SEMINAIRE N. BOURBAKI

FRIEDRICH HIRZEBRUCH
A Riemann-Roch theorem for differentiable manifolds

Séminaire N. Bourbaki, 1958-1960, exp. n° 177, p. 129-149
<http://www.numdam.org/item?id=SB_1958-1960__5_ 129 0>

© Association des collaborateurs de Nicolas Bourbaki, 1958-1960,
tous droits réservés.

L’acces aux archives du séminaire Bourbaki (http://www.bourbaki.
ens.fr/) implique ’accord avec les conditions générales d’utilisa-
tion (http://www.numdam.org/legal.php). Toute utilisation commer-
ciale ou impression systématique est constitutive d’une infraction
pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SB_1958-1960__5__129_0
http://www.bourbaki.ens.fr/
http://www.bourbaki.ens.fr/
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/

Séminaire BOURBAKI
(Février 1959)

A RIEMANN-ROCH THEOREM FOR DIFFERENTIABLE MANIFOLDS

by Friedrich HIRZEBRUCH

We shall show that the Riemann-Roch-Grothendieck theorem [27] has analogies in the
differentiable case. The theorems are formulated in 3.4, 3.5, 3.7 « In 3.3 their
-motivation by the RR=-Grothendieck theorem is explained. Further generalizations
of these differentiable RR-theorems are possible (ATIYAH) but we shall not go
into that. Paragraph 4 brings examples how one can apply the differentiable
RR~-theorems. In paragraph 5 we indicate the proofs which rely heavily on the Bott
theory [4],[8].

The results reported upon in this exposé are mainly due to ATIYAH and can be
found in his correspondence with the speaker who had conjectured theorem 3.4
and has contributed a little bit to the prodf of the differentiable RR-theorems
and to thelr applications.

1. The groups K(X) and KO(X) .

Y

The base spaces X , Y of vector bundles are assumed to be finite dimensional
CW-complexes except otherwise mentioned. This assumption, much too strong for
many of the following definitions and results, is made for convenience.

l.1. - Let F(X) be the free abelian group generated by the set of all isomor~
phy classes of complex vector bundles over X . (It is not assumed that a complex
vector bundle has the same fibre dimension over different connectedness components
of X). An element x of F(X) 4s thus a formal finite linear combination

x =n }i » ng €2, X, complex vector bundles over X .

Let

(E) 0=>F'—=>F—> " —o0
be an exact sequence of. complex vector bundles s (e ¥ 1is the Whitney sum
F'®@§")e To (E) ve attach the element Q(E) = J - ' - %" of F(X) .
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DEFINITION. - K(X) 4is the quotient group of F(X) modulo the subgroup genera—
ted by the elements Q(E) whers E runs through all exact sequences with three
terms. In the same way, starting with real vector bundles, one defines the group
KO (X) , (where Mq stands for "orthogonal").

A

This definition is analogous to that of [2], paragraph 4. The group operation
in K(X) and KO(X) respectively is called "Whitney sum".

-~
1.2, = A complex vector bundle is called trivial if it is the product bundle over

each connectedness component of X . Two complex vector bundles fl ’ f 2

(over X) are called I-squivalent if there exist trivial complex vector bundles

Y1 » Mo sSuch that ¥, @ hy and ¥, @ v, are equivalent. To each complex

vector bundle « there existsa complex vector bundle f such that L@ p 1s triwvial.

This follows from the consideration of the universal bundle over the Grassmannian.

Thus the I-equivalence classes constitute an abelian group K'(X) whose group

operation 1s induced by the Whitney sum. We have the canonical split sxact sequance

(1) 0 — (X, 2) LK) — K@) —0

where j is the isomorphism of ° x, Z) onto the subgroup of K(X) generated
by the trivial bundles. If one attaches to each vector bundle g the elesment
rk(}) of H° (x, Z) which as a continuous map X % Z attaches to each

p €X the dimens:.on of the fibre of }‘ over p , one gets the "rank-homomorphism"
rk : K(X) - #° (X, 2) with rk o j=1Id.

The tensor product of vector bundlss induces a product in X(X) , but not in
K (X) A, which is also called tensor product. K(X) is a ring with respect to
Whitney sum and tensor product.

1.3, = The discussions of 1.2 can also be made for real vector bundles. We have
the ring KO(X) and a canonical ring homomorphism KO(X) —>K(X) , the complex

AN Y
extension. If f is a continuous map Y —>» X , then we have ring homomorphisms

;K@) > K@) and £ : K (X) > K () which are induced by the lifting

~A

of bundles.

1.4+ - The (total) Chern class c(¥) =1 + c; (%) +0,(§) + eoe is well
defined for every SeK(X) « This follows from the Whitney multiplication theorem

(2) o(F) =c(¥)eclg")
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*
for every exact sequence (E) , (see 1.1). The Chern character ch(f) e (X, 3)

1s defined as follows

(3) =m(p) +Z (0 1-1), jex®m

where the Chern class c (} ) GHZi(X Z) is regarded formally as the i=th
slementary symmetric function in the &, + If ¢ (§)=0 for 0<icn,
then ch(E) = rk(}) + (- l)n—l cn(s )/ (a -1) l + higher terms.

ch 3 K(X) --)H*(X ,.‘3) is a ring homomorphisme

The Pontrjagin classes of an element «é€ KO(X) are well defined [5], para-
graphs 4.5, ch() is defined as the Cherr™character of the complex exbension

of X o

ch : K (X) > H'(X » @) is a ring homomorphism.
Mq ~A
1.5. = The theorem of Peterson [ 8] » theorem 3 is a consequence of Bott's

theory. It can be formulated as follows.

THEOREM, - If the torsion coefficientsof qu(x 2y 2), a=1,2, 404, are
O or prims to (q -1)i, then ch ; K(X) = H'(X » Q) is & monomorphism,

Thus, under the above assumptions, K(X) and the subring ch(K(X)) of
H'(X , Q) are isomorphic.

1.6. - For the sphere ,.Sh2n we have K(S ) = ch(K(S )) =H &Sgn R Z) + This

follows from Bott's theorem ([4] and [ 8] theorem 2) that the Chern class c,
of a complex vector bundle over ,.§2n is divisible by (n -'1)! and that there
exists a complex vector bundle over ,.§\2n with °, equal to (n - 1)1 times
a generator of Hznggzn R Z) s See also [1], paragraph 26.5 . For a sphere

Eﬂk we have

Fo(Ba) 2 ohlKo(Sg)) = H(Sg, , 2

whereas for the sphere .im with m = & + 4 we have
K@)cmm@)%m% ,)+2ﬂ$, .
M

”

(See [8] , lemma on p. 07) .
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1.7 = Lot BU denote as usual the classifying space of the imfinite unitary
group. BU is the limit of the classifying spaces BU( ) * The "universal® Whitney

sum BU(r) x BU(s) —)BU(r-bs) induces an H-space structure on BU Let

o! € BU be a base point. In the following all sets of homotopy classes are taken

with base points. If X 1s a space, we lst X" be the disjoint union of X with
a point e which plays in X* the role of a base point. The group w(x* BU)
is canonically isomorphic with X'(X) , (see 1.2). -

Let X be B, x Z with base point o' x O . It is an H-spece. It follows from

1.2 that K(X)“and TT(X+ K) are canonically isomorphic. For an arbitrary space
X we define K(X) to be TI?(X ) . Chern classes and Chern character for an
element of K(X) are well—deflned For x< K(X) we have ch(f) ex* *(x ,3) .
Here H** denotes the direct product of the Hj . K(X) can also be made into
a ring.

If Y 4is a subspace of X , we can consider the space X/Y obtained by collap-
sing Y to a point which is then teken as base point of X/Y . We define

KX, Y) = (XA ,Nli) .

For ¥ €K(X , Y) the Chern character ch(3) 1ia an element of B (x , Y ;'3) .

If the peir (x s Y) satisfies the homotopy extension condition, then we have
the exact sequence

(3) K(X , Y) = K(X) > K() .

The suspension SA of a space A with base point a isthe double cone over A
with the generator through a shrunk to a point which is then taken in SA as
base point. The m=fold suspension Sm(X+) is the cartesian product X x ,..S,Jn
with X x {b} shrunk to a point for some b € Ns.an , the point corresponding to
X x {b} being the base point. We have the split exact sequence

(4) O%K(Xx'gm,}(x{b})—j%K(Xxsm)—i)K(X)—)O

(For (3) , (4) compare D. PUPPE [10] . This author shows how (3) can be imbedded
in an exact sequence unlimited to the left).
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Corresponding definitions are possible for real vector bundles. We define the
H=space Ko =By x Z , etc. We have the exact sequences
A A

M A

(5) Ko(X , ¥) =K (X) = K (¥)

o o A

6) O0—»K,(X x5S , Xx{b})»zig(x x8) >k, (X) +o0 .

AN

1.8. - Let ™3 W, be the projections of X ><AS“m on its two factorse.
T'f K(X) 4s a direct summand of K(X xgm) «Let m be even, m=2n >0 . Let
" QKS.Sﬁn) be the element whose Chern character is the canonical generator g
. * P
of Hzn(ﬁzn ’,.E) , (see 1.6). It is clear that Ty K(X) a :\T27 is in the

kernel of the.homomorphism j of the exact sequence (4).

THEOREM. - o — v} « @ ) 7 is an additive isomorphism of K(X) and the

kernel of j .

- S - .
COROLLARY, K(X x mzn) K(X) @ K(EZH) Each element < of K(X x 32n)
can be written uniquely in the form

T X+TIpeTS v o, B oeKE) .

Each element x € ch(K(X x Ezn)) can be written in the form
(7) x=Tja+ (W o) (wye); a,bechk) .

We give in the following section an analogous theorem for real vector bundles.
The proofs of the two theorems 1.8 , 1.9 , will be sketched in paragraph 2.

1.9, - We consider (6) with m = & . Let g be the canonical gensrator of
¥, ).

PROPOSITION. ~ There exists an additive isomorphism of KO (X) and the kernel of
AA

Ko(x x ,5\81:) —)KO(X) if X is a product of spheres or the suspension of a
N

AN

S pace.
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THEOREM. = Each element x € ch(KO(X x Ssk)) , X arbitrary, can be written

AN

x = 1T'; a + (’n‘it b)(ﬂ_; g) ;3 a,b €ch(Ko(X)) ‘

A

2. The Bott isomorphismse.

2.1. = Bott defines in[4]amap £ of G = U(2m)/U(m) x U(m) into

Q S U(2m) as follows, Let s (t)be the diagonal matrix with first m entries
exp(2 it) and last m entrles oxp(~ 2 Mi%) . For u e U(Zm) let gm(u) be the

loop in 33(21:1) with

gm(u)(t) = u.sm(t).u-l.sm(t)“l , 0<t <1

-

£ 1is induced by g . In the limit f gives rise to a map By —)‘Q‘ig and

since U =-0~S1 x £13 U we get a map
A AN MA

N

F: K=B, x2->8U
One can check that F preserves the H-space structures of K (Whitney sum)
MA
and of QU (loops). F is, according to one of Bott's main results, a (weak)
~N

homotopy equivalence. Since we have a canonical (weak) homotopy equivalence

u— QB 5 we get a (weak) homotopy equivalence

1) kK—>9%p =0 .

U .

This is the Bott periodicity (period 2) for the unitary group.

For any space X we have by (1) a homomorphism " , K) > T\'(X+ , o? K)
N AA

and the isomorphism IF(X+ , o2 K) = “'(Sz(x+) , K) « For any finite dimensional
N AN
CW-complex X +the composition

(2) mx*, X) =K(xX) - T(EEEY ) =K(X xS, , X x {b})

is an isomorphism. We wish to show that this Bott isomorphism is of the form
given in the theorem of 1.8.
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From (1) we get a map s? (¥*) = K and a homomorphism
Y A
3) H**(K , Q) -)-'H**(SZ(K+) , Q) (*H : cohomology classes with augmentation 0).
MA Vel A A

ok
Thers is a canonical isomorphism of 'HM(S2 9{:) , 3) and H (K, 3) lowering

degrees by 2. (3) followed by this isomorphism gives a homomorphism
(4) B, ) » (K, Q) .

It was shown in BOTT [4] - modulo certain precautions concerning the O-dim
classes which we have to take in account here, that (4) is a derivation of
poiynomials. which leaves the universal Chern character unchanged. This proves
theorem 1.8 at least if one goes over to Chern characters. But since the complex
Grassmannians are universal base spaces and are free of torsion, 1.8 follows
now from 1.5 (We have proved 1.8 only for n =1 . It follows for arbitrary n
by a simple induction argument).

2.2. = The Bott periodicity (period 8) of the orthogonal group means that there
exists a (weak) homotopy equivalence

_ 8. _ _8
(5) AE—BOx'ﬁ-—)--Q.BO_-Q.MKAO.
A AA MA

This proves the proposition 1.9. Quite likely (5) respects the H-space structures
(Whitney sum=loops). If so, the assumption on X in Proposition 1.9 could be
avoided. Bott does not prove the periodicity (5) wibh the methods of [4] « Instead
he uses for (5) his |L-sequences of symmetric spaces ((8] , and [3] detailed

version to appear later). Bott constructs a |» —sequence Mi with Mi = M:.Lﬂ

(1=0,1, ...) for which M, =£(2n)49(n)xg(n) and My =£(32h)4q(16n)xg(16n).

By a detailed investigation of this } -sequence it will probably be possible to
descrite explicitly the isomorphism of proposition 1.9 and to avoid the assumption
on X 1in this proposition. This was not done so far. It is howsver possible to
give for the theorem 1.9 a more indirect proof starting from the diagram of
Bott homomorphisms
Ta(Bg) —>
~

4n+8 (BO)

! !

”A ~A
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Since the groups involved are all Z , and the horizontal arrows are isomorphisms ’
while the vertical ones are either ?somorphisms (n even) or multiplication

by ¥ 2 (n odd) it follows that this diagram is commutative up to sigg. Theorem 1.9
can be deduced from 1.8 and proposition 1.9, One uses that the rational Pontrjagin
ring of BO (the H~space structure being given by the Whitney sum) is gensrated

N
by the spherical cycles and that theorem 1.9 is true if X is a product of
spheres. For the last fact the diagram has to be applied (This mothod gave theorem
1.9 for k =1 . It follows for arbitrary k by a simple induction argument).

3. The Riemann-Roch theorems.

3., = Let {A (p1 »eve s Py )} be the multiplicative sequence of polynomials
([5], paragraph 1) belonging t.o the power series
5V
oz) = ———
sinh=\z
The the (total) S\-class ([1], paragraph 23.1) of a real vector butidle X (with
base B_ ) is
3

(s}

W UP) =3z Ayl (3) 5 eee s By (5N € 8%m, Q)

where pi( 5) € H41(B s ) 1is the i-th Pontrjagin class. @W(X) , for a diffe-
rentiable manifold X, is the &l-class of its tangential bundle.

3.2, - Let Y be a differentiable manifold whose integral Stiefel-Whitney class
W3 vanishes. Then there exists an element d € }12 (Y Z) whose restriction
mod 2 is the Stiefel-Whitney class u, of Y .We have the subring oh(K(Y)) of
H (Y , Q) Maltiplication with the element ed/ QA(Y) , which is inversible
with respect to the cup~product, induces an additive isomorphism of K(Y) onto a
subgroup R(Y) of HY(Y, Q) .

d/2

2) R(Y) = ch(K(¥)).e¥2.80(Y) .

The group R(Y) does not depend on the choice of d . Namely, if d and

@ €K (Y, 2) have w, as restriction mod 2 , then d - ' = 2y vith

y € Hz( Z) . The assertion follows since o .ch(K(Y)) = ch(K(Y)) « The additive
group R(Y) cH (Y, Q) 18 called the Riemann-Roch group of ¥ « It is defined

for arbitrary differentlable manifolds with Wy =0 . It is isomorphic to eh(K(Y)).
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3.3. - The preceding definition is motivated by the RR=~theorems of [5] and
[2] . If Y is compact and carries the structure of a projective algebraic
manifold, then we can choose for d in (2) the Chern class ¢, of ¥ .CI}‘ is
a holomorphic complex vector bundle over Y , then the element ch(ﬁr) Yoo 1 Q{(Y)
of HY(Y , 3) plays the following role in the RR~theorem [5] . Its value on
the oriented fundamental cycle of Y is the Euler number of Y with respect
to the cohomology with coefficients in the sheaf of holomorphic sections of v
(When taking the value on the fundamental cycle all components of dimension less
than the topological dimension of Y give O0).

GROTHENDIECK [ 2] has proved a more general theorem which involves the Gysin
homomorphism f . * If Y and X are compact oriented manifolds and if
f: Y—>X is a continuous map, then f 4 1s the linear map

* *
£, H(¥, Q) —HX,Q)

obtained by the Poincaré isomorphisms H*(Y Q) &Y (Y Q) and

H*(X Q) ~H x, Q) from the homology homomorphlsm H (Y Q) — H (X 3)
induced by f . GROTHENDIECK shows for projective algebralc ma.nifolds Y, x,

a holomorphic map f ¢ Y —>X and a holomorphic complex vector bundle Y over
Y that

f(ch(7).e (r)/2 -8UY)) €R(X) .

More precisely, he finds an explicit element f,( v’) €K(X) , given by the
alternating sum of the direct images of the sheaf of holomorphic sections of Yo

such that
c; (Y) ( )/2 ~
f*(ch( ’\')).e ﬂ(Y)) = ch(f ( 7)):6 SYX) .

The HR~theorem of [5] is Grothendieck's theorem for the map of Y onto a pointe.
The RR~theorem of [5] gave rise to the question whether for ever‘ry compact orienw-
ted differentiable manifold Y (with w (¥) = 0) the value of any element of
R(Y) on the fundamental cycle of Y is an integer. This question was answered
in affirmative (except the prime 2) in [1] s theorem 25.5. The prime 2 was also
settled (see (1], Part III and [61), using new results of MILNOR (compare

THOM'S talk in this seminar). These integrality theorems can be generalized in

a way which parellelizes the Grothendieck generalization of the RR~theorem of
{57 . Needless to say that these generalizations, which we call audaciously
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RR~theorems for differentiable manifolds, do not contain the Grothendieck theorem
as a spescial case.

The old proofs of the integrality theorems and the new proofs of their Grothen-
dieck type generalizations are completely different. Bott's theory was not used
in the old proofs.

In the remaining sections of this paragraph we shall formulate the.differentiable-
RR-theorems. In paragraph 4 we will give applications and in paragraph 5 we
shall sketch the proof.

3.4, - THEOREM, - Let Y and X be compact oriented differentiable manifolds
whose integral 3-dimensional Stiefel-Whitney classes vanish. Assume that
dim ¥ =dim X (mod 2) . Let £ : Y—X be a continuous map. Then

(3) £, (R(Y)) cR@X) .
Fixing elements b €H2(Y » 2) and a EH2(X » 2) whose restrictions mod 2

are WZ(Y) and wz(X) respectively, (3) means that given y € K(Y) , there
exists € K(X) such that

@) £,(on( 9).0%2. 1) = en().e2.skn)
This equation is equivalent with
5) £,en( )™ 2 i) = an( ). 640

which motivates the following generalization of the preseding theorem.

3.5, — THEOREM., = Let Y and X be compact oriented differentiable manifolds
with dim Y=dimX (mod?2) « Let f : Y->X be a continuous map satisfying

*
(6) £y (X)) =w (Y] .

Let d eH (Y s 2) have w,(Y) - e w,(X) as restriction mod 2 . Such a d
exists by (6) « Then for given 76 K(Y) there exists b3 € X(X) such that

(7) f*(ch(\?).ed/z.a')m) = oh(g).él(x) .
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Iet us call f above a ¢, —map i1f a definite element y () € 1-12(Y ’ mZ“) whose
restriction mod 2 1s W, (¥) - f"(‘w2 (X) has been chosen. let us further define

() 8u(e) = awy) (s
and
o (£)/2 . .
9) fl(y) = f*(y-e &BAf)) for y sH (Y ,3) .

We have thus defined a linear map
g0 B, Q) —H'(Xx, Q) .

Theorem 3.5 is then equivalent with

(10) £,(eh(K(Y))) ¢ oh(K(X))
and (7) takes the form
c, (£)/2 ~ ~
(11) f*(ch('] )ee JAUY)) = flch(v)).DJ(X) .

Notice that fl is only defined for a oj-map f . The composition f o g of

two o;-maps g ¢ Z—>Y and f3: Y—>X (where Z ,Y, X are oompacf. orien—
ted differentiable) is in a natural way a c,-map. One chooses

o (£ 0 g) =0, (g) +&"(cy(£))
Since
S o g) = W(g).g (BNE))

we obtain the functorial property

(12) (f o g)x =f o g .
Thus, if (10) is proved for the c,-maps g and f , it is proved also for

their composition. This fact is, of course, useful for the proof of theorem 3.5,
or equivalently of (10). Since every continuous map is homotopic with a
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differentiable one, we need to give the proof only for a differentiable f .

REMARK. — It arises the question whether one can define for a ¢, ~map
f: ¥Y—X, (dnY =dim X (mod 2)) , a homomorphism f, : K(Y¥) => K(X)
(such that ? is functorial like 1} in (12)) which satisfies the "Riemann-Roch-
Grothendieck equation™

£)/2

( A n
f*(ch(y).ecl BU(Y)) = enlt, 7)-JL{(X) .

Since ch ¢ K(X) = H*(X , Q) 1isa monomorphism if X has no torsion (1.5) ,
f? is canonically defined 5?; X has no torsion. ATIYAH has developped a
RR~theory for almost-complex manifolds and almost~complex maps with a functorial
f? o He uses essentially the fact that the classifying space BU(n) has no

A

torsion, whereas in the proof of theorem 3.5 the classifylng space BSpin(n)
AN

will occur which has torsion.
3.6. = For an S0(n)-bundle Yy the Stiefel-Whitney class wz( Y) venishes if

AN

and only if the structural group can be reduced to Spin(n) with respect to

AANAANA

the covering map Spin(n) —> SO(n) . This fact motivates the following termino-
AN AN

logy. £t Y -—>X is called a Spin-map if w,(Y) = £* w.(X) . The Spin-maps

may be identified with the ¢, ~maps f for which ¢ (f) =0 « For a Spin-map

we have theorem 3.5 with d = 0 . We have moreover the following result for
orthogonal bundles.

3.7. -~ THEOREM, ~ Let Y and X becompact oriented differentiable manifolds

with dim ¥ = dim X (mod 8) « Let £ : Y —X be a Spin-map. Then for given
—— — AV
M € KO(Y) there exists geKO(X) such that

AA A

(13) £ (ch( ). 8KY)) = ch(g).8HK) .

4. AEElications o

4.1+ ~ If one applies 3.4 or 3.5 to the case whers Y dis mapped onto X = point,
one gets the integrality theorems mentioned in 3.3. For example, we get the
integrality of the Todd genus of an almost-complex manifold and alsoc the integrality
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of the K-genus [1], paragraph 23.1 of a compact oriented differentiable manifold
whose second Stiefel-Whitney class vanishes. This last fact means for a
4-dimensional menifold X with w, (X) = 0 that ) (X) =0 (mod 24) , whereas
ROHLIN has shown in this case that p, (X) =0 (mod 48). This factor 2 could not
be obtained by the old methods. But Rohlin's theorem will follow from 3.7

(as special case of 4.2).

Let Y be a manifold with dim Y = 4 (mod 8) . It is assumed to be compact
oriented differentiable. Assume moreover that v, (Y) =0 . Let f be the map

¥ — 3, which sends Y onto a single point of S, « Then f is a Spin-map

satisfying the assumptions of 3.7. Let %€ ‘KO (Y) . It follows that the value

of ch(v )e QTKY) on the fundamental cycle of Y is an even integer. In fach,
this value which was denoted in [1 , paragraph 25.5] by A(Y V)) equals the
value of ch{ T ) on the fundamental cycle of 8 Sa since Ql(S ) =1 , Here I
has the meaning of 3.7. Since p, ('S v (‘;) =0 mod 2 and since ch(§)
equals its O-dim term plus p; (‘g) , we have that ch( f) [34] is even. We
have proved the following theorem which was conjectured in [1] , baragraph 25.6.

4,2, — THEOREM, - Let Y be a compact oriented differentiable manifold with
din ¥ =4 (mod 8) and wy(Y) =0 . Iet n Do an element of K,(Y) . Then

A -~ A
A(X, 0,1) 1is an even integer ; in particular, the A-genus of Y is an even

integer which for dim Y =4 1is Rohlin's theorem : P, (¥)= 0 (mod 48).

The integrality of the A-genus (if w, (Y) =0) together with the sharpened
result of 4.2 on this genus implies by MILNOR-KERVAIRE (8], [9] that, in the

stable range, the image of J : 7T skl (S0(n)) = w is cyclic of

neated Sn)
an order divisible by the denominator of the rational number Bk/4k « Here Bk
is the k-th Bernoulli mumber (B, =1/6 , B, =1/30, By = 1/42 , oi0) o We
shall give later a different proof of this result using homotopy invariance
properties of Pontrjagin classes.

4.3. - REMARK. =~ It is not astonishing that 4.2 contains Bott's theorem (1.6)
that the Pontrjagin class P4 ©f an orthogonal bundle over SE +4 is divi-
sible by (4r + 1)}.2 . If one maps sBk onto a point, 3.7 gives that the
Pontrjagin class Poy of an orthogonal bundle over SBk is divisible by

(4k - 1)t o
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4.4. Homotopy invariance properties of Pontrjagin classes. - As always we
consider compact oriented differentiable manifolds. Let £ ¢ Y ~>X be a
homotopy equivalence and g ¢ X =Y its homotopy inverse. We can use 3.7
for the map £ and put ch( 7) =1 . This yields

(1) g (B))/8Ux) € oh(Ky(K)) < ch(K(X))
Using 3.7 for the map g yields

n * ~
(2) QUX)/g" (BAY)) € ch(Ky (X)) Coh(K(X)) .
Equations (1), (2) imply for manifolds with vanishing third Stiefek-Whitney class
that the Riemann-Roch subgroup of the rational cohomology group is a homotopy

type invariant, (see 3.2 , 3.4).

To be more precise, let us denote by pi the imags of Py in the quotient of
H41(X ,AE) modulo its torsion subgroup. Actually in all RR~theorems only the

pi are relevant. (1) , (2) contain information on the bshaviour of the Pontrjagin
classes pi under homotopy equivalences. We give only an example ¢

4.5+ - THEOREM, - The first Pontrjagin class pi of a compact oriented differen-
tiable manifold X 4s a homotopy type invariant mod 24. If H2(X ’AEZ) =0,
.then it is a homotopy type invariant mod 48.

Proof : Under a homotopy equivalence g of X, we have according to (1) using
the notations of 4.4

g - p (¥)/24)/Q = p, (X)/24) = 1 + p (§) with ¥ ek (x) .

M

Thus
(py (%) - g* p, (¥))/24 = p, ()

_ 2
which proves the first assertion. If H2(X ,452) =0, then pl(} ) = wz('§) =9
mod 2 . This proves the second gssertion.

REMARK. = 4.4 and 4.5 are also trme for non-orientable manifolds because the
RR-theorems 3.5 , 3.7 are true (also if the manifolds are non-orientable) if
the map £ 3 Y~ X is orientable (f* Wl(X) = wl(Y)) « But we do not consider
these generalizations of RR .
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4,6, - We consider the stable groups Tk l(SO(q)) and Tr4k—1+q£,s.\q) ’

(@ >4k +1) . Every element o of the first group may be identified with a
principal SO(q)-bundle over S ax to which a sphere bundle (fibre ...S.q-l) is

associated. We denote the total space of this sphere bundle by B(«') . Let
T ¢ B(X)— S4k be the projection. ‘TT’t is a monomorphism. It is easy to

show that the total Pontrjagin class of the manifold B(%) is given by
(3) p(B(X)) =1 + 7 p (%)

Next we consider the homomorphism J : TT4k—1 (~§g(q)) -5~ "4k—1+q£§q) o Lot & be

an element of the first group and assume JX =0 . Then B(®) and the product

M4k x S i = B(0) are of the same homotopy type. ([7], who proves also that

Jok =0 :_mplies the homotopy equivalence of B(«) and B(0)) . We shall now
apply (1) ¢ Let g be the homotopy equivalence B(0) —> B( &) . We observe

that &QAB(0)) equals L and that

B
(4) 8y(B(x)) =1 el P revall p(x) .
ﬁHere we use the explicit formula for the coefficient of P, in the polynomial
A, 3 compare (5], paragraph1).By (1) there exists an element ve KO(B(O)) such
that “

* ~

(5) g &l(8()) = o) -
We multiply this equation with (2k - 1)! and get by (4)
6 - g =2
(6) (B /4k).g” 1 (p (X)) ply) .

We restrict to (S (S > point) ¢ S4k g1 = B(0) . This gives a stable element
say peTr, 1(SO(q)) « It follows easily that the restriction of g T(x) to

m4k x point 1s - To . 1 Bk/4k is expressed in lowest terms as a quotient
of integers, (B, /4k = N,/M_) , then (6) yields

(7) Py *ZH ) =0

R 4k
Pr ¢ Ty SVS*E)\(q)) —> H S,S.Ak , Na) is a homomorphism of two infinite cyclic

group which has kernel 0 , (in fact it is known (1.6) to be multiplication by
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(Rk = 1)1 or (2k - 1)1.2 resp., depending whether k is even or odd). Thus
(7) implies that & is divisible by M vhich is exactly the result of
M?LI.\IOR-KERVAIRE (8], (9] that the inage of J in v 4k_1+q§q) has an order
divisible by the denominator of Bk/ 4k . (This is actually a little improvement
of [9] ; compare 4.2).

REMARK. - The second statement of theorsm 4.5 is best possible : Take in
the above discussions k =1 and & to be 24 times a generator of TY3 &Sg(q)) .
Then B(0) and B(X) are homotopy equivalent, but the first Pontrjagin class
is O resp. 48 times & generator of H4(B(0) , 2) resp. H4(B(o() , 2) « This
type of examples is due to THOM. ™ ™

5« The proof of the RR~theorems.

5.1. -~ We are going to prove the RR~theorem 3.5 for a differentiable ¢, -map
f: Y—=>X, i.e. we have to prove (10) of 3.5.Imbed Y in X x Y by its
graph @

%t Y~>xxy, ¥ply) = (2@) , ¥) .

Let 1 be an imbedding of Y dinto a sphere of even dimension say 2n . Then
f x1 is an imbedding j of Y in Xxf@n

We can make j to a c;-map by letting c (j) equal ¢, (£) » If 7, 1is the
projection of X XNS@n on X, we have f = T, o J . The projection . 'Wl

becomes a c¢;-map by putting ¢, ('rrl) =0 . Then the c,-map f is the composi-
tion of the c¢;-maps j and T, . Thus we have to prove (10) of 3.5 only for the
case of an imbedding and for the projection TT1 .

5.2. - Riemann—Roch for 7, ¢ X "MS,,?.n —» X with cl(Tl‘l) =0 . We wish to
N
prove (10) of 3.5 for this projection. Since 8)*l(ﬂl) =1, we have only to
prove that (rrl) x maps ch(K(X x S, )) in ch(K(X)) . But this is an immediate

consequence of (7) in 1.8.

We remark here already .that theorem 3.7 follows in the case of the projection

X x SBk —>» X from the theorem in 1.9,
AN
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5.3. = We still have to prove (10) of 3.5 for the case where Y is a differen-
taible submanifold of X and f : Y —>X is the injection. Let ¥ be the
normal bundle of Y in X . Then @:l(f) = Qﬁ(v)-l y and ¢ (f) 4s an element
of HZ(Y ,MZA)‘ whose restriction mod 2 is w2( ‘&).-". Let A be & closed tubular
neighborhood of Y whose boundary E 1s a sphere bundle over Y assoclated
to v . Lot

W, + HY(Y ,&)-—)-H*(A »E5Q)

be the Gysin~Thom isomorphism ([11]). Assume that we have found (€K(A , E)
such that

e, (£)/2 ~ -1y _
(1) ¥ (el eau(»)7) =ch(p) .
Then (10) of 3.5 is proved for f . Namely let me€ K(Y) . Since K(Y) and
K(A) are canonivally isomorphic, we have an element 17’ €K(A) . Via tensor
product, K(A , E) is a K(A)-moduls and V)' ® {3 an element of K(A , E) with
Chern character ch(")').ch((&) GH*(A , E ;&) . Standard rules ([11] , théoréme
I.4) and (1) yield

£)/2

( n
(2) \(*(ch(r)).ecl B(v)™) = ch(y' ® p) g chl(k(a , B)) .

Since K(A , E) =K(X , X = (A =E)) , we get by the canonical homomorphism

KX, X - (4 -E)) = K(X)

from 7'@ ( an element Y of K(X) and (2) implies

(£)/2

(3) £, (ch( 7).901 Bu(w) Y= ch(y ) € K(X)

which was to be proved. It remains to find an element P satisfying (1).

This is done by a universal contruction in the next section.

5¢4¢ - A general reference for the terminology of this section is [1] .
Let T_ be the covering map Spin(q + 2) = S0(q + 2) . Put

1q AN [eand
Gq = Wq %(2) xaﬁg(q)) « It is connected and a twofold covering of
S0(2) x S0(q) « We have
AAA M
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(4) G2q/62q-l =Spq1

Let Bq be the classifying space for Gq « Then we have a fibration

(5) Pt Bygy ~>Byg s fibre S,

which is associated to the universal principal 62 -bundle T over B2q o Lot
T be the standard maximal torus of SO0(2) x S0(2q) and y , X; 5 eee y X the

standard base of H (T, ) Put T! = Trgl (T) « It is a maximal torus of
qu and covers T twofold. (w q[T')* : H (T, 2) = e (T ’..Z.\) is a monomor—
phism. We regard B (T, Z) as subgroup of H (T* , Z) . We have
MA
+ + + 1
("‘ "'xl "'JCZ =~ eee —Xq)/2 EH (T‘ ,"ZA) .
Let A;H s TeSp. A;+1 » be the right, resp. left, spinor representation

of Spin(2q + 2) . If one restricts these representations to - G,, they split into
AN q

irreducible components. Let Z; be the component of the restricted A
which has highest weight (y + X *eee tx )/2 . Correspondingly let

A q be the component of the restrlc‘bed Aq 41 Vhich has highsst weight

(y + X+ oeee t xq_l - x )/2 . The characters of E and A (in the sense
of [1] , paragraph 10 +2) can easily be computed. We obtaln

~ /2 - ./2 '
ch( A;) - ch(A;) = ey/2‘ —rr(exi -e g )
i=l

(6)

xl X2 Iy qu

~ ”~
The universal qu—bundle. 'g‘ can be extended by A; and A; « We get elements

BT AL T exB) -

Let A2q be the mapping cylinder of f (see (5))« Then we have the commutative

diagram of exact sequences
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o %
KAy » By -4 K(By,) £ K(Bygy) » (KByg) = K(d, )

chl chl chl
*% " L kR
0 — B {8y, qu-1) — (gq)——, H (qu_l) —0
(rational cohomology) .«

A g A 3 is in the kernel of r* since by (6) the characters of the two
representations are equal when rest.rlcted to G2 R Thus there exists a
pqu(A » Bog ) with j(p ) = 5 § - This p_ 1is not uniquely
determined, however, by the dlagram, ch (5 ) is u.nlquely determined. Under the
negative transgression e (T, Z) is mapped into }12( Bpy Q) ; corresponding
elements are denoted by the same symbol. As usual B (B 2q ? Q) is regarded as
subring of w* (BT' ) 3) e Over qu we have canonically a prlncipal
Eﬂgzq)-bundle Y q and a principal 33(2)-bundle 51 which is an Mll(l)—bundle.

Let ¢y be its first Chern class. Let w2q be the Euler class of vq « Then

(6) goes over in
(7) n(B? 3) - el 3) =0t i )
q q 2q q
We observe that (5) is also associeted to Y4 and that w2q is the Euler
class of (5) and get by standard rules

() \?*(e‘ﬁ/".m( v )™ = en(p)

sk %%k
where ¢ ¢ H (132q , 3) —>H (Azq ’ qu a3 3) is the Thom=Gysin homomorphism

5.5. = In 5.3 (1) we looked for a certain (€ K(A , E) + This can now be
found as follows. Let $ be a principal SO(2)-bundle with characteristic class
(f) , iee. (f) is the first Chern class of $ if © is considered as
U(l )=bundle. The Whitney sum $@® ¥ has vanishing second Stiefel-Whitney class

‘:::nd its structure group can therefore be lifted to G2q ’ (where 2q is the
oodimension of Y in X). If we induce this GZq-bundle from the universal one,
we get [ from (‘lq of 54« The proof of the RR~theorem 3.5 is now completed.

5464 = We still have to prove the RR-theorem 3.7. By the remark in 5.2 it
suffices to prove it for an imbedding f : Y~»X, Y having in X a codimensim
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divisible by 8 , say codim = 8k . By assumption the second Stiefel-Whitney class
of the normal bundle of Y vanishes. Its structure group can therefore be
lifted to Spin(8k) . One makes a universal constructlon similar to that in 5.4.
Ir x , .:w?x‘}k is a standard base of e (T, Z) , T standard maximal torus
of 53(81:) , then we have for the spinor representations the formula

ﬁ,. sinhx, /2
9 h - = L) ] i )
( ) c (A ) Ch(A ) x x2 X4k i —-—;;72-——

By a theorem of E. Cartan-Malcev (compare [1] , paragraph 26.5 end), the two
spinor representations of Spin(gk) in U(24k"1) factor through SO(24k"1)
AN AA L)

Now the procedure is as in 5.4, Let V " denote here the canonical ‘S”(v)\(Sk)-

bundle over BSpin(Bk) . Let A ax be the mapping cylinder of
ANAMA

Bspin(gik-1) > Sspin(ak) -
L Y PN

Using (9) we arrive at a certain element ﬁ4k €X (A K’ BSpin(Sk-l)) whose
Chern character is under the Thom-Gysin honomorphn.sm the image of

7»{( v4k) o This completes the proof ef the RR~theorem 3.7.
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