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Introduction

Around 1900 Hilbert, Hecke ([7]), Blumenthal ([2]) and others
started the study of certain 2-dimensional complex spaces, which are
closely related to the classification of special types of 2-dimensional
abelian varieties. These complex spaces can easily be described. In fact,
let n be a natural number, n > 1, which is square free and let K=Q (1/5).
Then, if oy is the ring of algebraic integers of K, the group SL,(vg)
operates in a natural way on 5 x ¥ and on # x #~ where J# is the
upper and s~ the lower half plane of C. The quotients of # x # and
A x H#~ by the action of SL, (o) are the 2-dimensional complex spaces
mentioned above. If the field K has a unit of negative norm, then the two
actions on s x # and S x #~ are isomorphic. This is true if n is a
prime congruent 1 mod 4, the only case we shall consider in this paper.
Therefore, from now on we assume that K= Q(]/E), where p is a prime
congruent | mod 4.

The complex space # x #/SL,(0g) can be compactified by means
of a finite number of points, called the cusps, to a compact 2-dimensional
complex space. After resolving the cusps and also the quotient singu-
larities on # x #/SL,(0g), both in a canonical, explicit way, a non-
singular compact complex surface Y{p) is obtained, which in fact is an
algebraic surface. The field of meromorphic (i.e. rational} functions on
Y(p) is isomorphic to the field of meromorphic functions of
H x H[SL, (0g).

On the other hand, although no complete classification of algebraic
surfaces is known, there exists a rough classification in several classes
(for most of which the surfaces contained in that class can be classified
completely, at least in principle). In big outline this classification was
already known to the italian school, but its precise formulation (this
time also covering the non-algebraic case) and many of the proofs
involved are due to Kodaira. Now the question considered in this paper
is the following: where are the surfaces Y(p) to be placed in the rough
classification of algebraic surfaces?
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Restricting ourselves to the case mentioned, where n is a prime
congruent 1 mod 4, we are able to answer this question completely. This
answer is embodied in Theorem 111.1, which is our main result.

This paper is composed in the following way. Chapter | starts with
generalities about surfaces, after which the rough classification of
algebraic surfaces is explained (Theorem ROC). Chapter!l contains
furthermore a number of specific propositions, which are either used in
Chapter II1, or will be used in subsequent papers and are stated here for
convenience. Some of the results proved here are already in the literature,
or are even well known. They are included here for the reader’s conven-
ience, thus enabling him to understand many of the results of Chapter 111
without any further knowledge of the more refined parts of the theory of
algebraic surfaces.

In Chapter II we collect some of the results of [12] which we need in
Chapter II1. Again for the readers convenience, we present them at some
length and in a form suitable for our purposes, referring for details and
general background always to [12], which paper also contains a more
complete list of references.

As already said, the final Chapter III contains the statement and the
proof of our results.

1. Algebraic Surfaces

Generalities. We shall consider divisors on a non-singular algebraic
surface X, which is always supposed to be connected. Such a divisor is a
finite sum Y n; C;, n;e Z, where C, is an irreducible algebraic curve on X.
The divisor is called non-negative if all n; are non-negative, and it is
called positive if it is non-negative and not zero. For any pair of divisors
D and E on X, the symbol DE will denote the intersection number of
their homology classes, the surface being provided with its natural
orientation. Sometimes we shall denote the homology class of a divisor
D also by D. The projective space of non-negative divisors linearly
equivalent to D will be denoted by |D|. Furthermore, Ky or simply K
will stand for any canonical divisor, i.e. a divisor of a meromorphic

2

section of A 8% where 8% is the covariant tangent bundle of X. As usual,
we write ¢y, for the structure sheaf of X, and then set

dim HY(X, €@y)=q(X), the irreguiarity of X
(since X is algebraic, 2¢(X)=b,(X), the first betti number of X);

dim H*(X, Ox)=p,(X), the geometric genus of X ;

dim nKy|+1=P(X), the n-th plurigenus of X
(by Serre duality, we have p,(X)=P,(X)).
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The arithmetic genus x(X) of X is the Euler-Poincaré characteristic
of X with coefficients in ¢y ([10], p. 151)

Thus by the Riemann-Roch theorem ([ 10], §20) we have
1(X)=1—=q(X)+p,(X).

The arithmetic genus is a birational invariant.

An exceptional curve on a non-singular complex surface is a non-
singular rational curve E with E?= —1. Blowing up a point means
replacing that point by an exceptional curve, the result being another
non-singular complex surface. Conversely, an exceptional curve can
always be blown down, i.e. replaced by a point such that the result is
again a non-singular complex surface ([16]. p. 563). Blowing up or down
(in) an algebraic surface gives again an algebraic surface ([15], p. 125).

Let X be a non-singular compact complex surface, Y the surface
obtained by blowing up peX, p: Y— X the natural projection and
E =p~1(p) the exceptional curve obtained.

Propesition L.1. With the notation just introduced, we have for every
irreducible curve C on Y with C+E:

K,C =K, p(C)+CE.

Proof. 1If p*: H(X,Z)— H,(Y,Z) denotes the Umkehr-homo-
morphism, then ([14], p. 31)

From this and
p*(Ky) C=Kyxp(C)
the result follows.
For an irreducible curve C on the non-singular compact complex
surface X one defines the virtual genus n(C), in such a way that the

adjunction formula KyC=—C?+427(C)—-2

holds ([15], p- 119). The virtval genus is always a non-negative integer.
It is equal to the genus of C if C is non-singular, and strictly greater than
the genus of the desingularisation of C if C is singular. Thus n(C) vanishes
if and only if C is a non-singular rational curve. Also, 7(C)=1 if and only
if C is a non-singular elliptic curve or a rational curve with exactly one
cusp or ordinary double point.

Every non-singular algebraic surface X can be obtained from a non-
singular algebraic surface X, without exceptional curves by a finite num-
ber of blowing-ups, i.e. there exists a finite number of non-singular alge-
braic surfaces X, ..., X, =X and points p;eX,, such that for i=1,...,k the
surface X, is obtained from X,_, by blowing up p;_,. The surface X, is

I*
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called a relatively minimal model of the surface X. In this paper we shall
simply speak of a minimal model instead of a relatively minimal model,
and surfaces without exceptional curves we shall call minimal surfaces.
Minimal surfaces are classified by the following “rough classification™
theorem ([ 19], Theorem 55).

Theorem ROC. Every algebraic surface without exceptional curves
belongs to exactly one of the following classes:

1) the projective plane P, (K*=9),
2) the surfaces X,,n20,n=%1 (K*=8),

3) the algebraic Py-bundles over a non-singular algebraic curve of
genus =1 (K?<0),

4) the algebraic K y-surfaces (K* =0),

5) the 2-dimensional algebraic tori (K*=0),

6) the honestly elliptic surfaces without exceptional curves (K*=0),
7) the surfaces of general type without exceptional curves (K* > 1).

We now explain the terminology used in this theorem.

Let ¢ be the algebraic line bundle on P, of degree 1 (i.e. the line bundle
admitting holomorphic sections with exactly one simple zero). Then,
for n=0, the surface X, is defined as the total space of the projective
bundle of ¢@E"*1. This bundle has a section with self-intersection —n.
(If it is blown down in X, the resulting surface is P, .) The surfaces of the
classes 1) and 2) are exactly the rational surfaces without exceptional
curves. (A surface is called rational if it is birationally equivalent to P,.)
A K;-surface is by definition a surface X with ¢(X)=0 and with trivial
canonical bundle, i.e. Kx=0.

An elliptic surface is a surface which admits at least one elliptic
fibring, i.e. a holomorphic map onto a non-singular curve such that all
but a finite number of fibres are non-singular elliptic curves. Some of the
surfaces in the classes 1)-5) and of their blow-ups admit elliptic fibrings.
By an honestly elliptic surface we mean an elliptic surface not birationally
equivalent to a surface from any of the classes 1)-5).

Finally, a surface of general type is a surface for which at least one
n-canonical system |nK|, n= 1, provides a birational equivalence onto a
(possibly singular) algebraic surface. If such a surface contains no ex-
ceptional curves, it is known ([3]) that, for n large enough, [nK| gives an
everywhere defined map onto the image. Furthermore, on X there
exists only a finite number of non-singular rational curves with self-
intersection —2. Let A be the set of points through which passes at least
one of these curves, and let 4, , ..., 4, be the connected components of A4.
Then |nK|, n=5, provides a biregular map from X —A onto its image,
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and each set A; is mapped into a normal singular point of the image, with
different A4;’s going to different points.

If a surface has a minimal model in class 1) or in class 2), it may have
more minimal models, but these are all contained in classes 1) and 2).
The surfaces of this sort are exactly the rational surfaces. If a surface has
a minimal model in class 3), it may have more minimal models, but they
are all contained in class 3). The surfaces of this sort are the ruled sur-
faces of genus = 1.

If a surface has a minimal model in class 4), it has exactly one minimal
model. So for such a surface we can speak of the minimal model. The same
holds for surfaces which have a minimal model in either one of the classes
5), 6), and 7). The surfaces which have their minimal model in class 6)
are exactly the honestly elliptic surfaces, and the surfaces with their minj-
mal model in class 7) are exactly the surfaces of general type.

Remark. The finer classification of the surfaces within classes 1), 2), ...,
6) is in principle known. For the “large” class 7) only some general facts
are known.

The following results will be used in Chapter I1I to obtain the main
result of this paper.

Rational Surfaces

Since the arithmetic genus is a birational invariant, all rational sur-
faces have arithmetic genus equal to 1.

The following result is in essence due to M. Noether (see for example
[19], p. 1053). We include an elementary proof of this well known fact,
since only this result is needed for the proof of the rationality of Y(5),
Y(13) and Y(17) (see the proof of Theorem II1.1).

Proposition L.2. Let X be a non-singular algebraic surface with g(X)=0.
If X contains a non-singular rational curve C with C*=0, then X is a
rational surface.

Proof. From Proposition 1.1 and the adjunction formula it follows that
the self-intersection of a non-singular curve “goes down by one” if we
blow up a point on the curve. Consequently, we can restrict ourselves to
the case C*=0. Let 7 be the line bundle on X corresponding to C. Then
there is an exact sequence of sheaves on X ([10], p. 130)

0—=0x=2(1) =2 () -0

where Q(y) is the sheaf of local holomorphic sections of y and & (y| C) the
sheaf of local holomorphic sections of the restriction y|C, extended by 0
outside C. Since the degree (first Chern number) of y|C is the self-inter-
section of C ([15], p. 117) the line bundle y| C is trivial, so

dim HO(X, 2 (y|0))=1.



6 F. Hirzebruch and A. Van de Ven

Because dim H'(X, Oy)=q(X)=0, we find dim H°(X, Q(y))=2. The
projective space of H°(X, 2(y)) can be identified with the set of zero
divisors of holomorphic sections of y. If we take two of these divisors, C,
and C,, with C;#C,, then two sections of ¢ vanishing (with proper
multiplicities) on C; and C, respectively, form a base of H®(X,Q(y)).
Therefore, if C; and C, would have a strictly positive divisor D in common,
all sections of y would vanish on D, i.e. D would be equal to C, which is
impossible, since on C there vanishes only a I-dimensional space of
sections of y. Furthermore, from C* =0 we deduce that two zero divisors
never have any points in common. Hence the zero divisors of holomorphic
sections of y are the fibres of a surjective holomorphic map p: X —»P,.
From Bertini’s theorem ([23],p.24) it follows that —except for a finite num-
ber of them — the fibres of p are non-singular curves. The adjunction for-
mula then implies that —except for a finite number of exceptions —the
fibres are non-singular rational curves, the exceptions being exactly the
reducible fibres. Again by the adjunction formula, these must have at
least two different components. Let } a; C; be such a fibre, where g, is the
multiplicity of the component C;. By an elementary case of Stein factori-
sation ([23], p. 23) the fibre is connected. Therefore, from (3 ¢;C;) C;=0
we find that for all components C; the self-intersection is strictly negative.
Also, from Y a; KC;=—2 we conclude that there is at least one C;, say
C,, with KC; <0. The adjunction formula now gives C=—1,
n(C,)=0, ie. C; is an exceptional curve. Repeating the argument, if
necessary, for the surface which results from blowing down C; , we find
that X 1s obtained by blowing up a surface Y which admits a holomorphic
map onto P, , everywhere of maximal rank, such that all the fibreson Y are
non-singular and rational. By an elementary argument ([1], p. 68) the
surface Y is an analytic P,-bundle over P,, and by another elementary
argument the surface Y is an algebraic P,-bundle over P;. Since every
algebraic P,-bundle over C is algebraically trivial, Yis birationally equiv-
alent to P,. Hence also X is a rational surface.

Theorem L3 (Castelnuovo’s Criterion). An algebraic surfuce X is
rational if and only if ¢(X)=B(X)=0.

For a proof see [19], p. 1052.

Proposition 1.4, If on the non-singular algebraic surface X with g(X)=0
there exists an irreducible curve C with KC <0 and C?>Z0, then X is a

rational surface.
Proof. Let De|2K]|. We set D=a C+ R, with a=0 and RC =0. Then

2KC=aC?+RCz0, which is a contradiction. Hence |2 K] is empty, i.e.
P (X)=0, and X is rational by Castelnuovo’s criterion.
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Proposition 1.5. Let X be a non-singular algebraic surfuce with q(X)=0.
If there exists on X an irreducible curve C with K C <0 and which has at
least one singular point or which is not rational, then X is rational. If there
exists on X an irreducible curve C with KC £ —2, then again X isa rational
surface.

Proof. In both cases, the adjunction formula implies C?>0. Hence X
is rational by Proposition 1.4.

Proposition 1.6. If on a non-singular algebraic surface X with ¢(X)=0
there exist two intersecting exceptional curves, then X is rational.

Proof. Let E; and E, be the exceptional curves with E, E;>0. If we
blow down E,, then on the blow-down surface X the image E, of E,
satisfies by Proposition 1.1 the relation:

KX EZZKXEZ—EI E2
= 1-EE,.

Therefore, X and hence X is rational by Proposition L.5.

Elliptic Surfaces. Let p: X — R be an elliptic fibring of the non-singular
algebraic surface X, and let m; F,,...,m, F, be the multiple fibres of p
([16, 17]). Then, if X is free of exceptional curves, the canonical divisor
class on X is given by

14
Ky=p*(A)+ Y tm=1)F

where A is a divisor class on R of degree y(X)—e(R), the number ¢(R)
being the Euler number of the curve R (see [ 18], Theorem 12).

Proposition 1.7. Let X be a non-singular algebraic surface with ¢(X)=0
and y(X)=2. Suppose that on X there exist irreducible curves C and D with
KC=C?*=0, KDZ0 and CD=1. Then X is a blown up elliptic K ;-
surface.

Proof. The curve C cannot intersect any exceptional curve E on X,
for after blowing down E the image of C would satisfy the conditions of
Proposition 1.4 and hence X would be rational, contrary to the assump-
tion that y (X)=2. In particular, D is not an exceptional curve. Also C itself
is not an exceptional curve because C?=0. Using Proposition 1.1 we
find therefore that after blowing down an exceptional curve on X, the
resulting surface together with the images of C and D satisfies again our
assumptions. So it is sufficient to prove the theorem for a surface X’
containing no exceptional curves.

From the Riemann-Roch formula we find

dim |Cj+dim |[K - C} 0.
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Let Ae)]K — C|. Then AD <0, and in particular 4 +0. If we set A=dD +R,
with d>1 and RD >0 we have RC <0. Consequently, if we set R=e¢ C+ S,
with e>1 and SC=0, we find (K — C) C=(dD+e C+S) C>0, contrary
to our assumptions. It follows that dim |K—C|= -1 and dim|C|z=1.
In the same way as in the proof of Proposition 1.2 we find that a 1-dimen-
sional linear subspace of |C|, containing C, gives a holomorphic map p:
X'—P,.By construction C is an irreducible non-multiple fibre of p. From
Stein factorisation it follows that all but a finite number of fibres of p
are irreducible. By Bertini’s theorem all but a finite number of fibres are
non-singular, and by the adjunction formula therefore all but a finite
number of fibres are non-singular elliptic. It follows that p is an elliptic
fibring of X”. The curve D intersects the irreducible fibre C in one point
transversally, hence p has no multiple fibres. From the formula given above
for the canonical class it follows that Ky =0, hence X' is an elliptic K 3-
surface, and X is a blown up elliptic K ;-surface.

(—2)-Configurations. Let X be a complex surface. By a { — 2)-configu-
ration on X we mean a configuration formed by a finite number of non-
singular rational curves C,, ..., Cy, all of them with self-intersection —2,
such that C,u---u C, is a connected subset of X. The configuration
formed by C,, ..., C, will be denoted by {C,, ..., C;} (any ordering). We
shall not describe completely which (—2)-configurations can exist on
the (blown up) surfaces of the classes 1),...,7) of Theorem ROC, but
we shall prove a few facts about { —2)-configurations which will be used
in Chapter I1I, and in forthcoming papers.

Let X be a surface of general type without exceptional curves. As was
mentioned before (after Theorem ROC) the holomorphic map, provided
by |n K|, n sufficiently large, maps each (— 2)-configuration on X into a
single point, with different configurations going to different points. The
singularities thus obtainable are known: these are exactly the rational
double points A,, Dy, E4, E,, Eg (see for example [4]). From this fact it
follows which types of (— 2)-configurations can exist on surfaces of general
type without exceptional curves, and thus also which (— 2)-configurations
can exist on any surface of general type.

Using only the facts about surfaces of general type mentioned after
Theorem ROC, we shall prove the following special result.

Proposition 1.8. Let X be a non-singular algebraic surface with g{X)=0.
If on X there exists a (— 2)-configuration {D,, ..., D,} such that the matrix
(D; D)) < j<k is not negative definite, for example if
Y D;D;=zk

ivj=
1gi<jzk

then X is not a surface of general type, and hence, by Theorem ROC, X is
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either rational, or a (blown up) K;-surface, or a (blown up) honestly
elliptic surface.

Proof. To begin with, we shall prove: if some exceptional curve on X
intersects any of the curves D, , ..., D,, then X is a rational surface. Indeed,
if for any i the intersection number ED; =2, then after blowing down E,
we find that X is rational by Propositions 1.1 and 1.5. If E intersects two
of the curves D, ..., D, say D, and D,, with ED, =ED, =1, then after
blowing down E we see that X is rational by Proposition L6. If for exactly
one curve D;, say D,, we have ED, =1, then after blowing down E the
image of D, 1s an exceptional curve. If X is not rational, this curve inter-
sects exactly one of the remaining curves D, ..., D,. If X is not rational,
we can go on with the image of D, as we did before with E, and so on.
This however implies that for a suitable ordering of the curves D,,..., D,
we have D, D,=---=D,_, D,=1, with all other D;D;=0. But this is
contrary to the assumption that the matrix (D; D)), <; ;<4 IS Dot negative
definite. Hence, if X is not rational, then on a surface Y, without exceptional
curves, from which X is obtained by blowing up, there exists a (—2)-
configuration with an intersection matrix which is not negative definite.
Then, if X and thus Y were of general type, by what is said about surfaces
of general type after Theorem ROC, there would be a (— ) configuration

{Dy,....D,, Dy 1, ..., D} on Y, aneighbourhood U of UD a complex
surface V with exactly one normal singularity p, a holomorphlc map

p: U—V with p(U D,.) =p, such that p would map U~ U D, bi-

i=1 i=1
regularly onto V' — p. But then, according to a classical theorem of DuVal
(see for example [20]) the matrix (D; D)), <; ; <, would be negative definite,
contrary to the assumption.

Let us consider elliptic fibrings p: X — R of compact complex sur-
faces X without exceptional curves. In [ 167 (p. 565) Kodaira has described
all possible types of fibres of such fibrings. From Kodaira’s results it
follows in particular which (—2)-configurations occur as (set theoretic)
fibres in elliptic fibrings of such surfaces X. Below we give a list of these
configurations, using Kodaira’s notation. We point out that in this list
we consider only the underlying (- 2)-configurations, thus forgetting
about the multiplicities of the components.

In the following enumeration C; always denotes a non-singular ra-

tional curve with C} = —2. By C;o C;= ) a;p; we indicate that the curves
i=1

C; and C; intersect precisely in points p;...., p, (p;*p; for i%j) with

multiplicity «,, ..., %, respectively. If an intersection C; C;does not occur

it is understood to be empty.
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Fibre type  Curves Intersection behaviour

ml, G, G, CieCo=pitp;

11T Cy, C,y CioCy=2py

v . Gy, G CioCy=CoC3=C0C3=p,

ml, Cpoootn G (k23) CoCiy=pili=1,...,k=1), Cs C;=p,

it C1.Cy, G5, Cy, Cs, CioCs=py, C30Cs=py, C30 (s, 5=p;,

v Crgs CyoCys5=py, Cs0Ce=ps..... Cria°Cris=Disa

1I* Cyyory Co CioCy=py,...,Cs0Cg=ps,
CgoCr=ps, Cs0 Cg=qe, C70Co=p5

nr+ Cpoors Cq CioCy=py, CyoCy=p,, C30Ca=py,
C40Cs=p,s, Cyo Co=q4, C50 Cy=ps,
C;0Cs=p,y

Iv» Ciooonn G CioCy=p;, C2°C3=p;, C32Cy=py,

C30C5=q3,C40C6:p4’C50 C7=p5

The (—2)-configurations occurring in this list will be called the
elliptic (—2)-configurations.

Proposition L.9. Let X be a non-singular algebraic surface with g(X)=0
and y(X)=2. Suppose that on X there exists a (—2)-configuration {C,,...,
Cy, C}, such that {C,, ..., C,} is an elliptic (—2)-configuration, but the
whole configuration {C,,..., Cy, C} is not. Then X is a (blown up) elliptic
K;-surface.

Proof. From y(X)=2 it follows that X is not rational. Using this fact
we find in a way quite similar to the first part of the proof of Proposition
L.8 that no exceptional curve on X intersects any of the curves C,, ..., C,,C.
Consequently, it is sufficient to consider the case that X contains no ex-
ceptional curves. By the definition of an elliptic (—2)-configuration there
exist strictly positive integers ay, ..., 4, such that () a; C;)*=0. (Since we
shall use it later on, we shall assume—as of course we may — that
GCD(ay,...,a,)=1.) Therefore, by the theorem of DuVal (loc.cit.), X is
not a surface of general type, and hence X is either honestly elliptic or a
K;-surface. !

Now let p: X —P, be an elliptic fibring of X, and let m) m; F,

j=1
with GCD(m,, ..., m)=1, be a fibre of p. According to a theorem of
Zariski ([23], p. 165) we have for all integers c,, ..., ¢, the inequality

i 2 i 2
( e, I~;) <0, and the equality ( ¢ Fj) =0 holds if and only if there
j=1 j=1

exists an integer p such that ¢;=pm;, j=1, ..., I Since there exist strictly
positive integers a;, ..., q; such that (3’ a; C;)* =0 it follows that at least
one of the curves C,, ..., C,, C has a strictly positive intersection with the



Hilbert Modular Surfaces 11

fibres of p. From x(X) =2, combined with K, C,=---=K, C,=K,C=0
and with the formula for K given earlier, it follows that Ky =0. Hence
in any case X is a K;-surface. To finish the proof we still have to show that
X is elliptic. In fact, from the Riemann-Roch formula we derive that
dim Y a; C;|=1. From the theorem of Zariski just used it follows that
no 1-dimensional linear subspace of | a; C,|, containing ) a; C; has a
fixed component. Finally, in the same way as in the proof of Proposition
1.7 we conclude that such a linear subspace gives an elliptic fibring of X.

I1. Curves on the Hilbert Modular Surfaces

The Quotient Singularities. As has been announced already in the
introduction, we recall in this Chapter only the facts we shall need later
on. For more details we refer to [12].

Let K be the real quadratic fieldQ(]/E), where p is a prime congruent
1 mod 4, and let o be its ring of integers. If 7 is the upper half plane in C,
then SL, (o) acts on #% =3¢ x # by

(a b) @ Z)_(azd—b a’zZ—I-b’)
c d/ "V ez +d’ ¢z, +d

where a’, b, ... are the conjugates of a, b, ... over Q. The Hilbert modular
group G=SL,(0)/{+1, —1} acts effectively on #*. The orbit space
#?*/G is a complex space of dimension 2 with finitely many quotient
singularities. For a suitable r, such a singularity is locally the quotient
of C? by a linear action of the group of r-th roots of unity, acting freely
outside the origin. If for (z,, z,)e C?and £"= 1 this action is of the form

8(z,,2,)=(7,8%2,)

where q and r are relatively prime, we shallsay that the quotient singularity
is of order r and of type (r; 1, ).
Prestel ([21]) has proved the following proposition.

Proposition IL1. Let a, be the number of quotient singularities of order r
in #%/G, where G is the Hilbert modular group for the field K=Q(}/p)
and where p is a prime congruent 1 mod 4. Then we have

Jor p=5:a,=az;=as;=2, a,=0 forr>5,
Jor p>5:a,=h(—p), ay=h(-3p), a=0 forr=5.

Here h(b) denotes the class number of the field Q(]/B). The numbers a, are
even. Half of the singularities of order 3 are of type (3; [,1) (the first kind)
and half of them are of type (3;1,2) (the second kind). For p=35, the quo-
tient singularities of order 5 are of type (5; 1, 3).
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The minimal resolutions of the quotient singularities of #°2/G can
be described by the following diagrams. In these diagrams the lines indi-

cate non-singular rational curves, and the numbers are their self-inter-
section numbers. The intersection of different curves is transversal.

Quotient singularity of order 2:

-2

Quotient singularity of order 3 and of the first kind:

-3

Quotient singularity of order 3 and of the second kind:

Quotient singularity of type (5; 1,3):

The Euler number of #2/G is given by

H

e(#?/C) =2t (— 1)+ T a,— rl
f22

where Uy 1s the {-function of the field K. If we resolve the singularities of
#?/G by way of a minimal resolution we obtain from #2/G a (non-
compact) non-singular complex surface X(p). Blowing up a quotient
singularity increases the Euler number by the number of curves occuring
in the resolution. Therefore, by Proposition I1.1 and formula (1) we ob-
tain

Proposition IL.2. I/ G is the Hilbert modular group for the field
K=Q(]/E), then the minimal desingularisation X (p) of #?%/G has the
Jollowing Euler number

e(X(5)=13
e(X(p)=2Lx(— V) +3h(—p)+2¢h(-3p), for p>5.

The Cusps. The manifold X(p) can be compactified by finitely many
“cusps”, which are in one-to-one correspondence with the ideal classes



Hilbert Modular Surfaces 13

of the ring of algebraic integers in the field K=Q(]/E). The compactified
space X(p) has h(p) singular points, corresponding to the cusps. If we
replace each of these singular points by a minimal resolution, we obtain
a non-singular algebraic surface Y(p). These surfaces are the Hilbert
modular surfaces as they appear in the Introduction.

It has been shown in [12] that the singular points of X(p) admit a
cyclic resolution. Since in our case (p prime congruent 1 mod 4) the ring o
has a unit of negative norm, in o the groups € of wide ideal classes and €*
of narrow ideal classes coincide. The squaring operation Sq: n—n~?2
from € to €* is bijective, because h(p)=|€|=|C*| is odd ([12], 3.7).
Therefore the cusps are of type (IR, 1*), where U is the group of units of o
and 9N runs through a complete system of representatives of the ideal
classes of 0. The group U? equals the infinite cyclic group U* of totally
positive units. Thus the result on the desingularisation of the h(p) singular

points of X(p) can be formulated in the following way.
A real quadratic irrationality w is called reduced if

O<w<l<w (2)
where W' is again the conjugate of w over Q. A real quadratic irrationality
w is reduced if and only if its continued fraction of the form

W=a5— (a;€Z, ;=2 for i=1) 3)

1
a——
is purely periodic, i.e. there exists a natural number r>1, such that
that a,=a,,, for i=0. A quadratic irrationaliy w has discriminant p if

_Mip
VETON )

where M, N are integers, N>0 and M? —p congruent 0 mod 4N. Let
L(p) be the set of all reduced quadratic irrationalities of discriminant p.
The set L(p) is finite, and its cardinality will be denoted by #(p). If we L(p)

and . :
w=[w]+l——=b——no (5)
Wi Wy

then w, eL(p). Thus for each wel(p) we have a successor w,eL(p). In
this way, the finite set L(p) is arranged in finitely many cycles, which are
disjoint. Alternatively, we can say that Z acts on L (p) with finitely many
orbits. Formula (5) is the beginning of the continued fraction for w. The
a, of (3) equals b, and we have b= 2. The following proposition is a refor-
mulation of results in [12], § 2 and § 3.
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Proposition 11.3. The number of cycles in L(p) equals the class number
h(p). There is a natural correspondence between the singular points of
X(p) and the cycles in L(p). To each weL(p) one can associate a ratienal
curve S, occurring in the minimal resolution of that singular point of
X(p) which corresponds to the cycle of w. The relationship thus established
between the curves of the minimal resolution of a singular point of X (p) and
the elements of the corresponding cycle in L(p) is one to one.

Forp=35, we have /(p)=1,and the unique reduced quadratic irrationality
is W=%—V§=3—%. In this case the curve S, is a rational curve with
one singularity, an ordinary double point, and S = — 1.

For p>3, the curves S,, are all non-singular and their self-intersection
number is 82 = —[w]— 1. Furthermore, we have £(p)=3, and in fact each
cycle has a length =3. Each curve S, intersects only its successor and its
predecessor, each of them transversally in exactly one point.

Let wy= {]/_} +I/ , where {1/5} =2a+1 is the smallest odd integer

greater than f p. The cycle of w, corresponds to the ideal class of the
principal ideals of 0. The successor of w,, will be called w, , its predecessor
w_,, and so on, until for a certain t the curves S, and S,  intersect.
The curves S,, will simply be denoted by S;. If we put

b=[w]+1,
then we have
SiZZSZ_i: ~b;= -b_;.
In particular,

S2=—bo=—{}/p}=—QRa+1).

As observed before, the resolution of the cusp, corresponding to the
cycle of w, looks as follows

(6)
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If we denote continued fractions of the form (3) by
[[ao,a,a,,...1]
wo=[[bg, by, ---, b, by, ..., b 1]

we have

where the bar indicates the period. Observe that b, =b_,=b,, etc.

The first prime p congruent 1 mod 4 with h(p)>1 is p=229. If we
want to tabulate all elements of L (p) for p <229, we only have to consider

the cycle of w,. We put
y 0 p _Mi-l-]/I;

Wi=TON,
It is easy to show that N_;=N;. Therefore, we shall tabulate b; and N;
only for 0<i<t. The M, we do not need. Table 1 (p. 22) gives the b; and
N, for p<73, whereas in Table2 the numbers /(p) can be found for
29<ps317.

The boundary V of a suitable compact neighbourhood U in Y(p) of
the union S of all curves S, is a 3-dimensional manifold with h(p)
connectedness components, each of which is a torusbundle over a circle.
The neighbourhood U has § as a deformation retract. Therefore, the
betti numbers of U are given by: by (U)=b,(U)=h(p); b,(U)=/(p),
b,(U)=0 for i=3. The Euler number e(U) equals /(p). The complement
in Y(p) of the interior of U is a compact manifold, with boundary V,
which is a deformation retract of X (p). A simple additivity property of
the Euler number (e(4 U B)=e(4)+e(B)—e(A n B)) implies in virtue of

¢(V)=0 the formula o( Y(p)) e (X(p)+£(p). e

Since b(Y(p))=0, formula (7) enables us to calculate the second betti
number of the surface Y(p). For the sake of completeness we indicate a
proof of the fact that b, (Y(p)) vanishes; for more details we refer to [6]
(see also [5], Teil I, Satz 8).

Proposition 11.4. The Hilbert modular surfaces are regular, i.e. their
first betti number b,(Y(p)) vanishes.

Proof. We remove from #? suitable open balls around the points
with non trivial isotropy groups. The resulting space (#°?) is simply-con-
nected, and (#2Y/G is a (non compact) manifold with a boundary con-
sisting of finitely many lens spaces. According to Serre ([24]) the abelian-
ised group G/[G, G] is finite. Therefore, the first betti number of (#2) /G
and also of X(p) vanishes. The last fact follows because the tubular
neighbourhoods of the configuration of curves into which a quotient
singularity is blown up, are simply connected. Therefore, b,(Y(p)—U)
vanishes. Each one-dimensional homology class of U can be represented
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by a cycle in U~S, and thus by a cycle in 8U=V. The van Kampen-

Mayer-Vietoris theorem applied to Y(p)=(Y(p) — U)u U gives the desired
result,

The Curves F,. Next we recall some facts about the curves Fy on the

surfaces Y(p) ([12], § 4).
A natural number N is called admissible with respect to p if N is not
congruent 0 mod p? and if N does not contain any prime number q #p

with (i) = — 1, i.e. all the primes contained in N are quadratic residues

mod p. Thus in o= Q(]/E) all these primes are equal to a product of two
different prime ideals q, g, where x — x’ denotes as before the non-trivial
automorphism of the field K=Q(]/B).

For every admissible N there is defined an algebraic curve Fy on the
surface Y(p). It is always irreducible, but may have singularities. For
different admissible numbers N;, N, the corresponding curves Fy, and
Fy, are also different. We do not recall the definition of the curves F, in
full generality, but restrict ourselves to the following special case.

If N=jj’, where] is a totally positive integer inK which is not divisible
by any natural number + 1, then N is admissible, and the curve

zZy =jt
' te# )

Zl:j,t’

on #? projects down to a curve in #2/G. The closure in #%/G of this
last curve is an algebraic curve on Y(p), and this curve is precisely Fy.

If the class number h(p) of the field K equals 1, then any admissible N
can be written in the form N = jj, where j has the properties mentioned
above.

The curve Fy has a non-singular model /T, where I is a discrete
group acting on # and where the bar indicates the compactification of
/T by the finitely many cusps of I'. If N is not congruent 0 mod p, then
I' =T, (N), where

T,(N) ={ (: :) eSL,(Z); ¢ congruent 0 mod N}.
If N=1, then I'=SL,(Z), and the curve F; comes from the ordinary
diagonal z; =z, in #2.
If N =p, then I'=I_ (p) which group is the extension of index 2 of T, (p)

by the element
(7 %)
p* 0/
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Thg curve _F;, can be given in the form (8) with j =]/1; €p, Where e, is a
positive unit of negative norm (e <0). In our case such a unit always
exists, as was already mentioned before. Also the equations z, =e z, or
z, z, = —1 give rise to the curve F,.

There is a natural map
HT—HT S )

which indicates where the curve Fy passes through the curves S,,. The
(finite) number of points in #/T — #/T, i.e. the number of cusps of I will
be denoted by o(I'). There are well known formulae for o(I'). The number
ofI’) equals 27 if N is a product of r different primes (#p), it equals 1 if
N =1 or N=p. Some information about the map (9) is contained in the
following proposition.

Proposition IL5. If the reduced quadratic irrationality weLAp) is of the

Jform _M‘H/I;
- 2N

then the curve Fy intersects S,, transversally in a point which is not a double
point of S.

The curve F, intersects S, transversally and this is the only intersection
of F, with S.

The curve F, passes through the intersection point of S, and S _,, inter-
secting S, and S _, transversally. This is the only intersection of ¥, and S.

To describe the basic configuration of curves on Y(p) as we need it for
our results on classification we have to recall the properties of the involu-
tion 1 on #?%/G, induced by the involution (z,z,)—(z,,z) of #7
(compare [12], 5.4, where this involution is called T). The involution 1
acts on the quotient sigularities of #?/G. The description of this action
([22]) depends on the residue class of p mod 24. Therefore we define:

e=1 for p congruent 1 mod3, &=0 for pcongruent2 mod 3
=1 for p congruent | mod8, &=0 forp congruent 5 mod 8.

Now consider F, and F, as curves on #°/G. Then the following holds on
H?G:
/ F, and F, are both pointwise fixed under 1.

Of the h(— p) quotient singularities of order 2, half of them lie on F,, and
not on F;, and one of them (represented by (i, i)e#?) lies on F; and F,,
and is the only intersection point of F; and F, in #%/G. There are in
addition & quotient singularities of order 2 which are fixed under .
“They” lie neither on F, nor on F,. The remaining order 2 singularities are
interchanged pairwise under 1. Of the h(—3p) quotient singularities of

2 Inventiones math., Vol. 23
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order 3, exactly half of them are of type (3; 1, 2). They lie on F,. There is
one singularity of type (3; 1, 1), represented by (r, r), where r= —4 +1i}/3,
which lies on F;, whereas € such singularities lie on F,. The remaining
singularities of type (3; 1, 1) are interchanged pairwise. The involution
acts freely outside F; and F, and the quotient singularities of order 2 and 3.

The involution 1 can be carried over (lifted and extended) to Y(p).
Since F, and F, are pointwise fixed under 1 it follows from general
theorems about involutions on complex surfaces that F; and F, are non-
singular curves on Y(p), which do not intersect on Y(p).

On Y(p) we have the following basic configuration. (In this diagram
we omit the curves coming from the cusps belonging to non principal
ideal classes, and also the curves coming from quotient singularities
which are pairwise interchanged.)

)
>7;
D, P, P,
—_— o —
L otg=1)

The basic configuration

The involution 1 interchanges the curves S; and S_;. The curves B,
and B, come from the resolution of the quotient singularities of type
(3; 1, 1) which lie on F, and F, respectively (the curve B, exists only if e=1),
and have both self-intersection number —3. The curve E comes from the
quotient singularity of order 2 which lies on both F, and F,. The curve L
{which exists only if = 1) comes from the quotient singularity of order 2
which is fixed under 1. The curves C;, C; represent the resolutions of the

h(— - i
h(=3p) 23 D) quotient singularities of type (3; 1,2); they are interchanged
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h(—p)
2
of order 2 which lie on F,. The curves E, L, C;, C; and D; all have self-
intersection number —2. The curves By, B,, E, D; and L are mapped to
themselves by 1. The points p,, p,, p3, p, and ps are isolated fixed points

of 1. On Y(p) the involution 1 has exactly 2 +¢& + 28 isolated fixed points.
To every normal isolated singular point of a 2-dimensional complex
space one can attach a Chern divisor. In extenso ([12], 4.2), if the union

of the curves A4,, ..., A, is a minimal resolution of the singular point p,
K

then the Chern divisor of p is a sum Y a; 4; where the a; are rational
i=1

numbers (the usual divisors, as introduced in Chapter I, have always
integer coefficients). Thus the Chern divisor of a cusp singularity is equal
to the sum of the curves in the resolution, and the Chern divisor of a
quotient singularity of type (3;1,1) equals 1 times the only curve in the
resolution. The Chern divisor vanishes if only non-singular rational
curves with self-intersection number —2 occur in the resolution.

Let ¢, e H?(Y(p), Z) be the first Chern class of Y(p). If K is a canonical
divisor on Y{(p), then its cohomology class under Poincaré duality equals
—¢;. For a curve Fy we need information on ¢, [Fy]= —KFy. If F has
# /T as non-singular model, then

a[Fyl=2 | o+ CF (10)

HIT

by . The curves D, are the resolutions of the quotient singularities

where | o is the Euler-GauB-Bonnet volume of #/T" and C{ runs
H|T

through the Chern divisors of all the singular points in the compacti-

fication of #72/G (compare [12], 4.3). Taking into account that T'=T, (p),

that [SL,(Z): [(p)]=p+1andthat [ o= —} we derive from (10)

#[SL2(Z)
and Proposition IL.5 the following formula for N=p:
+1 ¢
olF]=-2121 2 10 (11)
6 3
Since F, is non-singular, we have by the adjunction formula
¢,[F]—F?=2-2n(F)=e(F,)=2—2g, (p) (12)

where e(F,) is the Euler number of F,. Formulas (11) and (12) imply the
following proposition.

Proposition I1.6. The self-intersection number of the non-singular
curve F, on the Hilbert modular surface Y(p) is given by the formula

+1
B =- [16——] +28,(p)-

2%
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From a classical formula for the genus g, (p) it follows that g, (p)=0
for p=5,13,17,29,41, that g, (p)=1 for p=37,53,61,89,101, that
g.(p)=2for p=73, and g, (p)=3 for p=97. This information covers all
the values of g,(p) for p<101. Using suitable estimates, Helling has
shown recently ([8]) that for the primes p congruent 1 mod 4 the above
are the only values of p for which g, (p)=0or g, (p)=1.

Formula (10) implies for the curves Fy (N not congruent 0 mod p) the
following result ([12], 4.3).

Proposition I1.7. Let N be admissible with respect to p and N not con-
gruent 0 mod p. Then for the curve Fy on the Hilbert modular surface Y (p)
the number ¢, [ Fy]= — KFy can be bounded from below by a number c,(N)
depending only on N:

o [Fvlzc(N).
For the values of N occurring below in (13) the curve F,, is rational and the
corresponding numbers ¢, (N) are as indicated.

N[1 2345678910 1215 16085
¢ /1 111 00000-2-2-2-2-4-4

For N =1, the basic configuration shows that ¢, [F,]=1. Hence F, is an
exceptional curve on Y(p).

The curves Fy are mapped to themselves by 1.

Before continuing the study of the curves Fy on the Hilbert modular
surfaces Y (p), we have to recall the formulas for the arithmetic genus of
Y(p) and of Y(p)/i (with the quotient singularities coming from the iso-
lated fixed points of 1 resolved, see the basic configuration). It was shown
in [11] and [12] that

1Y) =ze(#?/G). (14)

Formula (1) and the estimate {x(—1)>3i5p? imply:
X(Y(p))>725p*
and explicit calculations (tables by D. Zagier) show:
(Y(p)=1 = p=51317
(Y(p))=2 < p=29,37,41 (15
x(Y(p)=3 < p=5361,73.

The information contained in the basic configuration and formulas for
branched coverings imply

= (xvo)-[257]). (16
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Estimates and explicit calculations give ([11, 12])
x(Y(p)/)=2  for p>317. (17)

According to (15) the surface Y(p) is not rational for p>17.

In the following we assume p>17.

Then Propositions 1.5, 11.4, I11.7 together with the adjunction formula
imply that F,, F,, F;, F, are exceptional curves. The curves F,, F; exist
only if 2 is admissible with respect to p, i.e. if 3=1. The curve F; exists
only if 3 is admissible with respect to p, i.e. if e=1.

It was shown in [ 12] that F; passes through the point p, in the basic
configuration, intersecting B, transversally. The curve F, goes through
exactly one of the points ps, p,, intersecting L transversally. The curve F,
passes through ps, intersecting S, transversally. In s#? the curve F, can

be given by z =t+3 W, W= {1/5} +ﬁ (18)
Zy=t+3w, o 2 '

In the case that the number 2 is not admissible the Egs. (18) still determine

a curve F on Y(p), which passes through ps;. We have 1(F)=F, and it can

be shown that F is always exceptional on ¥ (p). Thus for any p we have an

exceptional curve F which coincides with F, if 2 is admissible.

In the sequel the following terminology will be used. Let X be a
complex surface, and C, D, ... curves on X. If an exceptional curve E on X
is blown down, then, in as far as they are different from E, we shall speak
of the images of C, D, ... cathe new s1 rface as of C, D, .... Thus if we say:
we blow down E, F, ... successively, we mean that first we blow down E,
then on the new surface the image of F, and so on. The basic configuration
shows that we can blow down on Y (p) successively the curves £y, E, B;. In
view of Proposition 1.6, the curves F, F,, F; are disjoint and do not inter-
sect any of the curves F|, E, B. So we can also blow down the curve F; the
curve F,, then L if §=1; and the curve F; if e=1. The non-singular
algebraic surface thus obtained will be denoted by Y°(p). It is obtained
from Y(p) by blowing down 4 + 28 +¢ times.

We conjecture that (always for p=29) Y%(p) is a minimal model,
Le. that it does mot contain any exceptional curves (see Chapter IIL,
Remark ().

Let ¢ be the first Chern class of Y°(p) and K° a canonical divisor of
Y(p). For the investigation of the surfaces Y°(p) it is important to know
the number (c?)*[Y°(p)]=(K")? (see Theorem ROC). This number can
be calculated in the following way. Using the second Todd polynomial,

we have 1(YP)= 7 (Y(0) =t5((c0)? +e(YO(p)
() =12%(Y(p)—e(Y°(p)
=124(Y(p))—e(Y(p))+4+28+e¢.
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By Propositions I1.1 and 11.2 and the formulas (1), (7), (14) we get for p=29

h(-3p)

: —{(p)+4+28+¢. (19)

(LY (p)I=4lk(=1)~
It is interesting to observe that h(—p) drops out. In Table 2 we list for
29<p <317 the values of (g (— 1), h(—p), h(—=3p), Z(p)and (K°?. It can
be proved that (c?)?[Y°(p)]>0 for p=89. This involves estimates con-
cerning /(p) which will be carried out in [13]. But we shall be able to
prove our classification result in the next Chapter without using this fact.
We shall only need (¢?)>[Y°(p)]>0 for 89 <p< 317, a fact that follows
immediately from Table 2.

Table 1
p=5 p=13
1 0 i 0 1
b, 3 b, |5 2
N; |1 N, |1 3
p=17 p=29
1 0o 1 2 i 01 2
b |5 3 2 b, 17 2 2
N, |1 2 4 N, J1 5 7
p=37 p=41
i 01 2 3 i IO 1 2 3 4 5
b, 32 2 b, |7 4 2 3 2 2
Nyl 379 N;|1 2 5 4 8 10
p=353 p==61
i 01 2 3 i 10 1 23 4 5
b, {9 2 2 b, |9 2 4 2 2 2
N, 11 7 11 13 N1 5 3 9 13 15
p="73
i lo 1234567 8 910
b9 52 3 4 223 2 2 2
NIl 2 6 4 3 8 9 6 12 16 18
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Table 2

p 6Lk (—1) h(—p) h(-3p) {(p) (LY (p)]
29 3 6 6 5 0
37 ) 2 8 7 0
41 8 8 2 11 0
53 7 6 10 7 0
61 11 6 8 11 0

3 22 4 4 21 0
89 26 12 2 21 2
97 34 4 4 27 2
101 19 14 10 11 4
109 27 6 12 17 4
113 36 8 6 23 6
137 43 8 6 27 10
149 35 14 14 15 10
157 43 6 16 19 12
173 39 14 18 13 14
181 57 10 12 25 16
193 98 4 8 47 24
197 49 10 22 15 18
229 81 10 12 29 28
233 106 12 10 39 36
241 142 12 4 59 42
257 120 16 6 39 46
269 83 22 14 21 36
277 103 6 28 29 40
281 150 20 6 49 56
293 85 18 22 17 40
313 200 8 8 65 74
317 101 10 26 21 46

II1. The Structure of the Surfaces Y°(p)
In this Chapter we shall prove the main result of this paper, as it is
contained in the following theorem.
Theorem I11.1. The surfaces Y (p) are
rational surfaces for p=35,13,17;
blown up elliptic X s-surfaces for p=29, 37, 41;
honestly elliptic surfaces for p=53, 61, 73;
surfaces of general type for p= 89.
In the course of the proof we shall use the following auxiliary result.
Proposition IIL.2. Let X be a non-singular algebraic surface with
q{X)=0 and with y(X)=3. Let p: X — P, be an elliptic fibring of X, and
let C be an irreducible curve on X with p(C)=P,. If there exists a holo-
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morphic involution 1: X — X without isolated fixed points and leaving C
pointwise fixed, then the quotient of X by 1 is a rational algebraic surface.

Proof. Since y(X)=3, X is neither a rational surface nor a blown up
K;-surface. Therefore X is obtained by blowing up an honestly elliptic
surface Y without exceptional curves (Theorem ROC and the remarks
thereafter). Let a: X — P; be an elliptic fibring of X, induced by an
elliptic fibring of Y. We shall identify two elliptic fibrings of X if they
have set theoretically the same fibres. Then we claim: ¢ is the only
elliptic fibring of X (and therefore is equal to the given fibring p). For let
7: X — P, be another elliptic fibring of X (the base of any elliptic fibring
of X is P, since g(X)=0). Suppose, there is a fibre G, of 7, which is set
theoretically different from all the fibres of ¢. Then G, cannot be con-
tained in a fibre of ¢ because of the theorem of Zariski (loc. cit. in the proof
of Proposition 1.9). Therefore 6(G,) =P/, hence there is a neighbourhood
U of G, on X such that for all the fibres G of 7 contained in U, we have
o(G)=P,. Since there is only a finite number of reducible fibres of 7, we
can find an irreducible fibre G of T with ¢(G)=P/, i.e. G intersects all the
components of all fibres of ¢ in a non-negative number of points. Using
for the canonical class of Y a formula mentioned in Chapter I, and
taking into account that at each blowing up the canonicalclass of thenew
surface is the pull back of the canonical class of the original surface plus
the exceptional curve obtained, we find that

Ky=0*(4)+Y a,C,, a;>0.

In this formula 4 is a divisor class of strictly positive degree on P,
(because x(X)=3)and the curves C; are components of fibres of ¢. This
formula implies that K G is strictly positive, a contradiction. Hence p is
the only elliptic fibring of X. Since the involution 1 transforms the fibres
of an elliptic fibring of X into the fibres of an elliptic fibring of X, we find
that 1 permutes the fibres of p. Now the curve C, left fixed pointwise by 1,
intersects all fibres of p, hence 1 transforms every fibre of p into itself.
Also the restriction of 1 to a fibre has at least one fixed point. Hence the
quotient of any non-singular elliptic fibre of p by 7 is a non-singular
rational curve, which has self-intersection 0 on the non-singular quotient
surface Y= X/1. Since Y is algebraic (for example by [14], Theorem 3.3)
and q(Y)=0, the proposition now follows from Proposition 1.2.

Proof of Theorem 111.1. In Chapter 11, we have introduced the basic
configuration on the surface Y (p).

As was already observed in [11], the information contained in the
basic configuration suffices to prove Theorem II1.1 for p=5, 13 and 17.
In fact, for p=35, after the blowing down of F, and E, the curve F;
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becomes a non-singular rational curve with F2=0 (Propositions 1.1 and
[1.6). Thus Proposition 1.2 yields that Y(5) is a rational surface. Similarly,
for p=13, after the blowing down of £, E and B, the curve F,; becomes a
non-singular rational curve with F3 =0, and for p=17 the same holds
for the curve S, after the blowing down of F, E, B,, F;, and C, (by
Table 1 the self-intersection S3=—2 on Y(17)).

From Chapter 11 we know about the existence and part of the inter-
section properties of the curves Fy —not only for N=1 and N=p, but for
allN=1,2,3,...—and the curve F, which is sometimes identical with F;.
To prove Theorem 111.1 for p=29 we shall use the structure of the con-
figuration formed by the curves of the basic configuration and (some of)
the curves Fy and F. From now we assume that p=29. By the results of
Chapter II (see (15)), the arithmetic genus y (Y (p)) is greater or equal to 2,
in particular Y(p) is not a rational surface. Now let p=29. After blowing
down F,, E and B, we get S2=—1 and KS,= + 1. (After the second
blowing down we have B; S, =2.) We know from Chapter II that FS,=1,
hence after blowing down F we find KS,=S3=0. Furthermore F does
intersect neither S, nor §_,. For if F would intersect either one of these
curves, F' would intersect both of them, since i1(F)=F and 1(S;)=S_,.
But on Y(29) we have by Table 1: S} =82, = —2, so if F would intersect
S, and S_,, after blowing down we would get a violation of Pro-
position 1.6. Hence, if after blowing down F we set S,=C and S, =D,
then all the assumptions of Proposition 1.7 are satisfied and as a conse-
quence Y (29) is a blown up elliptic K ;-surface. For p=37 and p=41 the
argument is similar. On Y(37) we have S, F;=S_, F;=1. Since §7= -3
we find that after blowing down F; we have §?= —2 and can conclude
again S, F=S§ |, F=0 on Y(37). After blowing down F,, E, B, and F on
Y(37) we can apply again Proposition 1.7 with S;=C and S,=D to
obtain the required result. Similarly, in the case p=41 the curves F,, E,
B,, F,, F,(=F)and L are blown down, after which Proposition 1.7 again
yields that Y (41) is a blown up elliptic K ;-surface .

' It can be seen directly that F does not intersect S, and S_, on any surface ¥(p). The
intersection of F with § can be described as follows (compare [12], §4). If #/T is the
non-singular model for F, then /T —#/T" has 3 or 1 points depending on whether 2 is
admissible or not. If 2 is not admissible, then the only intersection of F with § is the point
ps of the basic configuration. If 2 is admissible, then the three points of intersection are
ps and transversal intersections with S, for the two reduced quadratic irrationalities w

of the form
M+
Wz‘ﬁl@ weL(p)
which always exist.
by—p
Since N, =—°-»~4:4, the curve F does not intersect §; and S_, (compare Pro-
position IL.5).
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Now we come to the case p=53. Taking into account that for these
values of p the arithmetic genus x (Y(p)) is greater than 2, we find from
Theorem ROC that Y(p) is either honestly elliptic or a surface of general
type. Let p=53. In this case the curve F; intersects S; and S_, (Table 1).
Since on Y(53) we have $?=5%, = —2, it follows from Proposition .6,
1.1, and 1.5 that F, is not an exceptional curve. From Proposition 11.7
we know that KF, £0. If KF, would be strictly negative, it would follow
from Proposition 1.4 and the adjunction formula that F is an exceptional
curve which is impossible by the remark above. Hence KF,; =0. Let Y(53)
be obtained by blowing up from a surface Y without exceptional curves.
Then F; is not blown down to a point, because otherwise the curves S,
S_, would again give a contradiction with Proposition L.5 or L.6. It also
follows in the same way that none of the curves in the configuration
{8(.F,8_1.8_5,5_3.85,8,} (compare Table 1) intersects a curve on
Y (53) which is blown down to get Y. By the adjunction formula F? =0 or
F?= —2 on Y(53) and on Y. Therefore, Y is not of general type, because
all the curves in the configuration have intersection number 0 with K,
and would be mapped to a point under the map belonging to [nKyl,
n large. But the configuration is connected and not negative definite.
This is clear if F2=0. If F} = —2, we have an elliptic (— 2)-configuration.

For p=61 and p=73 the argument is similar. In the first case one
uses the (—2)-configuration {S;, Fy,5 5.8 4,5 _5,S5,S5,} and in the
second case the (—2)-configuration {Ss, F5, S_s,S_g, 5, S¢} (see Table 1).

Next, let 89 <p<317, and let Y°(p) be defined as in Chapter 11. Then
(e [Y°(p)]=1 for all these values of p (see Table 2). It follows from
Proposition 1.1 that Y°(p) cannot be obtained by blowing up a surface
Z(p) without exceptional curves for which (¢{)*(Z(p))=0. Since Y(p) is
not rational we derive from Theorem ROC that Y°(p) and hence Y(p)
is of general type.

In fact, it can be proved that for all p= 89 the inequality ¢f (Y%(p))2 1
holds, but this requires some estimates ([13]). For p> 317 we therefore
apply the following argument. The involution : on Y(p) induces an
involution 1”2 on Y°(p), which has no isolated fixpoints. 1'” leaves the
curve F, pointwise fixed. By Chapter 11, formula(15), we have x(Y°%(p))= 4,
therefore by Theorem ROC Y?(p) is either honestly elliptic or of general
type. Now we know from Chapter II that Y°(p)/i? is not rational since
the arithmetic genus y(Y°(p))=2. Therefore, by Proposition I11.2, if
Y°(p) were an honestly elliptic surface, F, would be contained in a fibre
of an elliptic fibring of Y°(p), which would be induced by an elliptic
fibring of an honestly elliptic surface ¥ without exceptional curves.
Certainly this is not possible in case the genus of F, is at least 2. For then
also a fibre of an elliptic fibring of ¥ would contain a curve of virtual
genus at least 2, which is impossible, either by Kodaira’s classification
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of fibres in elliptic fibrings, or by the adjunction formula and Zariski’s
theorem (loc. cit. in Chapter I). Now by Hellings recent result, cited after
Proposition I1.6, for p=317 the curve F, is always of genus at least two.
Therefore, we can finish our proof by applying Hellings result. However,
it is also possible to exclude the remaining cases, i.e. the cases for which
the genus of F, is 0 or 1, in the following way. If Y°(p) would be honestly
elliptic, Y°(p) would be obtained from a minimal honestly elliptic surface
Y by blowing up. All we have to show is that the image of F, on Y (either
curve or point) cannot be included in a fibre of the elliptic fibring of Y.
Suppose F, is an elliptic curve. Since h(—p) and h(—3p) are strictly
positive, the curve D, and the curves C,, C) are always present on Y(p),
and none of these curves has been touched by the blowing down from
Y(p) to Y°(p). From the formula for K, given in Chapter I, and the fact
that if the non-singular surface Z is obtained from the non-singular
surface X by blowing up a point to the curve E, then K, is the inverse
image of Ky plus E, it follows that for every irreducible curve 4 on Y°(p),
not contained in a fibre, we have that Ko, 4 21. So if on the surface Y°(p)
the curve F, would be contained in a fibre, the curves D,, C, and C}
would be contained in the same fibre. Furthermore, Kodaira’s classifica-
tion ([16], p. 565) or the adjunction formula combined with Zariski’s theo-
rem yield that if F, would be elliptic, and contained in a fibre, this curve
would be the only component of the corresponding fibre on Y, necessarily
nonsingular. In particular, the curve D, would be blown down to a point.
Since on Y°(p) the curves F, and D, intersect in two points this would
imply that on Y the curve F, would be singular. This contradiction con-
cludes the proof for the case that F, is elliptic. Finally, we come to the
case that F, is rational. (The facts used about the structure of fibres in
elliptic fibrings follow again from Kodaira’s classification or alter-
natively from the adjunction formula combined with Zariski’s theorem).
We consider several cases separately. Let us first assume that F, is not
blown down to a point on Y. Then either there is a fibre on Y consisting
of F, only, or not. In the first case this fibre has one singular point, either
an ordinary double point or a cusp. The curve D, goes to a point on Y,
as do C; and C;. But this leads to a contradiction: since D, N F, consists
of two points on Y°(p), the only singularity of F, on Y has to be the image
point of D,. But then the curves C; and €' can never meet on F,. In the
second case, F, has to be non-singular on Y, and D, therefore hastogotoa
curve on Y. But then the fibre of Y, containing F, and D, can only exist of
these two curves, necessarily non-singular. Hence C, and C; go to a non-
singular point of F, on Y, but then on Y(p) they cannot meet on F,.
Finally, suppose F, is blown down to a point on Y. Since F,n D, consists
of two points, D; does not go to a point on Y. But then the image of D,
is singular and the only component of a fibre on Y. Hence also C, and C;
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are blown down to a point on Y. This gives the last contradiction, since
three curves going down to a point can never meet as F,, C, and C|
do on Y°(p).

Remark 1. If we calculate for 29 <p<73 the number (c?)*(Y°(p)), we
find it to be 0. Thus for all these cases Y°(p) is a minimal surface, in
accordance with the conjecture stated at the end of Chapter I1. In fact,
the conjecture can also be proved for some values of p= 89, see [25].

Remark 2. The reader can easily convince himself of the fact that for
p<73 the propositions of Chapter I can be used to give several alter-
native proofs of the statement of Theorem III.1.

Remark 3. Since all K 5-surfaces are homeomorphic ([ 18], Theorem 13)
and hence simply connected, and since all rational surfaces are simply
connected we have that Y(p) is simply connected for p=35, 13, 17,29, 37
and 41. Recently, A. Kas has proved that also the honestly elliptic
Hilbert surfaces ¥(53), Y(61) and Y (73) are simply connected.
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