by ¢ (in the ring M. (2)).

3) &6 and € are algebraically independent: Since M, (2) is a graded ring and 6
and ¢ are homogeneous elements (of degree 2 and 4, respectively) it suffices
to show that there is no non-trivial weighted homogeneous polynomial P such
that P(6,€) = 0. Assume that P is such a polynomial, say of minimal degree
2n. Then write P(6,€) = a-e™? 4 Q(6,¢) €6+ b- 6", Evaluation of P at the
point e gives a = 0; at the zero of € (the cusp I'0) it gives b = 0. Therefore,
Q(6,€) =0, and @ has degree less than P. Contradiction!

We can now prove the following structure theorem:

Theorem 4.3: M., (2) = C[é,¢].

Proof: By 3), C[6,e] C M,(2) is a graded polynomial ring. The dimension of the
component of degree k in C[6e] is 1+ [k/4] for even k (0 otherwise). But
Corollary 4.2 implies dim M(T) <1+ k/4. yid

By 2), there is a practical algorithm for writing each f € My(2) as a polynomial
f = P(6,¢). Namely, : = 4. (6> —¢)e and to each f € Mjy(To(2)) one can
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find by consideration of the values at the cusps a simple polynomial Q(6,¢) so that
f — Q(6,£) is a cusp form (for the latter, note that: ordy (§) = orde, (6) = 0 and
ordg (¢) = 1/2, ordy (g) = 0).

Lemma 4.4: Let T, T be subgroups of SL2(Z) with T c T-T'T for a matrix
T € SLz(R). Further, let f(r) be a modular form of weight k on T. Then f|xT
is a modular form on T.

Proof: Let Ac T, A =T"'AT, A€ T. For f:: fleT we then have:

~ -~

FlxA = FlxT AT = f|,TT AT = f|, AT
flsT = T.

The regularity at the cusps follows similarly, and the holomorphicity of f is clear. (]

In particular, by this lemma the normalizer of T' in SLy(R) acts on M (T). For
I' = T'o(2) the following special cases are of interest to us.

Corollary 4.5:
1) For (1) € My(SL2(Z)) (in particular, f € M (T°(2)) ), we have f(27) €

M (To(2)).
, . , o 0 ~1/v2
2) An involution wy is defined on My(To(2)) by flws == fla( 5 ~74""), the
so-called Fricke-Atkin-Lehner involution. pis

In the main part of the book, for a given modular form f € M(T'o(2)) one occasionally
considers the special expansion ’

£ o= ()

of f atthe cusp I'g(2)0. Obviously we have

£2r) = 57 (5 1) () =27 (Floa)(). )

Theorem 4.6: For the special expansions €2, 6° and €° of ey, § and e at the cusp
T'o(2)0 we have:

el(27) = —% e1(7), )
§°(27) = —% 8(r) = (), 3)

e%(27) = (7). )
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Proof: The identities for e; and & follow from (1), since w, acts as +id on the
one-dimensional space M,. The sign can be determined by taking for v that element
of b satisfying —1/7 = 2r. Now (2) and (3) follow directly. From Theorem 3.6 we
know that the passage from 7 to —1/7 permutes the e;; more precisely, e; and e;
are exchanged while e; is left fixed. Therefore we obtain:

6'4((1) —3) = (e3 —e1)(ez —e3) =ql/2 +8 -+,

from which (4) follows. pid

Theorem 4.7: The modular forms € and € in My4(To(2)) have the following Fourier
expansions:

1
e=e+ > (-1 g, )
n>1 dln
F=) ) dgn 6)
nZl dln
n/d=1(2)

Proof: By Lemma 4.4, and since dim My(T'9(2)) = 2, E4(7) and E4(27) generate
the space M4(T'¢(2)). We have

Ey(27) = 14240 o3(n) - g*" ©)
n>1

=1+240) > ¢ ®

n>1  dln
n/d=0(2)

=1+30) . ) d.qm ©)

n>1 dn
d=0(2)

From &= g5 —q+--- and (9) follows ¢ = —55 E4(7)+ % E4(27), and therefore (5);
from &€= 0+g+--- and (7) follows &= 535 Ea() — 555 £a(27), and hence (6). IT

4.3 (G, and the Dedekind 7-function
Lemma 4.8: The Eisenstein series

1 n
Gy = ~%4 +nz=:101(n)q

transforms as follows (with G3(7) 1= Ga(T) + 5#(1') ):

1
Amir

Gal2 (3 7o) (7) = Ga(r) - 10)
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resp.
G3|.A =G (1D

for all A € SLy(Z).

Proof (after Hurwitz): Since SLy(Z) is generated by (] ;) and (} 1), and the
transformation behavior of G under the latter matrix is clear, the general assertion (11)
follows easily from (10). For the proof of (10) we consider the function G(7) :=

—4x2@, (7). From the partial fraction expansion of n2/sin® follows:

%)
o~~~
s‘
SN
|I
Do
u:.l"'
uMS
:1
~
nN
|
S
3
~
n
\_/
\/

n=1 T k=1 (nT + k) (nT -
w2 2 2 = 1 1
=—+ — + 3
6 672 ; kz=1 ( (n7 + k) (nr - k)2)

where we have used £(2) = #?/6. Consequently,

Loyn=25+ +ZZ( ).

1 1 (nT—k (n7'+k)

Putting g, = (n—r-::-—i:—)-f , the difference is therefore

G(T) -7 1/7') Z Z (gn,k + gn,—k) - E Z (gn,k + gn,—k)'

n=1 k=1 k=1n=1
For positive k, define
_— 1 1 1
mk = (nr+k—1V)(n7+k) nr+k-1 nr+k’
and
— 1 I S
o=k (n—k)(nT—k+1) nr—k+1 nr—k’
then

+1
(nr + k)2(n'r +k+1)

Gn.k — hn,k =
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Proof: The identities for e; and § follow from (1), since ws acts as £id on the
one-dimensional space M,. The sign can be determined by taking for 7 that element
of § satisfying —1/7 = 27. Now (2) and (3) follow directly. From Theorem 3.6 we
know that the passage from 7 to —1/7 permutes the e;; more precisely, e; and e
are exchanged while e; is left fixed. Therefore we obtain:

els(§ T5) =(e2—e1)(ez—es) =q /2 +8g+---,

from which (4) follows. gt

Theorem 4.7: The modular forms € and & in M4(T'o(2)) have the following Fourier
expansions:

+ZZ )
=E E P ©

n /d—l (2)

Proof: By Lemma 4.4, and since dim M4(T'9(2)) = 2, Es(7) and E4(27) generate
the space Ma(T'9(2)). We have

By(21) = 14240 a3(n) - ¢*" 0]

n2>1
=1+240) Z dé . g" @)

n>1

n/d——o (2)
=1+30) Y &g )
n2l dn
d=0(2)

From ¢ = — —q+--- and (9) follows € = ';To E4(7) + & E4(27), and therefore (5);

from &= 0+q+ - and (7) follows &= 55 Ea(7) — 535 Ea(27), and hence (6).

4.3 @G and the Dedekind 7-function

Lemma 4.8: The Eisenstein series
1 o o]
5t ; o1(n)q"

transforms as follows (with G3(t) := Ga(7) + ﬁm ):

1
dmrir

Gal2(] T5)(7) = Ga(r) - (10)
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resp.

G324 = G; 11)
for all A € SLy(Z).

Proof (after Hurwitz): Since SLy(Z) is generated by ($ ~7) and (; 1), and the
transformation behavior of G under the latter matrix is clear, the general assertion (11)
follows easily from (10). For the proof of (10) we consider the function G(7) :=

~47%Gy(7). From the partial fraction expansion of 72/sin® follows:

G(r) = —4n (—i £y —i__z)

n=1 ner k=1
w2 2 2\~ 1 1
B +§1§((nr+k)2 17

where we have used £(2) = 72/6. Consequently,

1 - 2 ®© o 1 1
;G(—l/T) = '@ +_é_ +ZZ((TL’T—- k)2 + (n7'+k)2).

k=1n=1

Putting gn i = (m—ik)ﬂ;, the difference is therefore

)= 72 G/ = 33 (G Gmvm) = 33 (G + i),

n=1 k=1 k=1n=1
For positive k, define
P 1 _ 1 1
T i+ k- L)t +k) nr+k—1 nr+k’
and
b . 1 _ -1 + 1
T k) (nr—k+1) nr—k+1 nr—k’
then

+1
(nr + k)’ (nT+ k£ 1)

Gnk — hn,k =



140 I Modular forms

is absolutely summable. Therefore the following exchange of order of summation is
permitted:

NE
[M]8
M8

>

n=1

(gn,k + gn,—k) - (hn,k + hn,——k)

x

M8
s L

(s

[

-
ax
Il
4

NE
M8

(gn;k + gny'—‘k) - (hnik + hny—k)’

o

=1n=1

Il

el

=1

3
1l

1

and the difference we are attempted to evaluate is:

ii( hnje + hn,—k _ii(hn,k‘]‘hn,—k).

=1 k=1 =1n=

3

>3
-

Now the first sum is 0, since one verifies immediately that the inner sum vanishes for

each n. For the second sum we obtain, using the partial fraction expansion for the
cotangent:

i i (hn,k + hn,—k)

k=1n=1
_ii_i( LS SR S )
—k=1T n=1 n+'k:_1 —n+&:l n+§ —n+§

T -1 1 T k 1
;COt( )+1+Z<—~cot )—m—;cot(r;)-!-—)

)

= ——ZrT—i (for T € b). i

N‘h—»

. T k
= kl-l—{%o(—; cot(7r ;) +

Definition: The Dedekind n-function is defined as

n(r) =/ T[T 1 -q")

n=1
Lemma 4.9: We have
d
o log (n(7)) = —2miG,(7), 12)
n(=1/7) = e 2"/ /7 . q(7), (13)

n(r+1) = ez"i/“n(r). (14)
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In (13), it is understood that the root is to be taken so that the result again lies in ).

Proof’:

d 1 < ng®
g o8 (1(1) = =2mi(=5 + 2 i- )

q 1 n
= —Zrz(—-iz + Z o1(n)q ),
n=1
which is precisely —2miG2(r). From this and Lemma 4.8 we conclude that

d(log (n(~1/7))) = ~2iGa(~1/7) &
= —2mi(Ga(7) — 1/ (4nit)) dr
=dlog (n(7)) + 1/(27)dr.

Therefore there is a constant k so that n(—1/7) = k- 7'/?p(r) for all 7 € §. For
T =14 this gives at once k = e~"*/%, The equation (14) is obvious. i

Corollary 4.10: For the discriminant A(r) defined in Remark 3.7 we have

A = =0 T] (- )™

n=1 .

Proof: 7%* is, by (13) and (14), a modular form for the full modular group of weight 12,
without zeroes in  and with a zero of minimal order at co. Therefore A(r)/n(r)** €
My (SLy(Z)) is constant by Corollary 4.2; since A(q) = q+ O(g?), this constant is

1. pif
Corollary 4.11: The modular forms € and € of Remark 3.7 satisfy:
- 16 16
e= L. 2 - and F= ”(27)8 : (15)
16 p(2r) n(r)

Proof: As already remarked in the proof of Corollary 4.10, we have orde, (A) =1
and therefore (since A is invariant under SLy(Z)) ordy (A) = 1. For the functions
¢(r) := n(r)* and £(r) := n(2r)° we therefore have:

ordeo (€) = 1/3, ordes (€) = 2/3,
ordp (§) = 1/3, ordp (¢) =1/6.

Therefore both right sides in (15) are regular at the cusps. Because 7 has no zeroes in
b, the right hand side of the asserted identities define holomorphic functions on f. To
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check their transformation law under I'o(2) note that T'o(2) is generated by T = (; 1)

01
and ST-2S = —(19) with § = ({ ~;). By Lemma 4.9 we have:

§I4T — eZvri/sé-’
a4T — e47r’i/3g,
§|4ST_2S _ e—47ri/3§-

EaSTS = ElaST'S(F 1 2m) =€ 61 1)
— ——27r1./3§.

Therefore both expressions above are modular forms for I'o(2) of weight 4, and a
comparison of the first two coefficients of the Fourier expansions with those of € and £
“yields the assertion. gt

5 Theta functions, divisors, and elliptic functions
5.1 The Weierstrall o-function

In the following sections we shall' construct and investigate various explicit examples
of elliptic functions (or rather theta functions or Jacobi forms). These will usually be
given by infinite sums or products of simple analytic functions. We tacitly assume
that the reader will verify that the products or sums converge in an appropriate way so
that the functions defined by them have the required properties. As technical tool for
this the following two facts are in general sufficient. Their proof can be found in any
introductory book on complex analysis.

1) Let EnEN fn(z) be a normally convergent series of meromorphic functions
(.e. for all compacta K there exists an N € N such that the function
fn has no poles on K for n > N and 3 nsuP,ex |fn(z)] < o0).
Then there exists a meromorphic function f(z) with Y- .y falz) = f(z),
{z | z pole of f} C U, {z | = pole of f,}, and at each pole z of f we have
ord, (f) 2 mingzen{ords (fr)}.

2) Let the functions u,(z) be holomorphic on C and let [,y (1+un(w))
be normally convergent (i.e. D, cyun(z) is normally convergent). Then a
holomorphic limit value w(z) = J],cn (14 un(z)) exists. For this function
u holds: {z | u(z) =0} = U,en {2 | 1 +un(2z) =0}, and at the zeroes = of
u we have ord, (u) = ), cyords (1 +up).
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In order to explicitly construct, for a prescribed divisor on an elliptic curve C/L, an
elliptic function with precisely this divisor, one needs the WeierstraB o-function. In turn,
one obtains the best understanding of this by considering theta functions.

Definition: Let L C C be a lattice. A meromorphic function f is called a theta function
Jor L if 3‘% log (f(x)) is elliptic with respect to L. The theta functions defined by
f(z) = exp (a2® + bz +c) for a, b, c € C are called trivial theta functions.

Remarks:

1) The theta functions different from zero form a group with respect to multiplication.

2) A meromorphic function f is a theta function with respect to the lattice L if and
only if for each y € L, f(z++)/f(x) is a trivial theta function of the form
@ +— exp (bz + ¢). In particular, for a theta function f its divisor

div(f):= Y orders(f)-(z+L)

e+LEC/L

is therefore well-defined. By abuse of language we sometimes write (z) for
(z + L) when dealing with divisors on the quotient C/L.

With the notations Div (E) = {divisorson E = C/L}, ©; = {theta functions #
0 for L} and ©p = {trivial theta functions for L} we have the following

Theorem 5.1: For a fixed lattice L, the canonical assignment f — div (f) induces an
exact sequence of groups:

1—- 01 < 01 - Div(E) - 1.

Proof: Clearly f + div(f) is a homomorphism. Let f lie in the kernel of ©7 —
Div (E), ie. f has neither zeroes nor poles, hence g :=log (f) is globally defined, so
f = exp(g). Since %Z% is elliptic, it follows that %:% = 2a, ie. g =az’+ bz +c
for suitable a, b, ¢ € C, hence f is a trivial theta function. We shall see in
Theorem 5.2 that the divisor (0) has a preimage, namely the function o. The surjectivity
of O, — Div (E) now follows at once, since for D = 3"~ n; - (P;) € Div (E) with
®; = P; (L) we have

N
div (H oz - :1:,;)"‘) =D. yi
=1

The function o used above does indeed exist. Without loss of generality, we consider
lattices of the form 2ni(Z7 + Z), for T € B

Theorem 5.2: For each T € V), the product

stnayme JI (1-2)-em(2+3(2)) W

ye27i(ZT+Z) v v
770
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is normally convergent in © € C and defines a theta function for the lattice 2mi(Zr 4 Z)
with div (o(r,-)) = (0). In terms of the Eisenstein series Gax(T) of §3, equation (3),
one has

o(r,z) = ex )22} . (22 - 1/2 (1-g*)(1~g*¢)
(r,2) = exp (Ga(7) - 2%) - (¢ H1 TS @

G% (1) - 2**). (3)

oo

=w-exp Z

k=2

Proof: We have

d 1 11
—lg(o)=2+ > (=+=+3)

ye2wi(ZT+Z) =7 7 v
¥#0
and therefore dm, log(6) = —p(7,z). Hence o is a theta function. The assertion

about the zeroes is also clear, since by what was proved above the product is normally
convergent.

On (2): For |g| < min{|¢|,[¢7*|} we have

d? . .
s log (right side of (2))

M8

d (1 z
= 2G2(T) + Zl; (5 COth(':-z") +

___qnc- nC-—l
(et oo 1))

k(ck +<~—k) . an

n=1

NgE

1 d
I Y
4sinh (%) dz
1

(s

1l

4
x~
i
A

WK
NgE

= 2G2(’T) - —'__(Cl/z _ <_1/2)2 - 4

+2201(n w-ZEd(Cd+Cd)q"

n=1 n=1 d|n

Lol ||
b
a
i
A

= —p('r, z)’

the latter by Lemma 3.3 and the definition of G,. Since also ij—zg‘ log (o) =
—(, ), as proved above, we have

o(r,z) = exp (b(r)x + ¢(7)) - (right side of (25).

In addition, o begins with = + O(z?) and is odd. The right side of (2)
likewise begins with z + O(z?) and is odd. Hence, b= ¢ = 0.
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On (3):
=\ z" z 1l/z\2
log (right side of (1)) —log (z) = Z(_ Z — 4=+ 3(= )
bowrr 8 e vy 2 ('y)
s n
- Yy
¥#0 n=3 g
= 1 1
=-> %" > e
k=2 ye2ni(Zr+Z)

1#0
o0

N L a2
= ; 2 @Dy o)
= log (formula (3)) — log (),

where for the next to last equality we have used the identity (4) from §3.
Therefore, (2) and (3) are equal up to multiplication by a constant, which is
obviously equal to 1. pid

Sometimes it is better to consider the following theta function, with the same divisor (0),
in place of the o-function; this theta function is not normalized by z+O (z®), but instead
has a more conveniently representable behavior under translation by lattice vectors.

Corollary 5.3: For each T € ),
' ®(r,z) := (7, ) - exp (—Ga(r) - 2°)

is a theta function for the lattice 2xi(Zr + Z) with div(®(r,-)) = (0) and the normal-
ization ®(r,z) = z + O(2®). We have thereby:

® 1/2 _ ~1/2 (1- nC)(l—an ) 4
(re) = (¢ —¢ 1:[ o) @
=z- exp( Z ng 2k> ®)
and
T og (@) = 26,(r) = L 5id
= log (8) = ~p(r, @) ~ 26a(r) =~ ) ——— .

nez 4sinh (2742 :
The o- and ®-functions exhibit interesting invariance properties:
Theorem 5.4: We have
o(Ar, Ti—d) (et + d) = o(m, z), 6)
®(Ar,23) (er+d) = exp(#;_d)) - (1, z), %)
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forall A= (¢ Z) € SLy(Z), and

: R TaRR "
O(r,z+2mi- (AT +p)) =q T e P(-1)""F. ¥(r,z), @®)
forall )\ p € Z.

Proof: Equation (6) follows directly from the definition of the o-function. (7) follows
from (6) and G2 (Ar)(cT + d)_2 = G2(T)_W(ccr+—d) (by Lemma 4.8). One verifies (8)
using (4), first for (A, p) = (1,0), resp. (0,4), and then by induction on XA (using
14344+ (2x=-1) =A%) pid

5.2 The Jacobi form ¢

Theorem 5.5: Let L C C be a lattice, K;, the field of elliptic functions with respect to
L, Divg (E) the group of divisors of degree 0 on the curve E = C/L and Div, (E)
the subgroup of principal divisors on E. Then [ div (f) induces an exact sequence

1-C*"— Kj - Divp (E) =0 ©)
and we have
Divy (E) ={D € Divg (E) | D= Y np-(P), Y mnp-P=0(L)}
PeC/L PEC/L

Proof: The exactness of the sequence (9) is immediate except for the exactness at the
middle place. The latter is equivalent to the fact that there is no non-constant elliptic
function without poles (recall that any doubly periodic holomorphic function is bounded
on a fundamental mesh, hence on C, hence constant by Liouville’s theorem).

The inclusion “ C” of the asserted identity follows from the easily proved identities

E ordp (f) = j{dlog (f) =0,

PeC/L

Z ordp (f) pP= fwdlog(f) =0(L),

PEC/L

where the integrals are taken along the boundary of a suitably chosen (not passing through
zeroes or poles) fundamental mesh of L. For the inclusion “ >”: If D = Efil ni(2;) €
Divy (E) (with not necessarily distinct z; and n; € {&1}) such that Ef__l n;z; € L,
then one can assume Efil niz; = 0 (otherwise, replace z; by 1 —n1 ;-4 n:%; ).
Then the product f(z) := [I}¥, o(z — ;)™ is elliptic with divisor D, since for v € L
we have

N a(:l:—:l:,'+7)""_N )
HW_EeXP( (w—mi)ni+cni)
N N

= exp((bm +c)Zni - bZn;mi) =1

=1
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where b and c¢ are determined by o(z + v)/o(z) = exp (bz + c).

We shall use Theorem 5.5 in the following to give an axiomatic characterization of
various elliptic functions.

Theorem 5.6: For T € b, let ¢(T,z) denote the elliptic function with respect to z for
the lattice L = 2mwi(Z - 27 + Z) with the divisor (m3) + (w3 - (1 + 27)) — (7i - 27) — (0)
and the normalization ¢(t,z) = 1 +0O(1) for © — 0 (which, according to Theorem 5.5
exists and is uniquely determined). Then we have:

(p(%;"_-_:if_‘_g ? c1'+d) (CT + d)—l = <p(7-’ (B) (10)

forall A= (% %) e Ty(2),

¢(1,2)" = p(,2) — ea(r), (11)
1 C1/2+C 1/2 (]_+an 1-}-an )(1—q")2
12
QD(T (B) 2 C1/2 - ¢~ 1/2 H (1 qnc 1__ qié- 1)(1+q ) (12)
(=" 2minT +
o(r,z) = lgnoo(nzz_lv-(—i-)— coth(jfﬁ;——f)), (13)
®(r,z — i) o(r,z — mi)

p(r2) = &(r,z)®(r,—m)  o(r,z)o(r, —mi) exp (2miz - Go(7)).  (14)

Proof:
On (10): Choose a fixed 7, and define

' 1
¢(T’ ) = <p(c_-r‘-|%’ c-r+d) (CT + d) = ; + 0(1)
For A, ¢ € Z we have

P(r,z + 2mi(2A7 + p))

<p(A'r, a:+27|;irg-zl_kd'r+#l) s (c7'+ d)—l

o(Ar, 225 + 2mi(N 247 + p")) - (er +d)
o(Ar, 525) (et +d) ™
= ¢(T’ )’

where (X' p (‘: 2") (A p). Furthermore, 1 has the same zeroes and

poles as ¢, as one easily sees. Since ¢ is uniquely determined by these
properties, we therefore have

_ <p(’7‘,.’l:) = 1/)(7‘,.’1:) = ‘P(AT’ ﬁ) (07' -+ d)_l
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On (11): (7,2 4 27it) = —p(7,x), since @(7,z +2wiT) + ¢(7,2) is elliptic
with respect to L = 27i(Zr + Z) and has at most one pole (of order one)
on I, and is therefore constant. The value of the constant is 0, as one
sees by taking z = wi. Hence o(r,z)’ is elliptic with respect to L and
has the same poles of order two as gp(7,z). Thus we have ¢?(r,z) =
p(7,z) + const. Setting = = wi gives const. = —p(7, 7i) = —ey (7).

On (12): Call the right side p(z). The function p is meromorphic and the various
factors yield for the divisor: The denominator of coth(z) yields poles
at 27i(0r + Z), and the numerator yields zeroes at 2mi(07 + Z) + .
The product gives zeroes at 27:(N7 + Z) + i, resp. 2wi(—Nr + Z) + =3,

* and poles at 2mi(Nr + Z), resp. (—Nr + Z). The divisors of ¢ and p
therefore coincide. The invariance under = — 2 + 273 is clear; one checks
the behavior under z +— z + 2wir (hence ¢ +— ¢¢) as follows:

1g¢+1 77 L+ )1 +¢"2¢) (1= g™’
290-1 ;o (1- 11— g ¢ )1 +q7)
= —p(z)-

p(z + 2miT) =

The normalization of p(z) islikewise 2+0(1). Hence p(z) has precisely
those properties which characterize ¢ uniquely, ie. p = .

On (13): Let s(x) denote the function defined by the sum. Obviously s(z + 27i) =
s(z), and one can easily show that also s(z + 2wir) = —s(z). The poles
of s have order 1 and lie at 2m%(Zt + Z). Moreover, s(z) = 1 +O(1).
Hence ¢ = s+ const. But s is odd, as is ¢ obviously (—¢(r,—2)
satisfies the same conditions as ¢(7,z) ), hence the constant must be 0.

On (14): This follows again by verification of the properties characterizing ¢ for
the right side of (14), by means of the various properties of ® given in
the previous section.

Note that (12) can also be deduced from (14) and (4). Similarly, one could derive (10)
from (14) and the transformation law of ® derived in the previous section. il

Exercise (expansion of ¢ at the cusp 0):

is elliptic with respect to the lattice L = 2i(Zr + Z - 2) and has the expansion 1 +0(1)
for « — 0. The poles are at I and 2mi + L, and we have

_ 1 oo (1 _ qn/Z) (-n"
‘Po('ra a:) - C1/2 _ C-—l/z ’ H ((1 - qn/zc) (1 - qn/2<'-—1)) (15)

n=1

1
5 E 1nh zt2minr 27rz'n.1') (16)
n€Z
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1
=2 a7
nj201/2 _ q—nj2F—1/2
L PR — g2
& (7, z — wir) —e/2

= ®(r,z)®(r, —miT) ¢ ’ (18)

(for (16) verify that the right side s has the same poles and residues as °, whence
¢® = s+ const., and use that ¢° and s are odd functions).

6 Elliptic genera of level V

6.1 Tools: The ®-function

One obtains explicit formulas in the theory of elliptic genera of level N by application of
the definitions and theorems of §5, in the same way this was done there in Theorem 5.6
for N = 2. From consideration of formula (3) in §5

o(r,z) == - exp (— ki::z (2—2)7 Gar(T) - zz:Zk)

we are led at once to the question: How do the modular forms G} enter into these
formulas? The answer is obtained from Theorem 3.1, which we recall here in a
reformulation suitable to our aims.

Theorem 6.1 For each T € §, let U(7,z) be a doubly periodic function in & with period
lattice L = 27i(Zr + Z). Suppose that for a suitable number k € Z, T' C SLa(Z), and
group homomorphism € : T' — C* we have

U (A7, 525)(er +d)~* = &(A) - ¥(r,2)

forall A= (%Y%) €T (briefly: U is invariant under T' of weight k with Nebentyp
€). Let w = 2wi(ar + () bean N-division point of L and a,(r) the n-th coefficient
of the Laurent expansion at the point w. Then we have:

an(Ar)(er +d) " = g(A)an(r)
forall A= (2%) eI with TV = {A| (a,f)A= (o, 8) (N)}; in particular, for

w = 27i/N we have T" =T1(N)NT. pif

If A€ SLy(Z), then o(Ar,-23) - (cr +d) is again a theta function for the lattice
27i(ZT + Z) with divisor (0 + 27i(Zr + Z)), hence equal to a trivial theta function
times o(7,z). Indeed, as we have seen in formula (6) from §5, o(r,z) is invariant
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under SLy(Z). Therefore o’ /a is also invariant under SLy(Z) (of weight 1), hence
the k-th Taylor coefficient of = log (o) is invariant under SLy(Z) (of weight k+1),
and in fact it is a multiple of Gk+1 for odd k and 0 for even k.

In view of Theorem 6.1, a formula analogous to formula (5) from §5, giving an expansion
of & at a general N-division point, is of interest:

Theorem 6.2: Let L = 2ni(Zr +Z) and let w = 2mwi(ar + ) with -1 < o, < 1.

Then .
@(Tam) = exp( 2?:1 (3’ _w) G(w)( )) {@(‘r,w) I(fﬂolje;los,e @
Here (w) oo dw k_ —dw
chw)(T) — —%—k— + ; (dgl: e™ 4 (—21) € dk-l) A q'n’ (2)

where the cg") are defined by:
1 (@)

= coth(Z S (a; w)k -1
L n(3) =54
I—l

Proof: From (4) of Corollary 5.3 we obtain for [g| < [¢[,[¢]7", ie. for |[Im (z)] <

27 Im (1),
0 —-d:c
. log (®(r,%)) = = coth( ) g%
Writing .
de _ ,—dz _ C~(do 1 —dwy ok (T = W)
e —e _g(e +(-1)""e )dkT,
we find

AY.
62- log (®(1,x)) = = coth( ) —ZZGg:_)l )(i?k'—w)—

for z near w (note that by assumption |Im (z)| < 27Im(7), ie. w is in the domain
valid for the cited expansion of 2 log(®(r,=))). Here Gg:jr)l = G;:;_)l — const. From
the latter equation the claimed formula can now easily be deduced. i
Remarks:

1) If w € %L then it can easily be verified that the constant term of G’g") (r) is
given by

&2 A2 Blger
T D e SR
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(6k1 = 0 or 1 accordingly as k # 1 or k = 1). Here the B(z) denote the
Bernoulli polynomials, i.e.

2) KHwe:L, w=2m 22, then, by Theorem 6.1 applied to = log (&(r,z)),

the functlon G (r) transforms like an element of Mg(I'), where T' =
ATIT(N)A w1th A denoting any matrix with lower row equal to (o, 8). In
fact, it is easily checked that G’(“’) € M} (T): The regularity at the cusps follows

from the fact that G|, M = G’S:" with a suitable ' for any M € SLy(Z),
as is easily deduced from the transformation laws of ®(,z) as stated in (7), (8)
of Theorem 5.4.

Example: Applying the preceding remark 2) to w = —2#%/3 one finds

G:(l—27ri/3)(7_) —_ _B (é + Z Z g ) (S Ml(rl(g))a

n=1 d|n
G5y = Y3 ( . 21; 4) - ) € My(T4(3)).

Here (£) is the Legendre symbol (ie. (§) = ~1,0,1ford = —1,0,1 (3)).
Remark: One can show that

DN

M, (T1(3)) = C[G{~2/, {27/,

6.2 The function f for elliptic genera of level V
We now want to use the methods presented above to study the function f(z) introduced
by Hirzebruch in Chapter 7.
Theorem 6.3: Let N € N and o,8 € Z, not both divisible by N. Then there is a
unique function fo (7, x) with the following properties:

1) = fop(r,z) is a theta function on the lattice 27i(Zr + Z).

2) The divisor of fup(r,z) is (0) — (27i (eTHB)),

3)  fap(r,z) =z + O(a?) for & — 0 and forall A, p € Z there exists an N-th
root of unity v so that i

Jo,p(Ty @ + 27I(AT + p)) = v - fo (T, 2),

ie. @ fl5(r,2) is doubly periodic with respect to 2xi(Zr + Z).



152 . I Modular forms

Remark: Obviously one has fo g(7,z) = far,p(7,2) if (o, B) = (!, ') (V).

Proof: By Theorem 5.1, f, s satisfying 1) and 2) certainly exists and is unique up to
multiplication with e®**+¥**+¢. Now fI, is a theta function with divisor N - ((0) —
(2w 2=+2)), and N - (0 — 2mi M) € 2mi(Zr + Z). By combining Theorem 5.1
and Theorem 5.5, we find that f B is, up to multiplication by a trivial theta function
6, a doubly periodic function on 27i(Zr + Z). Multiplying f, g by const. - Ve, if
necessary, one can therefore assume that fN is elliptic with respect to 2mi(Z7 + Z)
and satisfies fop(mz) = 2+ O(2?) (2 — 0). Note that this f2, is uniquely
determined (as is also implied by Theorem 5.5). This proves the theorem. B

Theorem 6.4: Let fo g(7,z) be as inthe preceding theorem and let f(r,z) = fo1(r,z).
Then one has:

@
® - 7i(aT
fap(r,2) = —‘@(;’(ﬁ—“)m (_T’w)w") e/ (= 2l ©
_ . sz sinh () sinh (52)
=27 sinh (23%) ®
Roud (1 _ qnem)(l - q'ne~—m)(1 _ q'ne'w)(l _ q'ne—w)
1zI=II (1 . qnez—w)(]_ _ ne—:n+w)(1 — n)z
f('r,a;)::z:-eXp( ka (1) == —2 Z Gr(r)- k') (6)
ary (12)
where
(—27i/N) ©o
_ k-1 cos ( ) for k=0(2) o
felr) = =55 +nzﬂ(§';d {sin('%id) fork=1(2)) " ?
€ Mi(T1(N)), ()
with cgcw) as in Theorem 6.2.
(i)
fa8 (AT, Z23) (7 + &) = f(a,p)a(T2) (8)
for all A € SLy(Z), in particular for f(r,z) one has
f(Ar, cT+d)(CT+d) = f(r,z) for all A€ T'y(N). ©)
(iii)

fop(r,z + 218 (A7 + ) = exp (2mi(ap ~ BA)/N) - frapy(Ty2),  (10)
Jorall A\, p € Z
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Proof: The right side of (3) satisfies the conditions 1), 2), and the normalization condition
in 3) of Theorem 6.3: One verifies (10) for the right side, using formula (8) from §5.
Hence the right side of (3) also satisfies 3) in Theorem 6.3, and so is equal to fq g.
This also implies (10). The product representation of ® then yields (5). Further, (6)
is a consequence of (3) and Theorem 6.2 (formulas (1) and (2)). Formula (7) follows
from (9) by logarithmic differentiation of f and Theorem 6.1. Formula (9) follows
from (8), and (8) follows from the fact that f, g(Ar, E;%,) - (cr +d) satisfies the
conditions 1), 2) and 3) of Theorem 6.3, with (e, 8)A in place of (o, 8): e.g., 3) results,
with (X, ')A = (A, p), as follows:

Foup (A, SEEHOTIN) — £ 5 (A, TRTN D ' Cert )
& ’ —Je H

cT4d ct+d
= fa,p (AT, 525 + 2mi(N AT + ')
-
= exp (—J?(a#' = BX)) - fap (AT, 553)- it

£y

7  N-division points and I';(N)\h

7.1 Almost-Chebyshev polynomials and elliptic functions

In the preceding paragraph we have seen that to a given elliptic curve E = C/L with a
fixed non-zero N-division point Q =w <+ L ({e. N-w € L and w & L) there exists
a theta function f(x) for which:

— div(f) = (0) - (@)
—  f¥(=) is doubly periodic with respect to L,
— f(z) = 2+ O(a?) for z — 0,
and that f is uniquely determined by these properties.
From the definition it follows immediately that

div (f(z): f(-z+w)) =0
and so
f(@)- fl—z+w)=c2#0

for a suitable constant c. Thus (cf)" +(cf)™" induces a function on X = (C/L)/{r),
where 7 :x +— w— . The same holds true for f'/f since its pole divisor —(0) — (w)
is invariant under 7, and its residues are +1 and —1, respectively, whence f'/f =
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f'/f or+ const., and const. = 0, as follows by setting z = w/2 in this equation.
Moreover, this also shows that f'/f, as function on X, has exactly one pole which is
of order 1, i.e. f'/f defines a biholomorphic map between X and P;(C) and thus
generates the function field of X. Thus there exists a rational function P so that

P(f'[f)=fN NV ¢))

Clearly, P is uniquely determined by this identity. Since N +c2V f¥, as a function
on X, has a pole only at the same pointas f’/f, it follows that P is even a polynomial.
As Hirzebruch observed, (1) implies that P is a normalized almost-Chebyshev polyno-
mial of degree N, ie.

— P(z) =2V +-

— P)=N-=- (w —&) (2 —€n-2)

— P(&) = x£P(&;) for all ¢ and j.
Its values at the critical points £; are 2cV.

Theorem 7.1: Let Py be the set of normalized almost-Chebyshev polynomials of degree
N. For N > 3 the correspondence (C/L,Q) +— P induces an injection

{(C/L,Q) | N-@=0,Q # 0} /isom — P/ ~ . @

Remark: Here, two pairs (C/L,Q) and (C/L,Q) of elliptic curves with distinguished
N-division points are defined to be isomorphic if and only if there js a biholomorphic
mapping I : C/L — C/L which carries O to O and Q to Q. The equivalence
relation on the set of almost Chebyshev polynomials is defined by

F(z) ~ G(z) & F(z)=A"MG(\z) for some A € C*.

For the proof of Theorem 7.1 we need the following

Proposition 7.2: Let I : C/L — C/L be holomorphic with I(0) = 0. Then there exists

a constant A € C so that the following diagram commutes: :
A

c 4 (C
ir T
c/L L (C/L

Proof: Since (C,7) is the universal covering of C/L, we deduce from general theorems
of topology the existence of a holomorphic mapping I so that the following diagram
is commutative:
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Now let v € L Then z — I (:1: +9) - (a:) only takes values in L and is therefore
constant, i.e. £ T Iz +4) = £7 I(z) for all v € L. Hence 4 2 T is holomorphic and
elliptic with respect to L, thus 1s constant. Hence [ (a:) Aa:+ u for suitable A, p € C,
where we have u = I(0) € L, and can therefore without restriction assume that g = 0.
Conversely, multiplication with a A € C for which AL C L obviously induces a

holomorphic mapping C/L — (C/L Therefore one immediately obtains from the
proposition the

Corollary 7.3: Two pairs (C/L,Q) and (C/ I, é) are isomorphic if and only if there
existsa A € C with AL =1L and \Q = Q.
Proof of the theorem: We show first that a mapping (2) is indeed induced. Assume
that one starts with two isomorphic pairs (C/L, Q) and (C/L,Q) with \L =1L and
AQ = Q, and has obtained the equations P(f'/f) = f~¥ + ¥ . ¥ and P(f’/f)

F~¥ + &N . fN_ Because of the uniqueness of f, we first obtain f = A f(z/A)
and then

~ ~

2 = Flz) - Flmo+) = X5(0/N) - f(~a/A+w) = Mc™2,

Therefore

— -2 62 z N

= Wiy TG
f'(z/2)

=A” NP(f(a:/)\))

whence P(z) = AYP(A~1z).

We now show the injectivity of the mapping (2). So let P(z) be given: then ¥ is
uniquely determined, since the critical values of P at points unequal to zero are +2c%.
(Note that this argument does not hold true for N = 2.) Thus P uniquely determines
the differential equation P(f'/f) = f=~ 4V f¥, which in turn uniquely determines
f. For the latter simply solve for the Laurent expansion of f'/f around 0. Finally, f
uniquely determines L and @, its zeroes and poles. This completes the proof of the
theorem. pid

Proposition 7.4: The correspondence v — (C/27i(Zr + Z),27i/N) induces a bijec-
tion
Ty (N)\h — {(C/L,Q) | Q is a primitive N-division point} /isom . 3)
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Remark:
1) Recall that an N-division point is called primitive if N is its precise order in
C/L.
2) One can obviously combine the bijections of (3) to obtain a bijection

U T:(N\b - {(C/L,Q) | N - Q =0, Q # 0}/isom.
N'|N
N'#1

Proof of the proposition: The mapping is well-defined, ie. for A = (‘: f,) € I'(N)
and 7' = At one obtains the same image:

(C/2mi(Z7' + Z),2wi/N) = (C/2xi(Z <5 + Z),2mi/N)
= (C/2mi(Z(at + b) + Z(cT + d)), 2mi(cT + d)/N)

= (C/2mi(Zr + Z),27i/N),

where we used that <5+¢ = & moduloZr +Z for A € T1(N).
On surjectivity: In order to construct a preimage of (C/L,Q) we use the following

Lemma 7.5: For a primitive N-division point w, there exists w € L and v' = w (L)
sothat W and N -w' are a Z-basis of L.

Proof of the lemma: Let L = Zw, + Zw; and w = 9‘%‘5@ with o, 8 € Z and
Im (wy/wy1) > 0. Since w is primitive, we have (a,8,N) = 1. Now use the easily

checked pi
Lemma 7.6: For numbers a, 8, N with (a,8,N) = 1, there exist o and B' with
(o, 8') = (e, B) (N) and (/,3') = 1. pid

We therefore define ' by o' := ‘—"l"—l—}p—'ﬂ and choose v, € Z with o'§ — 'y = 1.

Then
N\ _ fad' B\ (w1

( w )_(’7 5><w2)
defines a basis Nw' and @ of L with Im(w/Nw') > 0.
Using Lemma 7.5, we write (C/L,Q) = (C/L,w + L) as (C/(Zw + ZNw'),w' + L).
The latter is obviously isomorphic to (C/27%(Z 52 + Z), 2&%). A preimage is therefore
T = W/(Nw").
On injectivity: Assume that

(C/2x4(Z7 + Z), 2wi/N) = (C/2mi(Zr + Z), 27/ N).

Then there is a matrix A = (¢ f,) € SLy(Z) so that 7 = %. Hence

(C/27mi(ZT + Z),27i [/N) = (C/27i(Z(ar + b) + Z(cT + d)), 27i(er + d)/N)
& (C/2ni(Zr + Z), 2wi(cT + d)/N).
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The latter is by assumption isomorphic to (C/(Zr + Z),2wi/N). Therefore we must
have (er +d)/N =1/N modulo Zr +Z, and so A € T'1(N). yid

The composite of the maps (2) and (3) gives a map

This map is induced by the correspondence which associates to each 7 € f the
polynomial P.(z) determined by

P, (%‘(J}%)) = f(r,2)™" + N f(r,z)",

where f(7,z) = f(,1)(7,z) in the notation of Theorem 6.3 and
¢™? = f(r,z) - f(r,—= + 271 /N).

This map is holomorphic in the sense that the coefficients of P,(z) are holomorphic.
More precisely, one has

Lemma 7.7: The coefficient a;(1t) of Po(X) = XV +ay(1) XV 4+ - +ay(r) is
a modular form of weight i on T'1(N).

Proof: Let A;(L,Q) denote the coefficients of the polynomial P(z) associated to the
pair (C/L,Q). Clearly a;(r) = A;(27i(Zr + Z),27i/N). By Theorem 7.1 we have
A;(ALAQ) = A™¢A;(L, Q). The coefficient A;(L,Q) is therefore a homogeneous
lattice function of degree —:. From the discussion at the end of part 3 of §2 we deduce
that a; transforms like a modular form of weight ¢ on T'i(V).

The regularity of the a;() follows from the fact that they are polynomials in certain
modular forms on I'y(N). Indeed, by formulas (6)—(7) of §6 we have

= z* = z*
f(T,ﬂ:):a;-exp(2ka(T)-kT -2 E Gk(”')ﬁ)
k=1 k

=1
k=0(2)

with fi (k odd) and fi— G ( k even)in M (T1(IV)). The coefficients of the Laurent
expansion of f(r,z) and (£ f(r,z))/f(r,z) around z = 0 are therefore polynomials
in the fr (k odd) and fr — Gx (k even). But then the coefficients of P.(z) are
also polynomials in these functions as follows easily from the differential equation for
f(r,z) and a simple induction argument. pig

7.2 The genus of the modular curve X;(N)

In the following let Xy (XN) denote the Riemann surface

Xy (N) := Ty (N)\h =T1(N)\h UT1(N)\ A (Q).
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For small values of N one has for the genus g(N) of X;(N):

N 1-10 (11 (12|13 |14 |15 |16 |17 | 18| >19 | > 31

gy | 0o |1lol2|1]|1|2]|5|2]|>2]|>10

Genus g(N) of X1(N)

In this section we derive a formula for the genus g(N). For doing this we have to
describe first of all the complex structure of X;(N), or, more generally, the complex
structure of X (T') := I'\(h U P1(Q)) for any subgroup of finite index in SL;(Z) (for
details compare [Sh71]). Solet m : h U P;(Q) — X(T') be the natural projection. For
each 7o € hUP;(Q) we define the following function:

T =70, if iy € b, PT,, = {id},
t-,-o('r) = (I:ﬂl) N if’l'o € f), IPI‘,’_Ol =v> 1’

T—Tg

e?™AT/v for ATy = 00, A € SL3(Z), v = [PSLa(Z),, : PT,,).

We make hU P;(Q) into a topological space by calling a subset M open if for each
point 7 € hN M an open neighborhood of 7 in b is contained in M, and for each
T € P,(Q)NM the interior of an open disc touching 7 and lying in b is contained in M
(if T = oo, then by definition such a circle is of the form {r' € § |Im (7') > e > 0}).
The set X(T') is given the quotient topology. Then for each po = 7(70) € X(T') there
exist open neighborhoods U of py and V of 7 so that £(p) := tn, ((7|v) " (»))
defines a homeomorphism of U with a neighborhood of 0. We call (U,Z) a chart at
po. One verifies easily that a complex structure on X (I') is thereby determined.

The natural mapping

is holomorphic and obviously of degree p = [PSLo(Z) : PT';(N)]. We leave it as an
exercise (but compare formula (2) from §1) to verify that
& if N =2,
F=11% - o(N)-$(N), otherwise,
where ¢(N) denotes the Euler ¢-function
¢(N)=#{a€ Z/NZ| (a,N) =1} = N](1-»7")
PN

and
$(N) ={P(Z/NZ) = N]] (1 +277).

p|N
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" To obtain explicit formulas for g(N) we shall apply the Riemann-Hurwitz formula to the
covering (4). For this we need information about possible fixed points and the number
of cusps of I';(N) since these points are possible ramification points of the map (4).

Lemma 7.8: Any fixed point 7 of I' C SL2(Z) is equivalent under SL,(Z) to

1) 4, and PT, is conjugate to ((‘1’ _(1,)) in PSL3(Z) and has order 2, or
2) p = e*™/3, and PT, is conjugate to ((3 ~1)) in PSLy(Z) and has order
3.

We leave the proof of Lemma 7.8 to the reader (or else cf. [Se70]). Note that the lemma
implies in particular that any subgroup I' C SL(Z) of finite index has, modulo T', only
finitely many inequivalent fixed points in f. Moreover it is clear that for any 7 € b
one has |PT,| € {1,2,3}.
Lemma 7.9: Let T' be a subgroup of finite index in SLa(Z), and let g(T') denote the
genus of X(I') =T\(hU P1(Q)). Let p = [PSLy(Z) : PT| and let v, and v3 denote
the number of inequivalent fixed points modulo T', which are equivalent modulo SL2(Z)
to i, resp. p = e2™/3. Further, let v, be the number of cusps T\Pi(Q) of T. We °
then have: '

b V3 Ve

2° 4 3 2

Proof: Let e;,...,e; be the branching orders of the natural map = : X(T') — X (1)
for the preimages of p. Since e; | 3, e; iseither 1 or 3 and so v = f§{j |e; = 1}.
Further, p = E§-=1 e; (f A; € SLy(Z) such that Ayp,...,A:p are representatives
for the preimages of p then Ui=1,“_,t A;T', gives a complete set of representatives for
PT'\PSLy(Z)) and therefore

g =1+

i

Z (ej el 1) = ;(/Jl - 1/3).

i=1

For i and oo we have analogously Y z(py-;(ep—1) = 3(p—12) and
> 8(P)=co (6P — 1) = 3(i — Vo). The Riemann-Hurwitz formula therefore says

20(T) ~2=p(20(1)~2)+ D (er—1)
PeX(T)
2 1
= =26+ (=) + 5 —12) + (1= V),
where we have used g(1) = 0 (since j(r) = E3(r)/A(r) has as sole singularity a

pole of order one and so defines an isomorphism X;(1) — P;(C) ). Hence the assertion
follows. ‘ i

According to the preceeding lemma we have to look for possible fixed points of I';(NV):
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Lemma 7.10: Let P € b be a fixed point of T'1(N). Then either
N=1 and P=i(I'1(1)) or P=p (T:1(1)),

or

N=2 and P==(+1)([T1(2),

[NCR

N=3 and PE%(3+\/:§) (T'1(3))-

In particular, for N > 4 the group T'1(N) has no fixed point.

Proof: For N = 1 we know this from Lemma 7.8. From this lemma it is also easily
deduced that tr(A) € {%1,0} for matices A € T1(N),. Now A= (; %) (N) and
therefore we must have tr(A4) = 2 (N). This condition cannot be fulfilled for N > 4.
In case N =2 we must have tr (A) = 0, hence each fixed point is equivalent to ¢ and
of the form %t: with a =1 (2) and ¢ =0 (2). By Lemma 7.9 we see, since the degree
¢ of the covering E is 3 in this case, that the number », of fixed points is equal to 1
or 3. But since <I'1(2) is not a fixed point (the stabilizer (3 ~7)) of ¢ does not lie
in T';(2), »2 =1 and there remains only one fixed point, namely 1 T';(2).

Analogous considerations show that the fixed points of I';(3) are conjugate to p, and
that likewise there is only one of them. pid

For the number of cusps we have the following
Lemma 7.11: The number cu(N) of cusps T'1(N)\Pi(Q) is given by

cu(l)=1, cu(2)=2, cu(4)=3,

cu(N) = % Z @(t)p(N/t) otherwise. 3)
N

Proof: For N =1 this is clear. Now each element of P;(Q) can be written as a column
vector (%) = (% *)(5) for a matrix in SLy(Z). This representation is unique up to
identification of (%) with (Z%). In addition, I(N) C SLy(Z) is a normal subgroup
and SL2(Z)/I'(N) = SL3(Z/NZ). Therefore the cusps I'(N)\P1(Q) can be written
uniquely (up to sign) as column vectors reduced modulo N (thereby (a,c, N) = 1).
Under the larger group T'i(N), (%) and the column vector (°+2¢) = (} 2)(¢)
reduced modulo N are identified. One can therefore take as representatives of the
cusps, up to sign, those ¢ € Z/NZ and @ € Z/(c, N)Z with (a,c,N) = 1.

For fixed ¢ | N there are (N/t) possible € € Z/NZ for which t = (c,N). For
each of these ¢ there are ¢(t) possible @ € Z/tZ with (a,t) = 1. Hence there are
Y4 ¢(t)p(N/t) such pairs. Now the pairs (7) and (%) must still be identified.

We therefore halve this number apart from ¢ =0 or ¢ = % .For c=0, N#2 we

must also halve this number, since () and (7*) are identified, although a # —a (N)
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(consider ¢t = N and 2a # N, since (a,t) =1). For c= & and N # 4 analogous
considerations apply. Formula (5) follows from this for N # 2, 4. For N = 2, resp. 4,
one thereby makes two, resp. one identification too many, and must therefore add 1,
resp. 1/2 to the result of (5). pig

We now have

Theorem 7.12: The genus g(N) of X1(N) is O for N < 4, and is otherwise given
by the formula

o) = 14 o p(N)P() — 7 - 3 0B (/1) ©

tN

Remarks:

1) For prime numbers N = p > 5 the formula (6) simplifies to

-5@-7)

9(p) = o4

2) Recall from the remark at the end of §1 that g(N) equals the dimension of
S2(T1(N)). So the theorem gives us an explicit formula for the dimension of
the space of cusp forms of weight 2 on I';(N). More generally it is possible to
show that for ¥ > 5 and % > 2 one has

dim My(T1(N)) = %N—) (k-1)+ % S e()e(N/2).
N






Appendix II: The Dirac operator

by Paul Baum, Pennsylvania State University

1 The solution

Let E, F be two complex vector bundles over X, where X isa compact C'°°-manifold
without boundary. Further, let D : C®(E) — C®(F) be an elliptic differential
operator; then the kernel and cokernel of D are finite dimensional vector spaces, and the
index of D, ind (D) := dimg ker (D) — dimg coker (D) is well-defined. The Atiyah-
Singer index theorem asserts that this index can be computed by a purely topological
formula.

If X is complex analytic, E a holomorphic vector bundle over X, and one chooses
rgermiﬁm structures for TX and E, then the twisted differential operators 0y and
Oy are defined. If one considers the differential operator

o oo
EE +5; . O ((Z AO,ZjT*X) ® E) —_— O <(Z A0,2J'+1T*X) ® E) ,

j=0 §=0

then one obtains as a special case the Riemann-Roch formula of Hirzebruch:
x(X, E) = (ch (E) - td (TX))[X].

An important elliptic operator is the Dirac operator. Consider R® with n = 2r or
n = 2r + 1 and matrices Ey,...,E, € M(2" x 2",C) with the following properties
(Clifford relations): Each E; is a skew-adjoint matrix,

EJ2~=-—I forj=1,...,n
and EJ'Ek+EkEj=0 forallj;ék.

Here and in the following I denotes the identity matrix. For odd n, we require that
ir+1E1E2 v En = I,
for even n the E; are to be block matrices of the form

E'j=(g ;) and i?‘ElEz...En:(g _(}).
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Such matrices do indeed exist, and there is a simple

Algorithm for construction: For n = 1, E; = (—¢) is uniquely determined. If n
is odd, r also increases by one when n is raised to n + 1, and 2" x 2"-matrices
FEy,... ,Eny1 with the desired properties are obtained from the matrices Fh,...,E, for
n as follows:

Ej=(;§,. OEa') forj=1,...,n and En+1=(0I _{;)-

Under passage from even n to n» + 1, » does not change; the new matrices are
determined as follows:

Ei=E; forj=1,...n and Enni= (7" 0).

Remark: All enfries of these matrices consist of the numbers 0, +1 and +:. In addi-
tion, these matrices are unique in the following sense: To any two systems FE,...,E,
and Ei,...,EB, of matrices which satisfy the above properties, there exists a unitary
matrix U € U(2") which conjugates the sets into one another:

{E;|j=1,...n}={UE; U |j=1,..n}

Example:
n=1: E1 = (—Z)

n=2 B=(37) Ba=( )

-

n=3 Ei=(57), =), B=(713).

We are now in a position to define the Dirac operator for all R".

Definition: The Dirac operator for R™ is defined by
i n
7]
D:=) E; B

i=1

Examples:
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Remark: The Dirac operator D is formally self-adjoint, that is [(Df,g)dz =
f(f,Dg)dz for C°-functions f,g : R® — C? with compact support (here (-,-)
is the standard scalar product on C2"). It is described by a Hermitian 2" x 27 operator
matrix. D is a root of the Laplace operator A in the following sense: On the strength

of the Clifford relations for the E;, and since the 3% commute among themselves and
with the E;, we have
2 -~ &
D’°=-A.-1 with A= .
he ng 6117:,2

In order to construct the Dirac operator on a C*°-manifold X, one must place two
further assumptions on X. Namely, the Stiefel-Whitney classes w; € H?(X;Z/2Z)
must satisfy:

1) w; = 0 (thus X is orientable),
2) w; lies in the image of the reduction homomorphism p : H*(X;Z) —
H2(X;Z/27). -

When the conditions 1) and 2) are obeyed M admits a so-called Spin°-structure. For
each fixed Spin®-structure (e.g., complex manifolds have a canonical Spin°-structure)
one can construct a canonical first Chern class c¢;. As an example, for complex manifolds
the above assumption holds because p(c;) = w. The ordinary first Chern class thereby
coincides with the one obtained from the canonical Spin®-structure. We use the identity

o2/2 z/2 z

“sinh(z/2) 1-e-®

in the ring of formal power series in order to define a Todd class for a manifold X with
a Spin®-structure:

td (TX) := /% . A(TX).

In the following paragraph, this Todd class solves the problem of computing the index
of the Dirac operator.

2 The problem

Definition: Let (V,(-,")) be an n-dimensional Euclidean vector space, and let T(V) =
ReVOV OV & -- bethe tensor algebra of V. The tensors of the form (v,v)-1+vQv
generate a two-sided ideal I C T(V). The quotient CULff (V,(-,}) = CUff (V) :=
T(V)/I is the Clifford algebra of V (with respect to (-,-)).
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Notice that R as well as V is canonically embedded in CLff (V). In CLff (V) we
denote the multiplication induced by “ ® ” simply with “- . The sole relation between the
elements can therefore be written as v? = —(w,v)-1. For an orthonormal basis ey, ... e,
with respect to (-,) we have the Clifford relations e? = —1 and e;-ex +ex-e; =0
for j # k. The Clifford algebra has the 2™ basis elements e* ---ef» with ¢; € {0,1}.
There is a canonical R-vector space isomorphism

est-eSr — et A Aelr

of Cliff (V) onto the exterior algebra A(V).

Definition: For an orientable manifold X of dimension n = 2r or n = 2r+1, a spinor
system is a triple (¢,(-,-), F'), where ¢ is an orientation of X and (-, is a Riemannian
metric on X. One can therefore construct a bundle Cliffc (X) of C-algebras, whose
fibres over points P € X are Chff (TpX,(-,")p) ®r C. In addition, F'is a complex
vector bundle satisfying the following conditions:

1) rkeF =27,

2) forall P € X, Fp is a Clifford module, i.e. there is a C-linear operation
~: Cliffc (TpX) — end (Fp) for which 1 acts on each fibre as the identity,

3) a Hermitian structure (-,-) is chosen on F, which defines an invariant metric in
the following sense: ‘

4) each tangent vector v € Tp(X) C Clific (TpX) acts as a skew-Hermitian
mapping, T* = —7.

In addition, if n is odd and e, ... e, Is a positively oriented orthonormal basis of Tp,
the product i"t1€, ---€, is to act as the identity on Fp. For even n, this additional
condition need not hold.

In order to construct a spinor system, one needs precisely the assumptions on X which
were given in the previous paragraph: w; = 0 (orientability) and w; € p(H?(X;Z)).
Such a manifold together with a spinor system is called a Spin®-manifold. The choice
of the spinor system therefore determines the choice of a preimage ¢; € p~(ws).

Exercise: Show that the condition on w is necessary. Find a closed simply-connected
manifold X which is not a Spin®-manifold.

Remarks:

1) In the complex-analytic case, F' = 3772 A%/T* defines the canonical spinor
systen. :

2) For even n, let ey,...,e, be a positively oriented orthonormal basis of TpX.
We have (i"e;--- er)’ = id. The spinors F therefore decompose under the
action of i"ey---e, into the eigenspaces F, of +1 and F_ of -1.

3) Originally, TM had GL(n,R) as structure group. It can be reduced to
GL*(n,R) by means of ¢, and then to SO(n) by means of the metric (-,-).
Finally, it can be lifted to a Lie group Spin®(n) lying over SO(n) with fibre S*.
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Choosing a spinor system is equivalent to choosing such a lifting of the structure
group of TM from GL(n,R) to Spin®(n).

Definition: Let X be an n-dimensional manifold with the spinor system (e, (-,-), F). A
differential operator D is called a Dirac operator if it satisfies the following axioms:

1) D :C®(F)— C®(F) is C-linear.

2) The Leibniz rule holds: we have

D(f-s)=(df) - s+ £(Ds)

for sections s € C°(F) and C®-functions f : X — C. Here the cotangent
vector df is considered as a tangent vector via (-,-) (and then as an element of
the Clifford algebra by the canonical embedding).

3) The operator D is formally self-adjoint, i.e. for compactly supported sections
sy, s € O (le\ax) we have:

f(Dsl,sz)dvol =f(sl,Ds2) dvol.
X X
4) For even 'n, D must respect the eigenspace decomposition of F':
D% := D|p, : C®(F}) — C®(F-)
and D™ := Dl|p_: C®°(F_) — C®(Fy).
Remark: Such operators exist. D is uniquely characterized by these axioms up to

terms of lower order (in this case, these lower order terms are vector bundle maps). In
particular, the symbol and the index are uniquely determined.

Definition: Let X be a compact Spin°-manifold without boundary, and E a Hermitian
C®-vector bundle on X. Then a twisted Dirac operator Dg exists,
Dg: C®(F @ E) - C*(F ® E).

It is elliptic and satisfies the axioms with F replaced by F ® E.

In particular, for X even-dimensional, the operator D} : C®(Fy® E) —
C>(F_ ® E) is defined and the solution of the first paragraph yields for its index

ind (D}) = (ch (E) - td (TX))[X].

Remark: For a Spin°-manifold, ¢; and therefore td(TX) are determined by the
choice of the spinor bundle. A different Spin°-structure on the underlying manifold X
leads to a different Dirac operator (having in general a different index).

For w; = 0, one can choose ¢; = 0; The index of the Dirac operator D for this
Spin°®-structure is simply ind (D) = A(X ). Thus for a spin manifold (wz = 0), the
A(X)-genus A(X) and the twisted A-genera A(X,E) are integral.






Appendix III:Elliptic genera of
level N for complex manifolds

by Friedrich Hirzebruch

Corrections and improvements in sections 6 and 7 are due to Thomas Berger following
a discussion with Serge Ochanine.

(originally published on pages 37-63 in: K. Bleuler, M. Werner (Eds.): Differential
Geometrical Methods in Theoretical Physics (Como 1987). NATO Adv. Sci. Inst. Ser.
C: Math. Phys. Sci.; 250. Dordrecht, Kluwer Acad. Publ., 1988)

My lecture at the Como Conference was a survey on the theory of elliptic genera
as developed by Ochanine, Landweber, Stong and Witten. A good global reference
are the proceedings of the 1986 Princeton Conference [1]. In this contribution to the
proceedings of the Como Conference I shall not reproduce my lecture, but rather sketch
a theory of elliptic genera of level N for compact complex manifolds which I presented
in the last part of my course at the University of Bonn during the Wintersemester
1987/88. For a natural number N > 1 the elliptic genus of level N of a compact’
complex manifold M of dimension d is a modular form of weight d on the group
Iy (N). In the cusps of Ty(N) the genus degenerates either to x,(M)/(1+y)®
where —y is an N-th root of unity different from 1 or to x(M,K*/N) where
K is the canonical line bundle and 0 < k < N. Here x,(M) = Yo, x?(M)y?
with xP(M) = x(M;QP) = ZZ___O (—1)?nP? is the x,-genus introduced in [13] and
x (M, K*/N) is the genus with respect to the characteristic power series

Z . ~(k/N)a
l—e® €

which equals the holomorphic Euler number of M with coefficients in the line bundle
L* provided K = LV (see [13]).

For N = 2 the genus is expressible in Pontrjagin numbers and hence defined for an
oriented differentiable manifold A/. The only possible value of —y is —1 and the
genus degenerates in the two cusps to

x1(M)/2% = sign (M)/2* (dimg M = 2d)
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or to
x (M, K/?) = A(M).

Only recently I realized that Witten in [19] studied also complex manifolds, His
discussion includes the genus studied here, at least if one restricts attention to the cusps
with specialization x (M, K*/V).

In this report I shall also try to give an account of the rigidity theorems for complex
manifolds with circle actions which for N = 2 are due to Taubes [18] and Witten with
a new exposition by Bott [9]. These rigidity theorems hold if the first Chern class of M
is divisible by N, i.e. if a holomorphic line bundle L with LY = K exists.

The results in this paper hold also for manifolds with a stable almost complex structure
and for circle actions which preserve this structure. For simplicity we have formulated
the results for complex manifolds only.

I would like to thank the students of my course Thomas Berger and Rainer Jung for
writing the notes. Many thanks to Nils-Peter Skoruppa who lectured several times in my
course when I was away and with whom I had helpful discussions on modular forms.
After my course I had intensive discussions with Michael Atiyah on the rigidity theorem
in Oxford and also with Don Zagier at the Max-Planck-Institut.

1.  Inthe following N is a fixed natural number > 1, the “variable” = runs through
the complex numbers. § is the upper half-plane, 7 € h and g = e?™". For a lattice L
in C we consider the elliptic function g(z) with divisor N-0— N-o where a € C is
an N-division point (o € L, N € L). The function g is uniquely determined by L
and o (regarded as element of C/L) if we demand that the power series of g in the
origin begins with z'. The function f(z) = g(a:)l/ ¥ is uniquely defined if we request
f(z) = z+higher terms. The function f is elliptic with respect to a sublattice L' of L
whose index in L equals the order of o as element of C/L. For w € L the function
f(z + w)/f(z) is constant and equals an N-th root of unity. After multiplying L with
a non-vanishing complex number we can assume that ’

L =2mi(Zr +Z) and
O;Ea—27ri(—k—'r+—l—) with 0<k<Nand0<I<N M
- N N - - ’
To write down a product development for f(z) in the case that L and « are as in (1)
we introduce the entire function'

T(z) = (1—e™®) [T (1 - ¢"e®) (1 - g"e*)/(1 - ¢")° @)

n=1

T Note that the function Y(z) equals e=>/2®(z), where &(z) is the function defined in Appendix I, §5.
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-which has zeroes of order 1 in the points of L. The function Y(z) equals the WeierstraB
sigma-function for L up to a factor of the form exp (b1z + b2a?). It can be proved
easily that

f(z) = e¥ =Y (2)Y(—a)/T(z - a). (3)
Namely, it suffices to check
T (z + 27iT) =v—e"°e_2"i"T(w).

For this replace in (2) the exponential €¢® by A and then substitute A by Ag to see
that the factor —A~1¢g~! comes out. In fact, we have (for ¢ = e2™¥/¥)

f(z + 2m0) = ¢*f(2)
f(z + 2mir) = C"lf(a:)

The function f(z) as belonging to L and o (see (1)) degenerates for g—0toa
function foo(2).

‘We have

@

foo(®) = /M= (1—e™®) for k>0

fo(z)=(1-e"*)(1—e¥)/(1-e*®) for k=0. ®

For reasons which are apparent from the introduction we put e*=—y for k=0 and
have in this case

fo(@)=(1-€e*)1+y)/(1+ye™) with —y=('#1,
The involution z — —z + o interchanges the zeroes and poles of f(z). Therefore,

f@)f(-z+ a),

which is elliptic for L, is in fact a constant # 0. We write the constant as ¢~2. Then
¢ depends only on L and the chosen N-division point as point of C/L. If the
lattice and « are normalized as in (1), then

f(@)f(~2 + @) = e®/Meep(—a)? = ¢

and

V= (o), ©
The coefficients of the power series developments of f (®)/z, =/f(z) and = f'(z)/ f(=)
determine each other. If ome replaces in such a series & by Az, one obtains the
corresponding function for the lattice A~'L and the N-division point A~¢. Therefore

the coefficient of z” in any of these series as function of the pair L,a with o € C/L
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is homogeneous of degree —r. Also c?V is such a function of L and «. It is

homogeneous of degree —2N and is related to Dedekind’s 7-function.

If the pair L, is chosen as in (1), then the coefficients of f(z)/z are indeed modular
forms of weight r on the subgroup consisting of the matrices (2 ®) of SLg(Z) which

satisfy
(s (5 =) .

Also ¢®¥ is a modular form of weight 2N on this group. (It still has to be shown that
these forms are holomorphic in the cusps. See the next section.)

2.  The classification of pairs L,a where L is a lattice in C and o € C/L with
Na =0 (but o # 0), up to multiplication by some complex number A # 0, leads to
the introduction of the modular group

Ti(N)={(%?) €SLy(Z) [c=0(N),a=d=1(N)}

If we assume that the N-division point has order N in C/L, then the classes of pairs
L,a are in one-to-one correspondence with the points of the modular curve I'1(N)\b
where (¢ %) acts on b by

ar+b
cr+d °

This follows from the fact that each pair L, « is equivalent to a pair of type (1) with o =
27i/N (i.e. k=0, ! =1). The coefficients of 2" in z/f(z), f(z)/z, zf'(z)/ f(z)
are modular forms of weight » on I'y (N ) It remains to show that such a coefficient
is holomorphic in each cusp of I'y(N)\bh. Transforming f(x) (taken for the lattice (1)
with @ = 27i/N) to a cusp gives a function f(z) for some o = 27i(£ 74 %) and
the same lattice?. The formulas (2) and (3) show immediately that the g-development of
each coefficient of f(z) has only non-negative powers of g, fractional if £ > 0, but
then a suitable root of g is the local uniformizing variable at the cusp.

T

The coefficients e, of zf'(z)/f(z) are the Eisenstein series. Their g-developments
(for k =0 and [ = 1) for example can be read off from

fllz) < _age”® zq"e® 2 zlgte® 2zl lgne®
z f(a:) Z 1~ qte~® Z 1— qne® 2} 1 - ane——:z: +nZ=:1 1~ c—lqne:c ’ (7)
Furthermore, cZN (see (6)) is a modular form of weight 2N. For more detailed formulae

concerning these g-developments in the case IV = 2 see [20]. For N >2 and N #4
the number of cusps of I';(N) equals

5 Zw(d)tp( )

diN

where ¢ is Euler’s function®. Each cusp can be represented by several N-division
points o as in (1)

¥ Cf. Appendix I, Theorem 6.4 (ii).
¥ Cf. Appendix I, Lemma 7.11.
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3. Let Mg be a compact complex manifold. The Chem classes ¢; of Mg are
elements of the 2i-dimensional cohomology group HZ'(Mg;Z). Let c be the total
Chern class of M, split up formally

d
c=Zci=(1+a:1)(1+a:2)~--(1+wd) (8)

=0
where z1, z3,...,24 can be regarded as 2-dimensional cohomology classes in some

manifold fibered over My (see [13], §13.3). Let Q(z) be a fixed power series in
the indeterminate x starting with 1 whose coefficients are in some commutative ring
containing Z, Then

pQ(Ma) = Q(z1)Q(22) -~ Q(z4)[Md] ®

is the genus of M, with respect to the power series @) where in (9) the symmetric expres-
sion Q(z1)Q(x2) - Q(za) is written in terms of the Chern classes in view of (8) and the
2d-dimensional component of this expression is evaluated on My (compare [13], §10.2).
We define the elliptic genus ¢ (Mg) by using the power series

z Y (z — a)
z) = = -
W)= 76) = T Te)
where @ = 27i/N and f(z) is taken for the pair L, with L = 2mi(Zr +7Z). We
put again ¢ = 27N,

10

Theorem: The elliptic genus pn(Mg) is a modular form of weight d on the group
T1(N). If one represents a cusp of T'1(N) by 2mi(£ 7+ L) with 0 < k < N and
0 <1 < N, then the value of @x(Mg) in this cusp equals

x (Mg, K*N) if k>0

and
xy(Mg)/(L+9)* i k=0 and —y=(h

The theorem follows from the remarks in section 2 and from (5) by recalling that
x(Ma, K*/N) is the genus for the power series

z —(k/N
e/

and x,(Mq4)/(1+y)* is the genus for the power series

T
1—e—®

(L+ye™®)/(L+9),

see [13].
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A genus can be defined also by a power series Q(z) not beginning with 1 (we assume
Q(0) = ag # 0). The definition is done by equation (9) again. Then a;'Q(apz) gives
the same genus with a normalized power series (i.. the constant term equals 1). We
now define $n (M) using the power series

_zY(z - )

Q(z) = Ty o = 2ri/N. 1)

Theorem: The elliptic genus gn(Mg) is a modular function on T1(N) if d=0 (2N).
We have '

‘PN(Md) = ¢N(Md)(T("0‘))_d = ¢N(Md) -ct

The result follows from the preceding theorem and the considerations in section 1 and 2
which show that T(—a)? = ¢? is a modular form on I';(N) of weight d.

If d is not divisible by 2N, then
an( Md)ZN/(d,ZN)

is a modular function (here (d,2N) is the greatest common divisor of d and 2N ).

One simply applies the theorem to the 2N/(d,2N)-th power of Mg.

The function @y has poles in the cusps represented by (1) with k& > 0. The order of
the pole is given by (6). Let us restrict to the case that N is a prime. For N = 2 we
have 2 cusps represented by (k,1) = (0,1) and (k,!) = (1,0). For N odd, we have
2+ &=1 cusps. There are %=1 cusps represented by (k,1) = (0,/) and 1 <1< &2
and z"z;l cusps represented by (%,1) = (k,0) and 1 < k < % . In the first kind
of cusps the g-development of Gy (M) begins with the constant term x, (M) with
y = —¢!, in the latter case it starts with

X(Md, Kk/N) G- —k)d/2N

where g is a local uniformizing parameter for this cusp of T'1(N)\h. (We have g% =¢
in (6)).

4. For a complex vector bundle W of rank r the exterior powers A*W and the
symmetric powers S W are well-defined vector bundles. Their Chern classes can be
calculated from those of W. If c;,...,c, are the Chemn classes of W (where ¢; is in
the 2i-dimensional cohomology of the base space) and if we write formally

c=l+ca+e+-te=10+z)d+z) - (1+2)
then the Chern character (in the rational cohomology of the base space) is given by

ch (W) =e" +€e® +--- + €.
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Over the rationals ¢ and ch determine each other. For the exterior powers we write
with some indeterminate %

A(W) = iAiW -

=0

and for the symmetric powers

Se(w) =Y |s'W -t

=0
Then we have for the Chern character
ch (A, W) = J] (1 +te™), (12)
=1
ch ($;W) =[] (1 —te*) ™" (13)
=1

Formula (12) was often used in [13]. Formula (13) is, of course, a special case of the
general method to calculate the Chern classes associated to given vector bundles by
representations [7].

Following Witten’s idea (see [19]) we write the elliptic genus @ (M), or rather its
g-development in the standard cusp, in the form :

(M) = ny Mgy, Ry, (14)

Here, as before, —y = ¢ = e*™/N_ Furthermore R, is a virtual vector bundle associated
to the complex tangent bundle of My by a virtual representation of GL(d,C) (with
coefficients in Z[(}).

For a vector bundle W the polynomial x, (Mg, W) is defined in [13]. We have, if T
is the tangent bundle of My,

d
Xy(Ma, W) = x(Mg, APT* @ W)y®

p=0

We now can specify the R,, in (14). Let us recall that $y(Mg) is the genus belonging
to the power series (11)

Q) =

o0

_ 14+ygte™® 1+y 1gme®

1 @ .

= (1+ye )n|=|1 = gre—= T—ges (15)
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Therefore (by (12) and (13))

> Ru"= H AygnT* - H Ay-1gnT- H S (T +T*) (16)
= n=1
(Wlth -y = C —_ eZ'm/N )
We have
Ry=1, Ri=Q1-T"+(1-¢ T

Modulo the ideal (1 — () of Z[(], the elliptic genus $n(Ma) equals the Euler-Poincaré
number e(Mjg).

According to Witten’s philosophy (compare also [2] and [3]) if we had a ),-operator
on the loop space LMy of My, we could try to calculate (or define) its equivariant
xy-genus for the natural S-action on LMy with g € S* (g = €*™", 7 € R) by the
Atiyah-Bott-Singer ([4], [6]) fixed point theorem (fixed point set My (constant loops)
in LMg). The result for the equivariant x,-genus x,(£My,q) would be that it is the
genus with respect to the power series
H 1 +yq e ®

n=--co 1 —qteT®
This does not make sense as a power series in_g, but formal manipulations bring
Xy(LMg,q) to the genus &,(My) belonging to Q(z) (see (15)) provided (—y)d =1
Observe that (15) is a meromorphic function in the two variables = and ¢ where
(z,q) € C? and |g| < 1.

5.  The genus $n(Mg) has in the standard cusp a development whose coefficients are
integral. They are elements of Z[(]. See formula (14). In the cusp (represented by (1)
with 0 < k < N) this is not so. The coefficients are of the form

X(Md, Kk/N ® Wn) )

where W,, is a virtual vector bundle associated to the tangent bundle by a virtual
representation of GL(d,C) with coefficients in Z[¢]. The W, can be calculated
using (3). These coefficients are in general not integral. If, however, the first Chern
class ¢; of M, is divisible by N they are integral. This divisibility condition is
equivalent to the existence of a holomorphic complex line bundle with LV = K and
the coefficients

X(Md, Lk ® Wn)
become “Riemann-Roch numbers” [13] which are integral.

Theorem: If the first Chern class ¢y of a complex manifold My is divisible by N, then
the coefficients of the q-developments of the genus pn(My) in all cusps (given by (1))
are integral ( € Z[(] ); for the elliptic genus ¢y (Mg) the coefficients are integral in a
cusp with k > 0, in the cusps with k = 0 they become integral after multiplication
with (1= ¢)%
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6. Let M, be a compact complex manifold together with an action of the circle S*
on My by holomorphic maps. We write elements of the circle as A = e2™** where
z € R/Z. The group S' acts on the virtual bundles R, (see (16)). It also acts on
the “cohomology group”

HY(My APT* @ R,,) a7n
which is in fact a formal direct sum of cohomology groups H?(Mgy; APT* @ W) with
coefficients in Z(¢). Since S! acts, we get from (17) (considered equivariantly) a

character of S8, i.e. a finite Laurent series in A. Taking alternating sums over ¢ in (17)
gives us a character

x (Mg, A’T* ® Ry, A)

and finally (with —y = *™/¥),
d
Xy(Ma, Ry X) = x(Ma, APT* @ Rp) A)yP
p=0
and -
Fn(Ma,A) =) xy(Ma, Rn, \)g™ (18)
n=0

It may be more convenient to return to our elliptic genus ¢ with characteristic power
series Q(z) (see (10)) and consider it equivariantly

v (Ma, 3) = §x (Mg, A) - T(=a) @

o
= Z Xy(Md, S’n, A)qn

n=0

(19)

where the S, are virtual bundles (coefficients in Q(¢)). We can calculate
on(Mg,)) using the Atiyah-Bott-Singer fixed point theorem (holomorphic Lefschetz
theorem [6], p. 566). Before doing this some remarks concerning the fixed point set
M; S* of the action are necessary. The set M; 5* is a smooth submanifold of M bemg
a d1s301nt union of connected submanifolds of various dimensions. For each fixed point
p, the circle acts in the tangent space T3, hence integers ma,...,mq are defined such
that A € S? acts by the diagonal matrix (A™,A™2,...,X™). For each r € Z we con-
sider those m; which are equal to r. This leads to the elgenspace E,. of Tp. Of course,
E, is the tangent space in p of the connected component of M} 5* (o which p belongs.
The numbers m,,...,mg (well defined up to order) depend only on the component of
M fl. Over each component we have eigenspace bundles, also denotes by FE..
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The characteristic power series of the elliptic genus ¢y is given in (10) in the form
Q(z) = =/ f(=). For the fixed point theorem we need 1/f(z). We put

F(z)=1/f(z) = % (20)

We shall now give a formula for ¢y (Mg, A) using the holomorphic Lefschetz theorem
writing it down in short hand form which will need some explanation:

Let v be an index for the connected components (M, fl)y of the fixed point set M.
Then

on(Ma,X) = on(Mg, ), @1)
v
and X
on (Mg, A), = (eo - F (@1 + 2mimy2) - -+ F(za + 2mimaz))[(M5 ) ] (22)
where e¢ is the product of those =z; for which m; = 0. Recall A = e2miz

Formulas (21) and (22) have the following meaning. For each component of the fixed
point set, eg is the Euler class (highest Chern class) of its tangent bundle FE,, the formal
roots of the total Chern class of Ey are the z; with m; = 0. The z; with m; =7 #0
are the formal roots of the total Chern class of the eigenspace bundle E,. over the compo-
nent. Thus for Eq one uses in the above product zF(z) = Q(z) and for E,. (r #0)
the function F(z + 2mirz) which for 72 ¢ Zr + Z has no pole for z = 0 (and we
use a general z) and hence is a power series in z. Observe that the rotation numbers
(my,...,mq) depend on the component and also the meaning of the z; which are the
formal roots of the total Chem class restricted to the component. Then one evaluates the
expression in (22) on the component and obtains a power series o (Mg, /\)V in ¢

on (Mg, )), =Y cyng” . 23)

n=0

with coefficients c,,, that are meromorphic functions in A € C* and have possible
poles only on S*. Considering (19) we let c, := Xy(Mg,Sn, A) so that c, is also a
meromorphic function in A € C*, in fact it is a finite Laurent series (so holomorphic).
From the Lefschetz formula we know that cn(A) =Y, ¢, »(A) for A any topological
generator of S and so we get

Cn =Y Cun @4)

as meromorphic functions.

Looking closer at (22) we sec that all c,,,, have possible poles only at A™ = 1 for
any rotation number m. Furthermore the local term (23) converges for |¢] < 1 and
|q[1/M <Al < ]q!—l/M (M = max;{m;}) to a meromorphic function and this function
has a meromorphic extension to C*. o
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According to (4) our function F(z) has the property
F(z +2mi) = F(z), F(z+ 2nir) =(F(z) (25)

where ¢ = 2™/, So the meromorphic extension of ¢y (Mg, A), is an elliptic function
for the lattice ZNt + Z. More precisely

on(Ma,Aqg), = on (Mg, ™+ 26)
— Cm1+m+md<PN(Md, /\)V

The exponent mj + -+ + mq depends on v, even the residue class of the exponent
modulo N depends on v in general.

Definition: The S*-action on My is called N-balanced if for the components (M fl ) Y
of the fixed point set the residue class of m1 + -+ 4+ mq modulo N does not depend on
v. If the action is N-balanced, the common residue class of my + -+ + mgq is called
the type of the action and denoted by t.

From formula (24) we immediately get that px (Mg, A) = > oo, cag™ also converges
on some small annulus containing S* (depending on the rotation numbers ) to a mero-
morphic function that has a meromorphic extension to C*. In this sense formula (21) is
an identity between meromorphic functions on C*. In particular we see that @y (Mg, A)
is an elliptic function for the lattice ZNT + Z. For an N-balanced action (26) finally
yields the

Theorem: For an N-balanced S-action of type t on the complex manifold Mg, the
equivariant elliptic genus @y (Mg, \) with X = €2™* is an elliptic function for the
lattice Z - N1 + Z which satisfies

o (Ma, Aq) = o (My, e2™=+7)

27
= Clon(Ma,A). @7

Remark: Of course, ¢x can be regarded as a function of 7 and 2. In 7 itis a
modular form of weight d. In fact, gy is a meromorphic Jacobi form on I';(N) of
weight d and index O (see [11]).

7. We now shall approach the rigidity theorems which under certain conditions state
that the finite Laurent series x,(Mg, Rn,A) (see (16) and (18)) do not depend on .
(Recall —y = €2™¥/V), This rigidity means that the elliptic function ¢y(Mg,A) of
the preceding theorem is a constant (see (19)), i.e. we have to show that it has no poles.
The rigidity results were not included in my course at the University of Bonn. When
Michael Atiyah came to Bonn in February 1988 he explained to me Bott’s approach [9]
and that it is rather close to our old paper [5] and we discussed it in Oxford in March, I
did not study Taubes’s paper [18] in detail, but rather looked in Bott’s report [9]. Then
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I carried out the proof for the level N case during my visit in Cambridge (England) in
March 1988 as a guest of Robinson college.

Let us consider pn(Mg,A) and the local terms ¢n (Mg, A), as functions of A for
fixed ¢ with |¢] < 1. From section 6 we know that they are meromorphic for A € C*.
From (22) we see that pn(Mg,A), has poles only for mz € Zr + Z where m is a
rotation number # 0 occurring for the component (M5’ ), Of course, mz € Zr + Z
means A™ = ¢" where n € Z. So from (21), ¢n(Mg, A ) has possible poles only for
A™ = ¢™ where m is any rotation number.

Now choose A € S with AF* = 1 for some rotation number m. If ¢ is fixed
with |g| < 1, then there is a neighborhood U of A¢ in C* such that no point (A,q)
with A € U \ {Xo} lies on one of the curves A™ = ¢™ and that .- c,nq™ as
well as Z:’:O cnq™ converge on U with ¢,,, and c, as in section 6. Furthermore
Cn = 3, Cun is holomorphic on U (since it is a finite Laurent series) and the only
possible pole of ¢, n on U is A,.

Lemma: Let U be adomain, Ay € U. Consider meromorphic functions by, on U for
v in a finite set S and n € N with the following properties:

1) by, is holomorphic in U \ {Xo},

2)  bn =Y ,c5bun is holomorphic in Ao,

3) Yoo o bun converges compactly in U\ {Xo} for any v € S.
Then En—o . converges compactly in U and is a holomorphic extension of
Eyes En=0 V,nlU\{Ao}-
Proof of the lemma: Let K be a compact set with A in its interior and let L be a
small closed disc around Ay with L C f} . For 0 < k <m we have

li(zbum = in: Zbun IBK

n=k veES n=k v€ES

Z (O bum)lacx\ny

n=k vES

Z Zb”»” IK\L

n=k vES

=10 btz

veES n=k

3

I/\

3

The first equation is due to the maximum principle, the second one comes from L C I:’ s
the third one is again the maximum principle, the fourth one follows from holomorphicity
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of b,, on K\L. Let now be ¢ > 0 and put ¢ := ¢/§S. There exist n, such
that for m, k > n, we have |37 bynlgrg < €. Thus we finally see that

[ e (Z,esbun)|x < & forany m, k > no := max,{n,}.

Using this lemma with b,, := c,,q" we immediately get that on(Mg,A) =
S scng™ has no poles on SI. '

An S$'-action is semi-freesemi-free action (i.e. the fixed point setof any A € S*, X # 1,
equals M, &51 ) if and only if all non-vanishing rotation numbers m equal 1. Therefore,
for a semi-free action, M fl can have poles only for A = ¢ with n € Z.

Theorem: For an N-balanced semi-free S*-action of type t on the complex manifold
My, the equivariant elliptic genus ¢n(My,A) does not depend on M. It equals the
elliptic genus ox(Mg). If t £0 (N), then on(Mg) = 0. (Compare [14] and [15].)

Proof: By the lemma, there is no pole for A = 1. Because of (25) there are no poles
for A = ¢". The vanishing of @n(Mg) follows also from (25).

8. Let M, be a complex manifold with first Chern class c¢; € H? (Mgy; Z) divisible
by N. The importance of this condition was already apparent in section 5. We choose a
holomorphic line bundle L with LY = K. Now suppose we have an S'-action on My.
Consider the N-fold covering §* — S with p— A= u?. Then p acts on My and
K through ). This action can be lifted to L. If p is a fixed point of the given S-action
with rotation numbers my, my, ..., mq, then p acts in the fibre L, by p~(mat-+ma)
However, if = ¢ = e2™/N_ then it operates trivially on M. Therefore the action of ¢
in each fibre of L is by multiplication with ¢~%, where ¢ is a residue class modulo N
which does not depend on the base point of the fibre. (Assume that Mg is connected.)
It follows that the action is N-balanced of type ¢ (see the definition in section 6).

The condition ¢; = 0 (N) implies a stronger property than N-balanced. Let G,, C S*
be the group of m-th roots of unity. The fixed point set of G,, is a submanifold
of My which includes M, 51 and is strictly larger if and only if there is a rotation
number divisible by m. We denote the fixed point set of G,, by MJ*. There is the
map S* — S with g — A = p" which we considered before. Hence any p € S*
with p™¥ = 1 operates trivially on M7, however it operates on every fibre L,
(p € M7 ) by multiplication with some mN-th root of unity which only depends on the
connected component of MJ* which contains p. Since p actson L, (for p € M, 51)
by p(mat+ma) where the m; are the rotation numbers of the action in p, it follows
that the residue class of my + -+ + mq modulo mN depends only on the connected
components of M7 and not on the components of M, fl contained in them.

Let X be a connected component of M7 and (M, fl)y a component of M, fl contained
in X with rotation numbers my,...,mq. Over X the tangent bundle T of My splits
into vector bundles F; where £k =0,1,...,m—1 and the action of G, in' Ey is
by multiplication with AR if A€ G- Of course, E, is the tangent bundle of X.
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Over (Mfl)u we have

Ek = Z E, (see section 6). (28)
r=k (m) .

We write the rotation numbers in the following form
m;=7r;m+k; where k;=0,1,...,m— 1. ] 29
Since the integer Z‘.i ok = EZ”:_OI k - tk By, depends only on X, we see that

1=

m - Zf=0 r; modulo mN depends only on X. Hence, Z?=0 r; modulo N depends
only on X and not on the components (M, fl)y contained in it. We put

d
t(m,X) = Zri mod N. 30)

=0

Of course, t(1,My) is the type t of the action (for connected My ).

9. Let M, be a compact complex manifold with ¢; = 0 (V). We assume that we
have an $*-action and wish to show that the elliptic function @ (Mg, A) has no poles.
Let X be a connected component of M7 (see section 8). We define

en(X,A) =) on(Ma, ), 6

where the summation is over those connected components (M3 1) , Which are contained
in X (see (21)).1This is a shorthand notation. Do not confuse (31) with the elliptic genus
of X. Let (M )V have the rotation numbers my, ... ,mg4. According to (22) we have

on (Ma, ), = (eoF (21 + 2mimyz) - - F(za + 2mimaz)) [(M5),]. (32
Let s be an integer and replace in (32) the variable z by z + 27 (in other words,

replace A by A-q*/™), then on (Mg, A\g®/™), is again an elliptic function in z for
the lattice Z - N7 + Z. It follows from (25), (29) and (30) that

d

, . sk;

o (Ma, \g*/™) = ¢oHmX) (eo F (@ + 2mim;z + 2mi —L T)) [(M5),]- 33
. j=1

If we write down the g-development of the right hand side of (33) (with fractional powers

of g) we see that oy (X, g*/™) is of the form

o (XA ™) =D " xy (X, Sny A ™ (34)

n=0

where the S, are virtual equivariant bundles constructed from the bundles Ey, over X.
For m =1 we come back to (19). The elliptic function (34) has no poles for |A| = 1.
We use again the lemma in section 7.
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10. We are now able to prove the rigidity theorem.

Theorem: Let My be a compact complex manifold with first Chern class c¢; €
H?(Mgy;Z) divisible by N. Suppose an S*-action on My is given. Then the equivari-
ant elliptic genus @ (Ma,)) does not depend on X € S*. It equals the elliptic genus
on(Ma,A) = (Mg, 1). If the type t of the action is % 0 (N), then pn(Mg) = 0.
Proof: Let m be a natural number > 1 and AE™ = ¢". Then X is of the form
A = Xog®/™ where A" =1 and s = £n. We have

YN (Md, AOqs/m‘) = Z YN (Xa AOq“,/m‘)
X

where the summation is over all the connected components of M7*. Since the elliptic
function (34) has no poles for Ao, the result follows. The vanishing ¢y (My) = 0 for
t # 0 (N) follows again from (25).

11. 'We want to point out some applications of the rigidity theorem.

If we develop in a cusp (1) with k& > 0, we get a different version of the rigidity
theorem (compare [19]). In particular, we get that x (Mg, L*,)) does not depend on
X for k=1,...,N — 1, in fact x(Mgy, L*) = 0, if the action is non-trivial. This is
a well-known result ([12], [15]). For N = 2 and k = 1 it corresponds to the theorem
in [5] on the fi—genus. .

The eltiptic genus of level N is strictly multiplicative in fibre bundles with a manifold
M; with ¢;(Mg) = 0 (N) as fibre and a compact connected Lie group G of
automorphisms of M, as structure group (compare [14] and [16]).

This we wish to apply, for example, to the compact irreducible 'Hermitian symmetric
spaces G/U studied in [7], §16. There we gave a formula for the coefficient A(G/U)

m
c1(G/U) = MG/U)- ¢

where ¢ is a positive generator of the infinite cyclic group H%(G/U).

Take a system wj,...,wq of positive complementary roots for G /U (see [7]). Here d
is the complex dimension of G/U. The roots wy,...,wq are linear forms in zy,...,2;
where ! = kU = rk G, the =zy,...,5; can be identified with a base of H(T;Z)
where T' is the maximal torus of U. Without proof we state the following result which
is equivalent to the strict multiplicativity of the elliptic genus for G/U-bundles.

Theorem: Let F(z) = f(:z:)"1 be the elliptic function introduced for level N (see
section 1). Let wy,...,wq be positive complementary roots for the irreducible Hermitian
symmetric space G|U. Suppose A(G/U) =0 (N). Then

> F(o(wi))F(o(ws)): - F(o(wa)) = on (G/U). (35)

ceEW(G)/W(U)
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Here W(G), W(U) are the Weyl groups. (An element o € W(U) permutes
wy,. .. wq. Therefore the sum over the W (U)-cosets is well-defined.)

The formula (35) is an identity in the ! variables zi,...,z;. The sum is a constant,
i.e. does not depend on these variables anymore.

The rigidity theorem in section 10 also gave a vanishing result. We give an example:
Consider the Grassmannian

W(m,n) = U(m + n)/(U(m) x U(n)).
We use the notation of [7]. As a system of positive roots of U(m + n), we take
{—zi+z;|1<i<j<m+n}

The complementary roots w, are given by 1 <: < m and m+1<j < m+n.
Their sum equals

m4n m+n
Z'wr:—nz.'z:z+m Z z;j=—(m+n Z:z:,-i—mZ:z:J 36)
j=m+1

m+n
Weput —Y ;v z; =g and Y, z; = o1. Then g becomes the positive generator
j—
of H%(W(m,n);Z) whereas o1 vanishes if regarded as element of this cohomology
group. Therefore

A(W(m,n)) =m+n.
We also see from (36) that W(m,n) admits an N-balanced circle action of type m if
m+n =0 (N). We obtain
Proposition: The elliptic genus ox(W(m,n)) vanishes if m +n = 0 (N) and
m # 0 (N). For the complex projective spaces P,(C) = W(n,1) we have

on(Pr(C)) =0 if n+1=0(N).

12. The elliptic function f defined in section 1 satisfies a differential equation

!

(If_,) —i—a1();)N 1+"'+(1N-—1(f7)+(1N— I + apn £ (37

with aoy = ¢V (see section 1) where the a; are modular forms of weight j for
I'y(N), (f a = 27¢/N in (1)). The polynomial

P)=¢" +a¢" '+ +av_1&+ay
has the following properties:

1) aN-1 = 0.

2) If P'(f—)- 0, but £ # 0, then P(ﬁ)2 = dazy.
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The property 2) implies that the values at the critical points £ with £ # 0 are all
equal up to sign. In this case, the polynomial might be called almost-Chebyshev.
Theodore J. Rivlin wrote to me that polynomials with essentially such properties occur
in the literature under the name Zolotarev-polynomials. Also their relation to elliptic
functions is known (see for example [10]). I plan to write a separate paper on these
matters. For N = 2 the differential equation is of the form

2
fr=1—axf +asf*.

very well known for the elliptic genus of level 2 (see [14]).
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Appendix IV:Zolotarev polynomials and
the modular curve X;(NV)

by Rainer Jung, Max-Planck-Institut fiir Mathematik, Bonn

1 Zolotarev polynomials

In this appendix we want to study the relation between lattices L in C, together with a
distinguished N-division pointin C/L, and Zolotarev polynomials P(x) of degree N.
These polynomials have the following nice property: If we denote the critical points of P
by &o,...,En—2, then the critical values of P away from &, are all equal up to sign,

P(¢&) = +P(¢;) forisjand0<é,j <N -2,

We normalize P to P(z) =2 +--- and to & = 0 and restrict to the case where all
¢; are distinct. Then we get that (P’(z)/xz)® divides P(z)® — A? with A = +P(&).
So there is a polynomial @Q(z) = z*+--- of degree 4, such that the following equation
holds: .

Q- P” = N222(P? - 47).
This motivates the following

Definition: A polynomial P(z) =z +--. is called a normalized Zolotarev polynomial
(with critical value A ), if there exists a polynomial Q(z) = z* + --- such that

Q- P” = N2z2(P? — 47). ©)

A Zolotarev polynomial P is called degenerate if the discriminant discr(Q) of Q
vanishes (i.e. if Q has multiple zeroes).

Remarks:

1) For N > 2 the polynomial P determines A and @ in (1) uniquely. Conversely
P and A are uniquely determined by Q. - A

2) If N=2, and P is non-degenerate, then (1) reduces to Q(z) = P(x)? — A2,
s0 Q resp. the pair (P, A%) uniquely determine each other.

3) If N =1, equation (1) reduces to Q(z) = z?(P(z)’—A2%), so P is degenerate.
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Examples for Zolotarev polynomials are the normalized Chebyshev polynomials Ty (z)
we already used in Chapter 7, section 7.5. They were defined by the property

Tn (z+27 ) =2 +277,

and are Zolotarev polynomials for A = +2 and Q(z) = z%(z - 2)(z +2). So we
see that they are degenerate and furthermore that for the Chebyshev polynomials all
the critical values coincide up to sign. All degenerate Zolotarev polynomials can be
determined explicitly. By a straightforward calculation (cf. [Ju89]) one gets the

Proposition: If P is a normalized degenerate Zolotarev polynomial of degree N, then
either of the following two cases applies:

@ P@)=(@-k)*z+ (N -EA"F wih AeC, keN, and 0< k< N.
Equation (1) holds with A =0 and Q(z) = ((z — kX)(z + (N — k)A))%.
(i) P(z) = pTw((z — A)/p), with A\,u € C, u # 0. Equation (1) holds with
: A =22u" and Q(z) = z*(z — (A — 2u))(z — (A + 2p)).

Furthermore P'(0) =0 if and only if N > 1 and in the first case k #0,N or A =0
(i.e. P(z)= z ), or in the second case % = ZCOS(%’) forany 1 with 0 <1< N. (IfJ
For the following we have to restrict our notion of Zolotarev polynomials:

Definition: A normalized Zolotarev polynomial P of degree N with critical value +A
is called admissible, if P'(0) = 0 and P(z) # zV for N > 2, resp. P(z) # z°
or A # 0 for N = 2. For N > 2 we denote by Py (resp. Py ) the set of
admissible normalized (non-degenerate) Zolotarev polynomials P of degree N. For
N =2 wedenote by P, (resp. Ps )the set of pairs (P,C), suchthat P isan admissible
normalized (non-degenerate) Zolotarev polynomial of degree 2 with critical value tA,
where A* = 4C. By Qn (resp. Q3 ) we denote the set of normalized polynomials of
degree 4, fulfilling (1) for some polynomial P € Py (resp. P € Py, )for N > 2,
resp. for some pair (P,C) € P, (resp. (P,C) € Py ) for N = 2.

Remark: If P is non-degenerate, then (1) ensures that P'(0) =0 and P # =% for
N > 2, resp. (P,A) # (22,0) for N =2, so P is admissible. Therefore admissability
is only a restriction on the set of degenerate Zolotarev polynomials that we already listed
above.

For the rest of this appendix we will always use the term Zolotarev polynomial synony-
mously for admissible Zolotarev polynomial.

From the remarks 1) and 2) above and the list of degenerate Zolotarev polynomials, we
get the following ' ,

Lemma: The canonical map Qpy : Qn — Py mapping a polynomial Q € Qn o the
Zolotarev polynomial P defined by (1) (resp. to the pair (P, A? /4) for N=2)isa
bijection. It also induces a bijection from Q3 to P3.

There is also a map connecting Zolotarev polynomials for different degree (we only give
the description for N > 2, but the construction works analogously for N =2): If @
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isin Qy and P = ~(Q) € Py so that (1) holds for some critical value A, then we
have (A/2)"T,(P(z)/(A/2)) € Pny and equation (1) holds for the same polynomial
Q and the critical value 2(4/2)". So we have Qy C Q,n and if we denote by ¢p
the map

tn: Py = Prn

P(z) > (4/2)"Tu(P(2)/(4/2))
we get the following commutative diagram:

QN l l Qn.nN
PN L—"’ P’n.N

Since the polynomial ¢ does not change when applying the map ¢, to P, the diagram
induces a similar one on non-degenerate polynomials. Furthermore, since 2y and Qp.x
are bijections, the map ¢, is injective and the diagram also gives ¢y 0 by = tpm.

2 Interpretation as an algebraic curve
There exists an action of C* on the set of polynomials F(z) of degree r, given by
A(F(z)) = F(Az)/A" for X e C".

If P is a Zolotarev polynomial of degree N for the critical value 4, and @ is the
polynomial of degree 4 in equation (1), then A(P) is again a Zolotarev polynomial
for the critical value A"N A and satisfies (1) with A\(Q). So the action induces an
action on Qy, QF, Py and Py, where on P, (resp. on P7) A acts as A(P, C)=
(M(P),A=%C). The action is compatible with the maps Qy and :n,. We denote the
induced equivalence relation by “~ ”.

We want to identify the polynomials with their coefficients. Later on we will be interested
in equivalence classes of polynomials, so we make the

Definition: For ng,...,n, € N, the weighted projective space P™r-"(C) is defined
by (Cr+1\{0})/~, where (z0,...,2n) ~ (24,...,2.) if and only if there exists
A € C, such that z; = Az for all i = 0,...,r. The equivalence class of a point
(z05...,2r) € C™™ under ~ will be denoted by (zo: ... : z).

As an example, choosing n; = 1 for all 4, leads to the usual complex projective space
P,(C). Weighted projective spaces are normal, irreducible, projective algebraic varieties,
but in general they are singular (cf. [Do82]).
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Now we have the following embeddings:
Q?V/N C QN/N [y P1’2’3’4(C),
Q)=z'+qz’ + @2’ +t G +a— (q1: ¢ : g3 qq),
Pg/~ C Pyl PLoN=2N(C) for N > 2,
Pl@)=z" +azV +--+ay - (ar:...:ay—y : an),
Py [~ C Py~ — P3*(C),
(P,C)— (ag: C),
where P(z) = z? + ay in the last map. For the Zolotarev polynomials we don’t
have to care about the coefficient ay_;, since we required them to be admissible, so
P'(0) = 0, ie. ay—1 = 0.
The images of these embeddings will be denoted by Ny (resp. N§) for On/~
(resp. Q% /~) and My (resp. M%) for Py /~ (resp. Px/~).
The sets Ny and My are algebraic curves in the respective weighted projective spaces.
Their defining equations can be explicitly determined by a closer look at equation (1)
(cf. [Ju89)):
For ¢ € Z we inductively define polynomials A; € Q[z1,...,24,N] by A; =0 for
i < 0, Ay = 1, and
1

A = 2:(2N - Z (N +k—i)(2N + &k — 21)2, A;—p  fori > 0.

As one easily sees, the A, are homogeneous of weight ¢ (for ¢ > 0) if one assigns the
weights k to z and 0 to N. Furthermore if Q(z) = 2*+¢q12° +---+q4 € O then
for P=Qn(Q)=2" + a1z~ +--- + ay € Py we have a; = 4;(q1,...,94, N).
From this one easily derives (cf. [Ju89]):

Proposition: The set Ny C PY?34(C) is equal to the algebraic curve given by
Ayn_1(z1,...,24,N) = 0 and Anii1(z1,...,24,N) = 0. Thus for a polynomial
Q(z) = z* + q12® + -+ + g4 there exists a Zolotarev polynomial P(z) of degree N
satisfying (1), if and only if An_1(q1,...,94,N) =0 and Ani1(q1,...,94,N) = 0.

it
Examples: For the first few polynomials 4; we get:
Loy
1= 9 q1,
N 2
Ay = 16 ((2N 3)qy +.4qz),
N
Ay = ¢ (2N = 5)(V - 2)} + 12(N — 2)a1g2 + 16g3),
N
As = 7535 (2N = 2N = 5)(V = 3)gy + 24(2N — 5)(N - 3)giqs

+ 32(4N — 9)g1gs + 48(N — 3)g? + 192¢4).
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The algebraic curves N, to N are given by:

No={(g1:-..:qs) € P*3*%C) | 1 =0, g3 = 0} = P**(C) = P1?(C) = P,(C),
3 1
Ns={(@1:...:qa) e PY***(C) | g2 = - 1 g3, qa=— 5‘1143} = P3(C) = Py(C),

3
Ne={(q1:...:q4) € PP»**C) | gz =~ 3 01(@ + 442),

5¢2q3 + 24¢1g4 + 4g2g3 = 0}
= {(g1: g2 : qa) € PY**(C) | g1 ((¢} + 4a2) (54 + 4g2) — 64¢s) = 0}
= P4(C) U P12(C) & P,(C) U Py(C),

where the two components intersect in the point (0:2:0:1), and

1
Ne={(q1:...:q4) € PP?***C) | qs = - % (176q3q1 + 4845 + 120g2g2 + 15¢7),

6g4 (12g2 + 21¢3) + 1643 + 3643g2q1 + 15g3¢} = 0}
= {(q1: g2 : g3) € PY¥3(C) | 315¢5 + 2700¢5 ¢ + 345643 g5 + 244843 ¢3
+ 1536¢1g293 + 576qg - 256q§ = O}

Analogously one can find the equations for the coefficients of the curve My of Zolotarev
polynomials (cf. [Ju89]).

Examples: The set of Zolotarev polynomials in degrees two to five is given by

M; = {(az : C) € P2*(C)} = P>4(C),
M {(a1 : a3) € Pl’s((C)} = Pl’s((c)’
Ms = {(a1 : a3 : as) € PY*%(C) | a1 (12843 — 144a,4} + 27a} — 512a4) = 0},
Ms = {(a1 : a2 : a3 : a5) € PV*35(C) |

as 875asa; — 950a3a3 — 725a3a; + 700aza? — 12843),

= 3135
25a2 — 70azaza; + 4azal — 20a3 4 37ala? — 8aza = 0}.

For N > 5 there are N—5 equations that express a5 to ay—_» and ay as polynomials
in a; to as4. The remaining two equations involve only the variables a; upto a4 and
are homogeneous of degree N — 1 and N + 1.

The curves Ny and My are in general (i.e. for N not prime) not irreducible. In fact
we already saw, that Ny is contained in Ny for each divisor d of N, and that My
is embedded in My. We will see later, that the curves have exactly one component for
each divisor d of N and that the components only intersect in degenerate Zolotarev
polynomials. ‘
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3 The differential equation — revisited

In this section we want to recall the basic constructions of Chapter 7 and Appendix I, §7,
to derive a close connection between pairs (L,2o), where L C C is a lattice and
zo € C/L is an N-division point, and Zolotarev polynomials.

We will often use such pairs (L,zo) as above, so we define

L:={(L,z) | L C Calattice, zp € C/L, 29 # 0},
LN = {(L,zo) eL,N- 2y = 0}

For (L,z) € Ly there exists a well-defined function h = hy ,,,» with the following
properties (cf. Chapter 7 and Appendix I, §6):

1) h is elliptic for the lattice L,

2) the divisor of k is (h) = N-(0) — N - (20),

3) h is normalized by h(z) = 2V + O(2V+1).
The function h depends on N, not only on (L,z), since we did not demand N
to be the exact order of z. But one easily shows that hyp , oy = (hrz,n)". In

the following we will also make use of the function g = g1, = % RY, 20,80/ BLo20, N
(which does not depend on N by the above). This function has the properties

1) g is elliptic for the lattice L,
2) its poles are in 0 and in zp, both of order one with residues 1 and —1 resp.

In Chapter 7 we also introduced the involution
TiZ 29— 2

and we saw that g is invariant under 7: go T = g. Furthermore any function w on
C/L and invariant under 7 is a rational function in g and in fact a polynomial in g
if » has only poles in 0 and z. In Chapter 7, section 7.2, this was used to get the
two differential equations

1

and )
Qle)=4",

where P(z) = P, v =2 +--+ and Q(z) = QL () = z* 4 -+ are normalized
polynomials of degree N resp. 4 and C is a constant depending on L, 2z, and N.
The two polynomials were related by the equation

Q- P = N?22(P? - 4C),
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so P is a normalized Zolotarev polynomial. The discriminant of the polynomial ¢ does
not vanish (i.e.  has only simple zeroes): From the differential equation for g we see
that @Q(z) vanishes for z = g(z) where ¢’(z) = 0. Since g has two poles of order
one it takes each value exactly twice (counted with multiplicities) and its derivative takes
each value four times. Now ¢ is invariant under 7, so its derivative g’ vanishes exactly
at the four distinct points z1,...,24 characterized by 7(z;) = z;. But the four values
g(z:) have to be distinct, since g takes them at least with order two (g'(z;) = 0). Thus
@ has only simple zeroes.

Therefore the Zolotarev polynomial P is non-degenerate, and the differential equations
for the elliptic functions A and g finally give us maps

\I'N :. ['N — ’Pf{r
Pr o5 for N # 2,
(L, 20) = { (Pr02,C), for N =2,

and
QN . ['N ol Q?V
(La zO) — QL,zo-

Since Pr.,,~ is a Zolotarev polynomial satisfying (1) with @y, ,,, we obviously have
\I'N = §) N © P N.

If z is an N-division point of C/L, then we can also take it as an = N-division point,
ie. Ly C Lpn. The function g does not depend on N as well as the polynomial
¢}, so we have

PL,zo,nN(z) = LR(PL,ZO:N(Q’))
and
CL,zo,nN = CE,zo,N’

where ¢, is the injection from the first section.

Now we can extend the commutative diagram of section 1 to:

Ly C Lnn

en | | ®an
¥n N c N Yy
QN l .1, Qnn

° tn °
PN - nN
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4 Modular interpretation of Zolotarev polynomials

In the last section we saw that we can associate a non-degenerate Zolotarev polynomial
Pro,v = ¥n(L, %) to each pair (L,2) € Ly. Now we want to prove the

Theorem: The maps ®y and ¥y are bijections.

Proof: Since ¥y = Qy o®y and Qp is a bijection, it suffices to proof bijectivity for
the map ®y. For this we need the following

Proposition: Ler Q(z) = z* + q12® + g22% + g3z + g4 be a normalized polynomial
of degree 4, such that discr (Q) # 0. Then there exists a unique meromorphic function
g9(z) with g(z) = 1 +0(1) and Q(g) = . Thisfunction is elliptic for a lattice L ¢ C
and with é(a:) = Q(z — q1/4) = z* + G2 + G2z + ds we have

1 P+e=) o
9= =5 ) —plm) 4

where p is the Weierstraf3 p-function for the lattice L with lattice constants g2(L) =
do + @2/12 and g3(L) = §ad2/6 — G2/16 — §3/216 and z, is the point on C/L with
p(20) = —§2/6 and p'(z0) = §s/4. i

For the proof of this proposition we refer the reader to [Ju89] (see also [WhWa69],
pp- 452-455).

The injectivity of &y now immediately follows from the proposition: If ®x(L,z2) =
Qr z(z) =+ qz® + -, then we have Qy ,,(9) = g’2 for a uniquely determined
function g, SO0 g = gr .- But then the lattice L is the periodicity lattice of g and
2o is the pole of g on C/L that is different from zero. Therefore (L,zp) is uniquely
determined by Qrz, = ®n(L,2), ie. ®y is injective.

To prove the surjectivity of @, we again use the proposition: Let Q € Q%, so
especially discr (@) # 0. Let g(z) be the function in the proposition, i.e. g’2 = Q(g)
and g is elliptic for some lattice L. From the explicit formula for g in the proposition
we see that g has only two poles, namely one in 0 and one in 2y, both of order one
with residues 1 resp. —1. Now we have to show that 2y is an N-division point of
C/L and that g = gr, z,-

Since Q € Q% we know that P := Qu(Q) (tesp. (P,C) = Q2(Q) for N = 2)
is a normalized Zolotarev polynomial with QP = N2g? (P? — A%)- (and A? = 4C
for N = 2). Denote by fi and f. the functions fi := P(g) and fo := % fi/g9 =
% P'(9)¢'/g and by h the function & := -2 (fi + f2). All of them are elliptic for L
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since g is. From (1) and the definitions we have

1 i ! 2 1 ! 2
3= (WP (g)g) = (-A—,;P(g)) Q(g) =
=P(g)’ -4’ =f} - 4 |
= 2f2fs=2f1f;
fi

f; fi=Ngf1.

For the logarithmic derivative of h we get

K fi+fs  fi+Ngh
—_——= = =N. 2
h fi+h A+§; A g @

= fi=

Since the only poles of ¢ arein 0 and zp of order one and with residues 1 resp. —1
we get from (2) for the divisor (k) of h: :
(h)=N-(0) = N - ()

= N.0-N.z=0€C/L

= N-Zo-’:OG(C/L.
Therefore z, is an N-division point of C/L. Since h has the same divisor as hp, ,, n
and

h2(fi+f) 20/ -13)
1 1 1

= '2"(f1 —f2)= z_N +O(;F:1—)
satisfies the normalization condition, we have h = hy, ., v and (2) shows that g = gz, ,,.
Since Q(g) = g’Z we finally get @ = Qr,., = ®n(L, %), so ®n is surjective. [

In the next section degenerate Zolotarev polynomials will show up as values of ¥ on
degenerate lattices.

5 The embedding of the modular curve

In Appendix I, §7, we already saw that two pairs (L,z) and (L',zg) in Ly are
isomorphic ((L,zo) ~ (I, 2})), if and only if (I/,z) = A(L, zo) for some A € C*,
where the action of C* on Ly is given by A(L,2) = (AL, Azp). As one can easily
verify using the axiomatic definition of the function hy, ,,, we have /

h}\L,)\ZO,N(z) = )‘NthzO)N(z/A)
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and so

IAL Az (2) = gL,z (2/A)/ A

Therefore Q)\L,Azo = )‘(QL,zo) and PAL,Azo,N = A(PL,zo,N), and the maps ®y
and Uy are equivariant with respect to the C*-actions on Ly and Oy resp. Py
(cf. section 2). Since they were bijections, they induce bijections on the set of equivalence
classes:

v Qy/~ > N§ C PL234(C)

/

Ly~ ~ | ox
\ o
Ty ’PJOV‘/N = 3\]‘ C Pl,...,N—Z,N((C)

If we define Lyp = {(L,20) € L~ | 20 has exact order N in C/L} then the set
Ly can be naturally written as the disjoint union Ly = U d|v Ldp- This splitting
is respected by the C*-action on Lpy. Furthermore for any d1v1sor d of N we
define Qj, := ®n(Lap) = Ba(Lap) and Py, = Un(Lyp) = N/d(Pdd
Then we have Q% = Uy de and Py = Ud|N77dN Finally let

(resp. Mgy, C My ) be the images of de (resp. Pg Np) under the embeddmgs
into weighted projective spaces we discussed in section 2.

From Appendix I, §7.1, we know that the set of equivalence classes Lqp/~ can be
parametrized by Ty (d)\h via 7 (2mi(Z7 + Z), 271 /d). Restricting the above diagram
to primitive d-division points, we have

sy N3, C PL2(C)
Ti(d\b — Lap/~ ' ©))
N\

Ty Z,N,p C Pl,...,N—Z,N(c)

Thus we get two embeddings of I';(d)\bh into weighted projective spaces with images
given by N, dp and Mg y . From Appendix I, §7.1, we know, that in the homogeneous
coordinates of the weighted projective spaces the embeddings are given by modular forms.
To extend the maps to the whole of T'1(d)\h (i.e. the union of I';(d)\h and the cusps),
we have to know their values on the cusps of I';(d). From Chapter 7, section 7.6 we
know that the values of @y on the cusps of T'y(d) are given by

@ Q=)= (:z:-—k/d)(:z:+(d k)/d) for 0 < k < d,
() Q(z)=2?(z? +2-—€T:c+1) for ¢ = e*¥ and ged (I,d) = 1.
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Thus the values of ®y on the cusps are polynomials ¢ that correspond to degenerate
Zolotarev polynomials of degree N and we can combine the maps in (3), extended to
the compactified modular curve T';(d)\h, to get

¥% Ny C PL234(C)
. /
U T1(d)\b
d|N
N
-ﬂ MN cC Pl,...,N-—z,N(C)
The maps @5 and ¥y are surjective and away from the cusps they are also injective.
The degenerate Zolotarev polynomials of type (ii) have only one preimage, the ones
of type (i) have ¢(gecd (k,d)) preimages on the component I'y(d)\h, where ¢ is the
Euler o-function. Therefore the maps are embeddings away from the cusps and are also
embeddings for components I'y(d)\§ with d a prime number. Furthermore, the images
of the different components only intersect in degenerate Zolotarev polynomials of type (i).

6 Applications to elliptic genera

The image of a genus on the rational cobordism ring is equal to the Q-algebra A
generated by the coefficients of the characteristic power series z/f(z), which in turn is
equal to the Q-algebra generated by the coefficients of the power series f'/f. In the
case of elliptic genera of level N we have f'/f = g, where g satisfies a differential
equation g’2 = Q(g) with Q € Q. Sofor Q(z) = z* + q12® + g22% + g3z + g4 we
have A = [q1,...,q4]. Since Q(z) € Q3 the coefficients of the polynomial satisfy the
two relations Ax—1(g1,...,94N) =0 and Ayy1(q1,---,94,N) = 0, we described in
section 2 of this appendix.

For the universal elliptic genus of level N we also know that g; up to ¢4 are modular
forms on I';(N), so we get

Proposition: The rational image A of the universal elliptic genus of level N is generated
by 4 modular forms q,...,q94, of weight 1 up to 4, which satisfy 2 weighted homo-
geneous relations An_1(q1,-..,94,N) = 0 and Any1(q1,-..,94,N) = 0, of degree
N—-1and N +1. ' pid

For general N there will be more relations, since the algebraic curve with function
field Q[g1,...,94]/(AN—-1,AN+1) has one component for each divisor d of N, the
component parametrized by modular forms on I';(N) is the one with d = N. For N
prime, we have only one component and there are no more relations.

That means for large N the image of the genus will only be a small subring of the ring
of modular forms on T';(N).
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In his Diplomarbeit [H691], G. Hohn studies a universal elliptic genus ¢ that gener-
alizes elliptic genera of all levels:

This genus belongs to the characteristic power series z/f(x) suchthat g = f'/f satisfies
g'2 = Q(g) for Q(z) = z* + q12® + ¢22% + g3 + ¢4 and g1,...,qs, indeterminates,
i.e. the polynomial @ is no longer restricted to belong to a Zolotarev polynomial. Elliptic
genera of any level N factorize over this genus ¢.n. After a homogeneous change of
coordinates Hohn gets

Pell : QQ — Q[A,B,C,D],

where A,B,C,D are again indeterminates of weights 1 upto 4 (i.e. ¢; upto g4 can
be expressed as homogeneous polynomials in A, B,C,D and vice versa), and for an
SU manifold M, i.e. a stably almost complex manifold M with ¢;(M) = 0, there
holds goeu(M) € Q[B,C,D].

Using the rigidity theorem of Hirzebruch for level N genera (see Appendix III), Hshn
shows the following

Theorem: The universal elliptic genus ey is rigid for S'-actions on SU manifolds.

Another result he proves is the invariance of level N elliptic genera under blow ups in
codimension 1 modulo N. Furthermore Hohn determines the kernels of we and of the
level N elliptic genera in terms of ideals of manifolds with certain kinds of S'-actions
and ideals generated by certain fibre bundles.
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